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The book presents a modified method, based on multidimensional residue theory,
for the elimination of unknowns from a system of nonlinear algebraic equations. An
algorithm is given for constructing the resultant of the system, and a computer
implementation making use of formula manipulation software is carried out. The
texts of the worked out programs in the system Maple are provided.

The obtained algorithms and programs are then applied to questions from the
theory of chemical kinetics, such as the search for all stationary solutions of kinetic
equations and the construction of kinetic polynomials.

The subject of this book is closely connected with a wide range of current prob-
lems in the analysis of nonlinear systems.
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vii
INTRODUCTION

The subject of this book is connected with a new direction in mathematics, which
has been actively developed over the last few years, namely the field of polynomial
computer algebra, which lies at the intersection point of algebra, mathematical
analysis and programming.

There were several incentives to write the book. First of all, there has lately been
a considerable interest in applied nonlinear problems characterized by multiple sta-
tionary states. Practical needs have then in their turn led to the appearance of new
theoretical results in the analysis of systems of nonlinear algebraic equations. And
finally, the introduction of various computer packages for analytic manipulations
has made it possible to use complicated elimination-theoretical algorithms in prac-
tical research. The structure of the book is accordingly represented by three main
parts: Mathematical results driven to constructive algorithms, computer algebra
realizations of these algorithms, and applications.

Nonlinear systems of algebraic equations arise in diverse fields of science. In
particular, for processes described by systems of differential equations with a poly-
nomial right hand side one is faced with the problem of determining the number
(and location) of the stationary states in certain sets. This then leads to problems
in polynomial computer algebra: The construction of algorithms for determining the
number of roots of the given equation system in different sets; the determination of
the roots themselves; the elimination of some of the unknowns from the system; the
construction of a “triangular” system (Grébner basis) equivalent to the given sys-
tem. To deal with such questions one naturally has to develop methods for analytic
computer manipulations.

The first chapter of this monograph is of an introductory character, and it basi-
cally consists of a presentation of well-known material.

The main new mathematical results are concentrated to the second chapter.
Here we describe a modified elimination method proposed by Aizenberg. The idea
of this method is to use a multidimensional residue formula to express the sum of
the values of an arbitrary polynomial in the roots of a given algebraic system (with-
out having to first determine these roots). We provide formulas for finding such
sums for various systems of equations, and we show how to construct intermedi-
ate polynomials (analogues of resultants) for this method. All these methods and
formulas can easily be turned into algorithms. In particular, for systems of three
equations the calculations are carried out completely. A formula for finding the
logarithmic derivative of the resultant of a system of algebraic equations is also ob-
tained, and it allows one to compute the resultant itself as the sum of local residues
(and hence to express the resultant in closed form). As a corollary we get a formula
expressing the logarithmic derivative of the resultant through a sum of logarithmic
derivatives of subsystems of the given system. These formulas allows us to write
down the coefficients of the resultant in final form. Multidimensional analogues of
the Newton recursion relations are given. It turns out that there are many such
formulas, and that they are connected with different types of systems of equations.
Moreover, some of the coefficients of these systems cannot be determined in terms
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of power sums of roots, so it is necessary to consider also “pseudopower” sums. Var-
ious other problems related to the modified elimination method are also discussed:
The determination of resultants with respect to certain groups of variables, and the
determination of the number of real roots in domains with real analytic boundary.

Computer realizations of the proposed methods are given in the fourth chapter.
As our basic software for analytic manipulations we have chosen the system RE-
DUCE. Two important problems of polynomial computer algebra are emphasized:
The construction of resultants and computer realizations of elimination methods. In
the fairly voluminous applications provided at the end of the book we have included
the texts of the programs that we have developed together with some examples of
results obtained by letting them run.

The applications of the theory (the third chapter and numerous examples) are
within the field of mathematical kinetics, where one typically has to deal with sys-
tems of nonlinear algebraic equations. These systems provide a quite broad and
practically significant class of examples. It should be mentioned that it was this
type of applied problems that originated the team—work of the authors. To a con-
siderable extent our new theoretical results and their computer realizations were
obtained as answers to questions arising in the analysis of chemical kinetic equa-
tions. As a result of our subsequent work there appeared algorithms and programs
operating on systems with symbolic coefficients of the most general form. Our expe-
rience with the use of these mathematical and software tools has made us confident
that the methods of polynomial computer algebra will gain further development and
be of a wide practical use in diverse fields of science and technology.

Since the methods of computer algebra are currently being rapidly developed, it
is hardly possible to give a complete account of the subject, or even of the branch
related to systems of algebraic equations. However, the authors do hope that their
experience will prove to be of some use for the interested reader. We shall be grateful
for any comments and requests regarding the subject of this monograph.

The material presented in this book was used by the authors in a special courses
of lectures given at the Krasnoyarsk State University.

The authors consider it a pleasant duty to express their gratitude toward Lev
Aizenberg for his support during this research and also toward Grigory Yablonskii
for a long and fruitful cooperation. On the basis of theoretical results obtained by
Aizenberg we were able to considerably modify the elimination methods for systems
of nonlinear algebraic equations, and Yablonskii was the one who initiated the use
of new mathematical methods in chemical kinetics, and the authors owe to him the
physical and chemical interpretation of a number of joint results.

The authors are grateful to Leonid Bystrov, Andrey Levitskii, Alexander Semen-
ov, Vassily Stelletskii, Leonid Provorov and Vladimir Topunov for their invaluable
help with the computer realization of this work, and also to Alexander Gorban,
Vyacheslav Novikov, August Tsikh and Alexander Yuzhakov for helpful discussions
in the course of writing the book.

We use a double numbering of formulas, the first number denotes the number of
the section, and the second indicates the number of the formula within the section.
The applications at the end are numbered without reference to particular sections.
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PREFACE TO THE ENGLISH EDITION

Five years have passed since the publication of our book in Russian. In this
period some new results have been obtained, and a portion of the material has
become obsolete. Therefore, apart from the translation work it was also necessary
to revise some sections of the book. Let us briefly describe these alterations.

In Chapter 2, Section 9, the Theorem 9.1 and its corollaries are given in the more
general situation of projective space and under milder restrictions on the system
of equations. In Section 11 we have added some results (Theorem 11.5 and its
corollaries) concerning nonlinear and non-algebraic systems of equations.

In Chapter 3, Section 14, Theorem 14.7 is proved completely. In Section 15 we
give a general survey of the applications of our elimination method to systems of
algebraic and non-algebraic equations arising in chemical kinetics.

The last chapter has been subject to a thorough revision. This is connected with
the appearance of new computer algebra systems. In the russian edition we used
the system REDUCE, but for the english version we have chosen the Maple system.
All software is designed for this system, except subsections 18.3 and 19.3, where the
previous variant is maintained.

We express our thanks to Tatyana Osetrova for software realization of a num-
ber of algorithms and to Sergey Znamenskii for consultations regarding the Maple
system.

Special gratitude is due to our colleague, Professor Mikael Passare, who agreed
to undertake the editing of our preliminary translation. This has helped to substan-
tially improve the text. The responsibility for any remaining errors, mathematical
and linguistic, is of course entirely ours.

On the floppy disk that comes with the book we have included the software and
the examples described in the fourth chapter.

During preparation of the manuscript the first author was partially supported by
RFFI, grant 93-12-00596, and the second author was partially supported by RFFI,
grant 96-01-00080.



PREFACE BY THE ENGLISH EDITOR

The marvellous discovery, that insight into problems on the real line can be
gained by exploring the complex plane, is as old as the complex numbers themselves.
Methods from complex analysis are classical tools in countless applications. It is
however only fairly recently that ideas from several complex variables have begun to
find their way into applied mathematics. So have pluricomplex methods lately been
introduced in such diverse fields as theoretical physics, signal processing, medical
tomography and economics.

The present monograph, written by a well composed troika of one pure math-
ematician,, one computer scientist and one chemist, provides not only a thorough
account of the use of multidimensional residues in polynomial algebra, together with
computer implementations — but also applications of these methods to equilibrium
problems in chemical kinetics.

Classical elimination theory serves well enough for solving small systems of poly-
nomial equations, but for slightly larger systems it is only of theoretical use. A more
applicable method, which has become standard in modern computer algebra, is that
of Grébner bases. These allow one to avoid superfluous solutions and to bring the
system into triangular form.

In this book the central approach is based on logarithmic residues in several
variables, the theory of which to a substantial extent has been developed by the
Krasnoyarsk pluricomplex school, see for instance the monograph by Aizenberg and
Yuzhakov (American Mathematical Society 1983) and Tsikh (American Mathemat-
ical Society 1992).

Just as in one variable the method of residues combines elegance with efficiency.
To be more precise, using a multidimensional analogue of the argument principle
one obtains explicit integral formulas for the number of common roots of the given
system, and also for the power sums of these roots. This substantially simplifies
the computation of the corresponding resultants. In conclusion it is maybe worth
remarking that similar methods occurred already in Poincaré’s proof of the Weier-
strass preparation theorem, and hence can be said to lie at very heart of local
analytic geometry.
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LIST OF SYMBOLS

A is the matrix of a linear transformation

aji is an entry of the matrix A

by, are kinetic coefficients

cf(g,r) is the coefficient of the monomial r in the polynomial g
C is the field of complex numbers

C" is the n-dimensional complex space

CP" is the n-dimensional complex projective space
D is a domain in C”

0D is the boundary of D

det A is the determinant of the matrix A

J¢(a) is the Jacobian of the mapping f at the point a
F¥ is the set of roots (or zeros) of the system f =0

¢ is the imaginary unit

P(z), Q(z) are polynomials

res f is the residue of the function f at the point a
R is the field of real numbers

R" is the n-dimensional real space

R(P, Q) is the resultant of the polynomials P, @
R(w) is the resultant in w of a system of stationary state equations
Sj are power sums

U,(a) is a ball of radius r with center at a € C"

w is a stationary rate of reaction

Z; is an intermediate substance

z = + iy is a complex number, z,y € R

el =1+ ...+ ay
al=o!...q,!
a”™ =aof"...a)

o, 3;; are stoichiometric coefficients

v is a smooth curve with given orientation

v; is the stoichiometric number at the i-th step

M[Q(z)] is the functional computing the coefficient of a given monomial in the
numerator of Q(z)

<z is a symbol for the ordering of the variables

= denotes reduction modulo the ideal F

[0 is the end of a proof

Algebra 0.5, ANALITIK, ARAP, REFAL, SIRIUS, SRM, ALTRAN, FORMAC,
MACSYMA, muMATH, Maple, SACH and Mathematica are systems for analytic
manipulations on the computer

GB is a Grobner basis

GCD is the greatest common divisor

s.s. is a steady state

SP is a S-polynomial



CHAPTER 1

BASIC MATHEMATICAL FACTS

1. The logarithmic residue

We recall some facts from complex analysis. All assertions and definitions can be
found in any textbook on function theory in one complex variable (see, for example,
(66, 127, 134]).

Let C be the field of complex numbers. The elements z € C have the form
z = x + iy, where z,y are real numbers (z,y € R) and 7 is the imaginary unit
(i = —1);

12| = (> +yH)Y?, Z=2—iy, Rez=z, Imz =1y.

We can also represent a complex number in trigonometrical form: z = r(cosp +
isin o) where r = |z| and ¢ = Arg z. The argument of a complex number is defined
up to a multiple of 2. By means of the Euler formula a complex number z can be
represented in exponential form: z = re’.

The topology in the field C is given by the metric d(z,w) = |z — w|. As usual
a domain D C C is a non-empty open connected set and a compact set K C C is
a closed bounded set. We denote by C(F) the class of complex-valued continuous
functions given on a set F'.

Recall that a complex-valued function f is holomorphic in a domain D if for
every point zg € D there exists a power series of the form

o

Z en(z — 20)"

n=0

which converges to f in some disk of radius » > 0 with centre at z,. Later on we
shall denote such a disk by U, (zp).
For example, any polynomial

P(z) =ay+a1z+ ...+ apz"

(aj € C, j=0,1,...,n) is a holomorphic function in C, and any rational function
R(z) = P(2)/Q(z) (P and @ are polynomials) is holomorphic in each domain D
in which the denominator ) # 0. The functions f(z) = |z| and ¢(z) = Z are not
holomorphic in any domain D. The elementary functions defined for real values
of the argument can be extended to holomorphic functions (in some domains) by
means of their Taylor series expansion. For example, the functions:

0 P ‘ o0 (_1)nz2n+1 o0 (_1)nz2n
z s _ —
¢ _Zn!’ sz_z (2n+ 1)1 7 COSZ_Z (2n)!
n=0 n=0 n=0

Moreover, these series converge on all of C.

1
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A fundamental role in the theory of functions is played by the Cauchy theorem.
Let a function f be holomorphic in a bounded domain D and continuous on its
closure D. Suppose the boundary 0D of the domain D consists of a finite number
of smooth curves (every curve v contained in 9D is oriented such that by passing
along the curve v the domain D remains on the left). If

f(z) = u(z,y) +iv(z,y)
where u, v are real-valued functions (z = x + iy) then

f(2)dz = (u + i) (dz + idy) = udz — vdy + i(udy + vdx).

/7 F(2)dz

(v is a smooth curve with given orientation) as

/f / (udr —vdy) + 1 /7(udy + vdx)

(a line integral of the second type).

Hence we can define

THEOREM 1.1 (Cauchy). Under the above assumptions the integral

f(z)dz =

oD

The Cauchy theorem is actually a corollary to the following fact: The holomor-
phic function f satisfies the Cauchy—Riemann equations

o o o
oxr Oy’ Oy Oz —uT

If we define the formal derivatives of the function f by

8_f g_g —1 @4_@ _|_12' _%4_@
Oz or Oy) or Oy 2 oy 0Ox)’

or (01, 05y 1 (0u a0y 1 (o o
0z or Oy or Oy 2 \0y Oz)’

then the Cauchyleemann equatlons can be written more concisely:
of

0z

Let a function f be holomorphic in the disk Ug(a) with center at the point a
except (maybe) the point a, and let -y, be the boundary of U,(a) where 0 < r < R,

v C Ugr(a). The orientation of +, is taken to be counter-clockwise.
The (local) residue

=0.

res f
a

of the function f at the point a is the expression

1
rgsf = 2—m/7 f(z)dz

The Cauchy theorem shows that res f does not depend on the radius r.
a
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ExXAMPLE 1.1. Let us find
res(z — a)",

where n is an integer (n € Z). Consider the following parameterization of v, : z =
a+re¥, 0 < <2m. Then (z — a)” = r"e"™ and dz = ire?dy on 7, (we use the
exponential form of a complex number z). Therefore

2T
/ (Z _ CL)ndZ — pn Tl / ez’(n+1)<pd(p —
Tr 0

2m
= (D) / (cos(n + 1)p +isin(n + 1)p)dp = 0,
0

ifn+1+#0. For n = —1 we have

d 2
Yr Z—a 0

1

Hence res(z — a)” = 0 for n # —1 and res(z — a)~' = 1. The appearance of the

factor 1/(2i) in the definition of the residue stems from the fact that

/ dz .
= 271.
yZ G

Let now f(z) have the Laurent series expansion

+00

f2)= ) clz—a)

in U,(a). Using Example 1.1 we then get

+00

1 1 na
r(gsf—%/%f(z)dZ—%nZ cn/%(z—a) dz =c_;.

It follows that the residue
res f

is equal to the coefficient ¢_; of 27! in the Laurent expansion of f centered at the

point a. This property is a basic one for the computation of residues.

The logarithmic residue is a special case of the residue. It is closely connected
with the number of zeros of functions. Let f be a holomorphic function in a disk
Ur(a), and let a be a root of the equation f(z) = 0 (i.e., let a be a zero of the
function f). If f(2) = (2 —a)"p(2), where @ is holomorphic in Ug(a) with ¢(a) # 0,
then the number n is called the multiplicity of the zero a of the function f. If n =1
then the zero a is called simple (it is characterized by the condition f’(a) # 0). Let
the function h be holomorphic in Ug(a). The logarithmic residue of the function h
at the point a is given by the integral

L [ hdf 1 /hf’dz hf'
Tr

omi ), 2mi f a f
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where, as before, v, is a circle of radius r and with center at the point a lying in
Ur(a). The name “logarithmic” reflects the fact that

!
f

is the logarithmic derivative (In f)" of the function f.
If a is a zero of multiplicity n of a function f then f(z) = (z — a)"¢(z) and
¢(a) # 0. Therefore

f'z) _nz—a)"lo(z) +(z—a)"'(2) _ n  ¢'(2)
f(z) (z —a)"p(2) —a 90(2)

hf'  n h(z) dz 1 /

res —— = — —
« f 2w v (2 —a) 2 "
@).

Since p(a) # 0 we can assume ¢ # 0 in Up(
holomorphic in Ug(a), so by the Cauchy theorem

Hence the function hy'/p is

hy'
v ¥

Expanding h in a Taylor series in Ug(a) we obtain

dz = 0.

hz) =Y cn(z—a)" (co=h(a))
Therefore
) ch<z —ap = M S0

/ Mz)dz = h(a)2mi
v 20
Thus
hf'
res — = nh(a
es = = nh(a)
In particular,
!/
res— =mn

for h = 1.

From here, using the Cauchy theorem, we get the theorem on logarithmic residue.
Let D be a domain bounded by a finite set of smooth curves (oriented in the same
way as in the Cauchy theorem). Let the function h be holomorphic in D and
continuous on D, and let the function f be holomorphic in a neighborhood of D.
Assume moreover that f # 0 on dD. Then f has a finite set of zeros in D. We
denote that set by F;. If a is a zero of multiplicity n then we assume that n copies
of a are contained in Ej.
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THEOREM 1.2 (on logarithmic residue). The formula

= hdf Z res— Z h(a (1.1)

27‘-2 oD f aEEf aEEf
holds.

COROLLARY 1.1. If N s the number of zeros of the function f in the domain

D (every zero is counted according to its multiplicity), then
1 df

“5i ) T (1.2)

As an application of this corollary it is not dlfﬁcult to derive the Rouché theorem.
Let the domain D be the same as in the Cauchy theorem.

THEOREM 1.3 (Rouché). If f and g are holomorphic functions in a neighbor-
hood of D, such that for all z € 0D

£ (2)] > lg(2)],
then f and f + g have the same number of zeros in D.
Proof. Consider the function f + ¢tg where ¢ € [0, 1]. Under the condition in the
theorem
|f +tgl = |f] —tlg| >0
on 0D. Hence the function f+1%tg # 0 on 0D and therefore this function has a finite
number of zeros in D. By corollary 1.1 the integral

1 / d(f +tg)
21 8D f + tg
is an integer. On the other hand, this integral is a continuous function of ¢ € [0, 1].

Hence
/ d(f +tg) _

/ df / d(f +g9)
oD oo f+g
ExXAMPLE 1.2. From the Rouche theorem it is easy to obtain the “Fundamental

Theorem of Algebra”: Every polynomial P(z) of degree n has exactly n complex
zeros. Indeed, let

and

P(z) =ap2" +...4+a,, f(z)=apz"
and
9(z) = a1 2"+ ...+ a,.
Then P(z) = f(z) + g(z). By the lemma on the modulus of the leading term we
have |f(z)| > |g(2)] if |z| > R (here R is a sufficiently large number), and hence
functions f and f 4 g have the same number of zeros in D.

It follows that the inequality |f(2)| > |g(2)| holds on vg. Hence by the Rouché
theorem the functions f and P have the same number of zeros in the disk Ug(0).
But the function f(z) = apz"™ has exactly n zeros in Ug(0). (The point z = 0 is a
root of order n of the equation f(z) = 0).
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2. The Newton recursion formulas

The Newton recursion formulas connect the coefficients of a polynomial to the
power sums of its zeros. These formulas can be found, for example, in [26, 97].
The proof presented here is new. We also consider a generalization of the Newton
formulas to a wider class of functions.

Let a polynomial P(z) have the form

P(z) = 2"+ b2" 4+ ..+ by_12+ by,

Denote by 21, 22,..., 2z, its zeros (some of them can be repeated). The power
sums S; are defined as follows:

Sk:Zf—F'-'—FZZ.

THEOREM 2.1 (Newton recursion formulas). The power sums Sy and the coef-
ficients b; are related in the following way:

Sj + Sj,1b1 + Sj,ng + ...+ Slbj,1 + ]bj =0, Zf 1 <75 <n,
and Sj + Sj_lbl +...+ Sj_nbn =0, ij >n.

Proof. We choose R > 0 so that all the zeros z; of P(z) lie in the disk Ug(0),

and we consider the integral
7 / P’ (z)dz
TR !
On the one hand

J:Zn:/ L_Zkbn k/ K=",
k=1Y7R

Therefore, if j > n or 7 < 0 then J = 0, and if 1 < j < n then J = 27ib,_; (see
Example 1.1). On the other hand

PdP dP
J = an k:/ z 7J?.

TR

(2.1)

If Kk —j > 0, then by Theorem 1.2 on logarlthmlc residues

-dP
k—j _ .
2" — = 2miS) ;.
% ”

P
dF = (2mi)n.

R
For the case k — j < 0 we make the change of variables z = 1/w in the integral

/ zk_jg.
TR P

The circle g is then transformed to v,/ with opposite orientation,

P(z) — P(1/w) = (an jw” j) (b = 1),

If k — j = 0, then
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(i: jbn—jwn_j> )
§=0

1
dz — ——2dw.
w

1 1
Pi)—P (=)=
(Z) <w> w1

Hence
n
j—k—1 . n—j
w’ E Jbp_jw™™?

/ zk_jE :/ ~ = dw.
TR p T1/R Z bn,jwnfj
j=0

Since all zeros of the polynomial P(z) lie in the disk Ug(0), the polynomial

w" P <l> #0
w

in the disk Uj/g(0). Since j —k — 1 > 0, the integrand in the last integral is
holomorphic in Uy /g (0), so by the Cauchy theorem this integral vanishes. Thus we
get (for 1 < j <n)

Gbn—j = b+ Y baiSk—j,
k=j+1
Le.
(TL — j)bn,j + bn,j,psl + bn,j,252 + ...+ blsn,j,l + Sn,j =0
(we recall that by = 1). If j < 0, then

Z bnfkskfj = 07
k=0

ie.
bnS_j + bn_lsl_j + ...+ blsn_l_j + Sn_j =0. ]

The formulas (2.1) allow one to find the power sums of the zeros with the help
of the coefficients of the polynomial P. And vice versa, they also permit one to find
the coefficients of P(z) by means of the power sums Sy.

EXAMPLE 2.1. Let P(z) = 2% + b1z + bs, and let the power sums S; and S,
be given. Then from (2.1) we obtain S; +b; = 0 for j = 1, i.e. by = —S; and
52 + Slbl + 2b2 = ( for j = 2, i.e.

2y = —Sy — Siby = —Sy + S2, by = (=S5 + S2)/2.

These formulas actually show that for every set of numbers Si,...,S, there
exists a polynomial P with given power sums Sy, ..., S,.
The following formulas of Waring are often useful.

THEOREM 2.2 (Waring formulas). The formulas

b 10 ... 0
2, by 1 ... 0
Se=(-1)%3bs by b ... 0 |, (2.2)

kb br—1 br—o ... O
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S1 1 0 ... 0
Cpp| S Sz 0
bk = il 53 52 Sl ... 0 R (23)
Sk Sk—1 Sg—2 ... 51

hold for 1 <k <mn.

Proof. We multiply the second column of the determinant in (2.3) by by, the
third by by etc., and add them all to the first column. By the Newton formulas (2.1)
we then get the determinant

0 1 0 .. 0
0 5 2 .. 0
—kbr, Sk-1 Sk—2 ... 51

In order to obtain (2.2) we must multiply the second column in (2.2) by S, the
third by Ss etc., and add them to the first column. Using formula (2.1) we now find

o 1 0 ... 0
0 b 1 ... 0
0 by b ... 0 |=(=1)kS,.
—Sk bk,1 bk,Q RPN bl

In what follows we will need the recursion formulas for a wider class of functions
than just polynomials, and to deal with such functions we have to consider power
sums Sy with £ < 0.

The proof of these generalized formulas could be carried out as for the formulas
(2.1). But we prefer to take another approach.

Let the function f(z) be holomorphic in a neighborhood Ug(0) and f(z) # 0 in
Ur(0). Then we can consider the function g(z) = In f(z) by choosing the principal
branch of the logarithm (i.e. In1 = 0). The function g(z) is also holomorphic in
Ur(0). Suppose that the Taylor expansions for the functions f and g have the form

f(Z):b0+b12+...+kak+...,

g(2) =Inf(z) =ag+arz+... +apz®+...,
b() §£ 0 and lnbg = day.

LEMMA 2.1. The recursion relations

k-1
> (k= jbjar—j = kby, k> 1, (2.4)

J=0
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hold. Moreover,

by by 0 .. 0
(_1)k_1 2b2 b]_ bo - 0
ag kbk 3b3 b2 bl ... 0 , (25)
0 DR DR DR DR DR
kb br—1 bg—o ... by
a1 -1 0 ... 0
b —
bk _ k_()’ 2@2 ay 2 ... 0 . (26)
kap (k—Dag_1 (k—2)agp—2 ... @

Proof. Since
f(Z) :eg(z) :b0—|—b12++bk2k—|— s
it follows that
f(2)g (2) = by 4+ 2byz 4 ...+ kb2t
From this we get
Z bjzj Z sa,w'™l = Z kbpzF1.
=0 s=1 k=1
Multiplying the series and equating coefficients at equal degrees in z we get (2.4).
The formulas (2.5) and (2.6) are obtained as the Waring formulas, but instead of
(2.1) we must use (2.4). O
Now suppose that the function f(z) has the form

h(z
10 =1,
where h(z), u(z) are entire functions represented as infinite products
z z
h(z) _bgjl;[l (1—w—j>, u(2) _j];[1 (1_C_j>,
with w; #0,¢; #0, j =1,2,..., the series
i 1
= Il
and .
1
; [wj|

being convergent. (The convergence of these series ensures the convergence of the
infinite products.) Denote by o the power sums of the form

=1 =1
%=Zw—5—2@ k=1
j=1

j=1 "J
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These series also converge, and we have

o0

e 1 1
Y_jz;z—wj_;z—cj'

From here we see that

d*In f
k!CLk = dzk (0) = —(k — 1)!0’k,
i.e. kay = —oy, and (using Lemma 2.1) we arrive at the following theorem:

THEOREM 2.3. (NEWTON AND WARING RECURSION FORMULAS FOR MERO-
MORPHIC FUNCTIONS) The formulas

k-1
ijO'k,j + kbk = 0, k Z 1, (27)
j=0
hold. Moreover,
by by 0 0
(L1 | 22 b b 0
O — bk 3b3 b2 bl 0 s
0 DI DI DI DI DI
kb br—1 br—o ... by
01 1 0 0
—1)F 2 0
bk; _ ( k’) bO o) Ul
O Okp—1 Ok—2 ... O1

In particular these formulas are valid for rational functions and for polynomials.
If f is a polynomial then formula (2.7) is actually (2.1), but in (2.7) o, = S_ and
the orders of the coefficients of f in (2.1) and (2.7) are opposite.

ExXAMPLE 2.2. Consider the function

o0

z) = Sm\f Z2/<:+1 kHl( 2k2)

(=D*
(2k+ 1)V

1l K11
Uk—ﬂ;W_ﬂC(Qk)a

where ((w) is the Riemann (-function.

The formulas (2.7) thus provide a relation between b, and ((2k), in particular,
they permit us to calculate ((2k). Taking into account that ((2k) are also connected
to the Bernoulli numbers

Then

by, =

2(2k)!
(2m)%

) = 2o,

By =
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we find the formula

—3 1 0 0
Bopy | 2 —x 1 0
P e I
k 92k—1
k(-1F  (—1)F ! 1
(2k+1)! k-1t ot T3

3. Localization theorems for the real zeros of a polynomial

We describe some methods of counting the real zeros of a real polynomial on a
real interval: The Hermite method, the Sturm method, the Descartes sign rule, and
the Budan—Fourier theorem.

These methods can be found in [75, 97|, and they are further developed in
(92, 94].

At first we consider the Hermite method, or the method of quadratic forms, for
determining the distinct real roots of a polynomial P with real coefficients. We

begin by recalling some concepts from the theory of quadratic forms.
Let

T(iL’) = Z CijiL'jiL'k

grk=1

be a quadratic form. Its matrix
A = Jlajellf e

is symmetric (i.e. a;;, = ay; for all k, j), and type entries a;;, are real. The rank r of
the quadratic form T'(x) is equal to the rank of the matrix A. The quadratic form
T'(z) can be reduced to a sum of independent squares by various methods, i.e. we
can represent 7'(z) in the form

n

r
T(x)= Zajy?, where ¢; € R and y; = chﬂk;

=1 k=1

the linear forms yi, ... ,y, being linearly independent. Denote by g the number of
positive coefficients a; and by v the number of negative a;. Then the principle of
inertia for quadratic forms asserts that g and v do not depend on the particular
representation of T'(z) as a sum of independent squares. Finally, we have p+v =r,
and the number y — v is called the signature of the quadratic form T

Denote by

Dy = det ||ajs[5 .=

the principal minors of a matrix A.

THEOREM 3.1 (Jacobi). Let T'(z) be a quadratic form with non-vanishing mi-
nors Dy, k =1,...,r. Then the number i of positive squares and the number v of
negative squares of T'(z) coincide respectively with the number P of sign repetitions
and with the number V of sign changes in the sequence of numbers 1, Dy, ..., D,.
Moreover, the signature is given by o = r — 2V.
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If by,..., by are real numbers different from zero then the number of sign repe-
titions in this sequence is usually denoted P(by, ..., bg), while the number of sign
changes is written V (b1, ... ,bg). It is clear that P+V =k —1. The Jacobi theorem
asserts that the signature satisfies o = r — 2V(1, Dy, ..., D,).

Suppose now that

P(z) = apr" + a2z ' + ...+ ay

is a polynomial with real coefficients, and that we want to determine the number
of distinct (real) roots of P. We could immediately get rid of any multiple zeros
by dividing P with the greatest common divisor of P and its derivative P (using
the Euclid algorithm), but here we choose not to perform this operation. Assuming
instead that P(z) has distinct zeros a, ... , a, of multiplicities nq,. .., ng, respec-
tively, we have the factorization

P(z) = ap(z —aq)™ ... (2 — ay)™,

and the power sums

q

_ ok

Sy = E n;a;.
i=1

Consider now the quadratic form

m—1
To() = Sjinujas,

J,k=0
where m is any number such that m > ¢ (for example m = n).

THEOREM 3.2 (Hermite). The number of all distinct zeros of the polynomial
P(z) is equal to the rank of the form T,,(x), and the number of distinct real zeros is
equal to the signature of the form T,,(z).

Proof. From the definition of the power sums Sy and the form 7}, we get

m—1 q
To(e) = D D mpos, oy =
J,k=0 p=1
q q
= Z np(zo + apr + aimz +...+ oz;”_lxm_l)2 = Z npyz, (3.1)
p=1 p=1
where
Yp = Ty + apTy + af)xg +...+ oz;’“lxm_l.

These linear forms ¥, ... ,y, are linearly independent since the determinant formed
from their coefficients is the Vandermonde determinant, which it is not equal to
zero (here we use the fact that numbers a,..., @, are distinct). Therefore the

rank of 7, (z) is equal to ¢. But in general the coefficients in y, can be complex,
and then the representation of T,,(z) as a sum of squares needs to be modified. In
the representation (3.1) positive squares npyg correspond to real zeros ;. Complex
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zeros occur in pairs «, and @y, and hence we can write y, = u, + iv,, where u, and
vp are real, and obtain
yg = uf] - vg + 29uyvy,.
For the conjugate zero &, we have
UYp = Up — 1Up, Q; = uf, — vi — 2iu,vp,

and hence nyy2 + n,7; = 2n,u’ — 20,07,

This shows that every pair of conjugate zeros corresponds to one positive and
one negative square. [

Using the Jacobi theorem we now get

COROLLARY 3.1. Let Dy =1, D; =Sy =n,

n Sl ST,1

. n Sl . Sl 52 Sr
De=lg s =)
Sr—l Sr 827‘—2

If D; #0, j=0,...,r, then the number of distinct real zeros of P(z) is equal to
r— 2V(D0, Dl, N ;Dr)-

The power sums Sy, can be computed by means of the Newton formulas (2.1).
EXAMPLE 3.1. Let P(z) = 2° +pr+¢q, n = 2. We then have the quadratic form

1
Tg(.’.l?) = Z Sj-l—kxjxk:-
k=0
First we compute Sy, S1, So. By formulas (2.1) we have Sp =2, S1+p =0, S; =
—p, So+ Sip+2g =0, Sy =p?—2q. We thus obtain the matrix

ol

A= ||Sj+k||;,k:0 = H —p pz — 2

with minors
Dy=1, D; =2, D, = p* — 4q,
and hence
V(1,2,p° —4q) =0, ifp*>—4¢>0
V(1,2,p* —4q) =1, ifp*—4¢<0

We arrive at a well-known conclusion: If p* —4¢ > 0 then P(z) has two distinct
real zeros, if p? — 4q < 0 then P(z) has no real zeros.

The form 7,,(z) is a Hankel form, and hence the Jacobi theorem can be general-
ized to the case where some principal minors vanish. Corollary 3.1 is then generalized
accordingly (see [75, ch. 10, sec. 10; ch. 16, sec. 10]). The Hermite method can be
applied also to other problems connected with the localization of zeros (see [94]).

Now we turn to the question of determination the number of real zeros of a real
polynomial P on an interval (a,b). This number can be calculated with the help of
the theorem on logarithmic residues. In fact, if v is a curve surrounding the segment
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[a,b] and not containing any non-real zeros of the polynomial P, then by formula
(1.2) we have

1 dP
— | —=N 3.2
2mi J, P ’ (32)
where N is the number of zeros on [a, b]. But here arises the problem of calculating
the given integral in terms of the coefficients of our polynomial P. First we shall
compute this integral by means of the so-called Cauchy index.
Let R(z) be a real rational function. The Cauchy index

J'R(x)

is the number of times that R(z) jumps from —oo to +00 minus the number of times
that R(z) jumps from +00 to —oo as x goes from a to b. We assume here that a
and b are points of continuity of R(z).

Thus if

p
A
R(SL’) = Z _Ja_ + Rl(‘r)a
j=1 y J

where o are real and R;(z) has no real singular points then

J'R(zx) = Z signA;.

a<a;<b
In particular if
P'(x
P(z)
then
q N
R(z) = J
) Z T —
j=1
where «; are distinct zeros of P and n; are multiplicities of ;. If ay,... ,, are
real zeros and ayy1,... , o4 are complex zeros then
p N
R(x) = ! + Ri(z
( ) Jz; z — 1( )7

where R; has no real singular points. Hence the index J?R(z) is equal to the number
of distinct real zeros of P(z) on (a,b). If all n; = 1, then
P 1 [dP
R S
LW =0 | P
by formula (3.2).

The Cauchy index of a rational function can be computed using so-called Sturm
series. A system of real polynomials Pi(x),..., P,(z) is called a Sturm series on
the interval (a,b) if:

1. For all z € (a,b) such that Py(z) = 0 for k¥ > 2, we have that the neighboring

functions Py_1(z) and Pyy1(x) do not vanish at z, and

Pk_l(.'L')Pk+1(£C) < 0;
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2. The last function P,,(z) does not vanish on (a,b);
3. If Pi(z) =0 then Ps(z) # 0.

Denote by V(z) the number of sign changes in the sequence P;(x),..., P,(z),
ie. V(z) = V(Pi(x),..., Py(z)). If Pi(z) # 0 then V(z) is well-defined even at
points where some function Py(z),k > 2, happens to vanish. Indeed, if Py(z) = 0
then by virtue of condition 1) Py_1(x)Pr11(z) < 0, so we can delete Py(z) from our
series Pi, ..., Py,. V(a) equals V(a+¢), where ¢ > 0 is sufficiently small and chosen
so that the functions P;(z) do not vanish on (a,a+¢|. If all the functions P;(z) are
non-zero for x = a, then V(a) = V(Pi(a),...,Pyn(a)). V(b) is equal to V(b — ).

As x varies from a to b the value of V(x) can change only when passing a zero
of some function of the Sturm series. But by virtue of condition 1) the value V(z)
remains unchanged when passing a zero of Py, k > 2, while passing a zero of P;(z)
means that exactly one sign change is lost or added.

We have the following theorem.

THEOREM 3.3 (Sturm). If Py,..., P, is a Sturm series on (a,b) and if V(z) is
the number of sign changes in this series, then

bP2($)
@)

= V(a) — V(b). (3.3)

If we multiply all the terms of the Sturm series by one polynomial d(z) then
nothing changes in equality (3.3). It follows that the Sturm theorem remains true
also for generalized Sturm series.

We can construct generalized Sturm series with the help of the Euclid algorithm.
Let P and @ be two polynomials with deg P > deg (). Define P, = P and P, = Q.
Let further — P; be the remainder after division of P; by P,, let — P, be the remainder
after division of P, by P3 etc. Then we get

P1:q1p2_P37---7Pk71:q1471Pk_Pk+17---7Pm71:§Im71Pm;

where P,, is the greatest common divisor of P and @, and also a divisor of all
functions P;. If Py,(z) # 0 on (a,b) then the obtained series is a Sturm series. If
Pi(z) = 0 then Py(z) # 0, for otherwise P3(z) = 0,...,Py(z) = 0. In exactly
the same way we see that if Py(xz) = 0, then Py 1(z) # 0 and Py # 0 and
moreover, Py 1(z) = —Pyi1(x). If P,(z) vanishes at some points of (a,b) then we
have obtained a generalized Sturm series.

As a corollary we get the Sturm theorem on the number of distinct zeros of a
polynomial P(z) on (a,b).

THEOREM 3.4 (Sturm). Let P(z) be a real polynomial, P(a) # 0, P(b) # 0.
Construct for P(x) the generalized Sturm series starting with Pi(x) = P(z) and

Py(z) = P'(z) using the Fuclid algorithm. Then the number of distinct real zeros of
P on (a,b) is equal to V(a) — V (b).

EXAMPLE 3.2. Suppose P, = P(z) = 2® + pz + ¢q. Then we have P, = P'(z) =
2z + p, and dividing P by P’ we get P3 = p?/4 —q. Assume p?/4 — q # 0. Then the
number of distinct real zeros of P(z) on (a,b) is equal to

V(a* +ap +q,2a+ p,p* — 4q) — V(b* + bp + ¢,2b + p,p* — 4q).
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The Sturm method is rather inconvenient. Therefore one usually applies the
Hermite theorem in combination with the Descartes sign rule or the Budan—Fourier
theorem (see, for example, [97]).

THEOREM 3.5 (Descartes). Let P(x) be a real polynomial of the form
P(z) = apz™ + 2™ '+ ... +ay,.

The number of positive zeros of P(x) (counted according to multiplicities) is ei-
ther equal to the number of sign changes in the sequence of coefficients of P (i.e.
V(ag,a1,...,a,)) (zero coefficients are to be neglected), or less than this value by
an even integer. If all the zeros of P(z) are real then the number of positive zeros
is always equal to V(ag,ay, ... ,ay,).

THEOREM 3.6 (Budan-Fourier). Let P(x) be a real polynomial of degree n. The
number of real zeros of P on the segment [a,b] is equal either to the difference

V(P(a), P'(a),...,P™(a)) — V(P(b), P'(b),..., P™(b)),

or less than this value by an even integer. (Here it is assumed that P(a) # 0, P(b) #
0. If some derivative vanishes at a or b then V(P(a),... ,P™(a)) and V(P(b),...,
P™ (b)) are defined as in the Sturm theorem.)

The proofs of these theorems are based on the Rolle theorem.

Here we have not mentioned the subresultant method (see [92] and section 19),
since we shall have no need for it.

We have thus seen that there exist several quite effective methods for determining
the number of real or complex zeros of a polynomial on an interval. Some of these
methods are also applicable to wider classes of functions (see [125]). Turning to
systems of equations we shall see that the situation is completely different.

4. The local residue (of Grothendieck)

We consider a generalization of the concept of a local residue for systems of
holomorphic functions of several complex variables (see [80]). It is the so-called
Grothendieck residue. Consider the space C" consisting of vectors z = (21, ... , z,),
where z; = z; +iy;, zj,y; € R, 7 =1,... ,n. We use the notation

Rez = (Rezl,... ,Rezn) = (-7517--- 7-7;71)7
Imz = (Imz,...,Imz,) = (y1,---,Yn),
7 = (21,... ,Zn),
|Z| — \/|Zl|2 + .+ |Zn|2 = \/|x1|2 +...+ |$n|2 + |y1|2 +...+ |yn|2
The topology in C™ is given by the metric d(z,w) = |z — w|, z,w € C". As
usual a domain D is an open connected set and a compact K is a closed bounded

set.
The power series in C" (centered at the origin) has the form

g CaZ®,

||| =0
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where @ = (a,...,0q,) is a multi-index, i.e. «; are non-negative integers, the
monomials z& = 27" --- 2% are of total degree ||a|| = a; + ...+ ay,, and ¢, are
complex numbers (the coefficients of series). Denote by Ug(a) = {z: |z — a| < R}
the open ball of radius R centered at the point a.

A complex-valued function f(z) is said to be holomorphic in the domain D C C"

if for every point a € D there exists a power series
Z ca(z —a)®
llexl|>0

which converges to f(z) in some neighborhood Ug(a) of the point a. For example,
every polynomial

0<] e [<m
is a holomorphic function in C". If at least one of the leading coefficients ¢,
||a|| = m, is non-zero then P is said to be of degree m (deg P = m).
A rational function .
R(x) = L@
Q(z)

is holomorphic wherever Q(z) # 0 (here P(z) and Q(z) are polynomials).

We now define the local (Grothendieck) residue in C™. Suppose h, fi,... , f, are
holomorphic functions in some neighborhood Ug(a) of the point a. Suppose also
that

fj(a) :0, j: 1,... ,n,
and that a is an isolated zero of the mapping

f= (fla"' 7fn)
Denote by w the meromorphic differential form
_ hdzi AN ANdz,  hdz

fioo fa Cfiefa
(dz =dz Ndza A ... Ndzy),

w

and consider the set

Te={z € Ugr(a): |fi(z) =c1,...,|fa(z)] = cu},

where ¢; > 0,...,¢, > 0 are sufficiently small. By Sard’s theorem the set ['¢ is a
smooth compact surface of dimension n, i.e. a cycle, for almost all sufficiently small
€j. The orientation of I'¢ is given by the condition

darg fy A...ANdarg f, > 0.
The integral

1 hdz
resw =

a (271'2)" T¢ fl “e fn
is called the local (Grothendieck) residue

resw =res h
a af

of the form w at the point a.
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In just the same way as in the case of one complex variable it can be shown that

resw does not depend on ¢;.
a

EXAMPLE 4.1. Let f; = z;7, a =0 and

h=2P =20

Then
Fe={z: |z|=¢;, j=1,...,n}
is a standard torus and

1 6d 1 n P
resw = n/ - aZ: A\ / ZJ@ Vdz; =
0 (27i) ry % (2mi) i1 Y |zil=¢;

J

] 0, ifa; —pB; #1 at least for one j,
1 1, ifo;—pj=1forallj

(see example 1.1).

We shall say that a mapping £ = (f1,..., fu) is nonsingular at the point a if its
Jacobian
(f fn) o 7
O(fi,-.. s [n z1 1T Oz
Je(a) = ———"(a)=| ... ... ... |(a)#0.
0z1 o Ozn

We can then assume Jg(z) # 0 in Ug(a), so by the implicit function theorem the

mapping w = f(z) is one-to-one in Ug(a). Moreover, it is biholomorphic, i.e. the

inverse mapping z = f~!(w) is also holomorphic in a neighborhood of the origin.
Consider now the integral

oS 1 / hdz
a (271'2)” T¢ fl---fn,

and make the change of variables w; = f;(z), j =1,... ,n. We then have
dw
dz = Jp-1dw = ————
L T W)

while I's transforms to
I'w=A{w: |wjl=¢;, j=1,... ,n}

Therefore we can write

€S =
ra w (27Ti)”

1 / h(f~H(w))dw
r, Je (£ 1 (W) wy ... w,’
Now, the function h/Jg is holomorphic in a neighborhood of the point 0 (as long
as Jg # 0) and hence it can be expanded in a power series

g CaW?,

lleef| >0

with
h

e

(£1(0)) =

€(0,...,0)
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In view of Example 4.1 we thus get

h(a)
resw = .
a Je(a)
So in the case of a nonsingular mapping f the local residue is easily computed.

It is easy to compute it also if h has the form hif; + ... + h,f,, where h; are
holomorphic in Ug(a). Indeed,

1 hdz 1 h;dz
YT e /F Fiooifa ; i)™ Jog froo fimifivr fa
so it suffices to consider, say, the integral
h,dz
re foofa
The integrand hy/(fs ... f,) is holomorphic in the open set

Ur(a) = Ujp{z: fi(z) =0},

which contains the chain

Up={z: |fil <enlfel =0, |ful = €n}-
On the other hand we have OU; = I'y, so by the Stokes formula we get

h,dz h,dz h,dz
= = d .
I‘ff2"'fn 3U1f2---fn /Ul <f2fn>

hy ok -
d(fa-.-fndz> = M=

since hy, fo..., f, are holomorphic, and it follows that

resw=0, if h="hifi+...4+h,fn.

a

But

Next we consider a transformation formula for local residues, which will play
a fundamental role in the sequel. Let f = (f1,...,f,) and g = (g1,...,9s) be
holomorphic mappings defined in Ug(a). The point a is assumed to be an isolated
zero of the mappings f and g, and in addition

gk (2) :Zakj(z)fj(z), k=1,...,n, (4.1)

with ay; being holomorphic in Ug(a), k,j = 1,... ,n. In matrix notation g = Af,
where

A = flar; ()]} =1
THEOREM 4.1 (The transformation law for local residues). If h is holomorphic
in Ugr(a) then
res h =res hdet A. (4.2)

af ag
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In other words

hdz _/ hdet A dz
I‘ffl---fn Ty gi...0n )

We prove this formula for nonsingular mappings f and g, the general case can
be found in [80, ch. 5].

So let f and g be nonsingular mappings, i.e. Je(a) # 0 and Jg(a) # 0. It follows
that det A(a) # 0. We can assume that these determinants do not vanish in Ug(a).
Then

h(a)
h = )
rgsf Je(a)
ag Jg(a)

But by virtue of (4.1), and since f(a) = g(a) = 0, we have
Jg(a) = Je(a) det A(a).

Therefore

res h =res hdet A.
af ag

If f and g are singular then one considers a slight perturbation f, of f, having
a finite set of zeros z* in Ug(a), with Jg (z*) # 0. For these zeros formula (4.2) is
applied and then letting ¢ — 0 one gets the general case. [

The transformation formula makes it possible to compute local residues quite
explicitly. Consider an arbitrary residue

resw = res h.
a af

Since the functions z; — a; vanish at the point a it follows from Hilbert’s Nullstel-
lensatz that there exist a; > 0 such that

9i(2) = (2 — a;)™ " =" a;u(2) fu(2).

By formula (4.2) we then have

res h = res hdet A = 1 / hdet Adz
(2min) Jr

arf ag (21 —a)m (2, — @)t
Expanding hdet A in a power series

hdet A= " c(z —a)”
1811>0

we get

, 1 0l1*(h det A)
res h=c = '
a Q... yQn allan' azfﬂ aZg"

(a).
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5. The multidimensional logarithmic residue

Just as in the case of one complex variable the logarithmic residue is a particular
case of the local residue. The results of this section are to be found in [11].

Later on we shall need an analog of the Cauchy theorem in C", sometimes
referred to as the Cauchy-Poincaré theorem.

THEOREM 5.1 (Cauchy-Poincaré). Let f(z) be a holomorphic function in the
domain D C C™ and o let be a smooth relatively compact oriented surface of (real)
dimension n 4+ 1 having a smooth boundary do. Assume that o U 0o C D, and let
the orientation of Do be induced by the orientation of o. Then

f(z)dz = f(z)dzy A ... ANdz, = 0.
0o 0o

This theorem is a direct corollary of the Stokes formula and the Cauchy—Riemann
equations:
of

5
Now we proceed to define the multiplicity of a zero of a holomorphic mapping.
Suppose that we are given a holomorphic mapping

w =1f(z) = (fi(2),... , fa(2))
in a neighborhood Ug(a) of the point a, and suppose moreover that a is an isolated
zero of the mapping f. If f is nonsingular at the point a, i.e. Jg(a) # 0, then a is
called a simple zero of the mapping f and its multiplicity is equal to 1.
Suppose now instead of this that Je(a) = 0. Consider a perturbation of the
mapping f, e.g. the mapping

f&(Z) = f(Z) - E = (fl(z) - 517 cee ,fn(Z) - é-n)a
where |€| is sufficiently small. Since |f(z)| # 0 for z # a we have that |f| > ¢ > 0

on the boundary OUg(a). Taking & so that || < e we get that |fg| > 0 on OUg(a),
i.e. f¢ # 0 on OUg(a), and hence the set

Efs = {Z € UR(a) : fg(Z) = 0}

is compact. By a well-known theorem of complex analysis the set Eg, must then be
finite. It can be shown that for almost all £ this set consists of the same number of
points. The number of elements of Ef, is called the multiplicity pa(f) of the zero
a of the mapping f at the point a. We notice that for almost all £ the elements
of FEf, are simple zeros of the mapping f¢. This is the “dynamic” definition of the
multiplicity of zeros (see [11]).

ExAMPLE 5.1. Consider the mapping w; = 21, ws = 22 + az?. The point (0,0)
is a zero of this mapping of multiplicity 2. Indeed, making a perturbation we find
that the zeros of the mapping (21 — &1, 22 + az? — &) are given by

zZ1 = 51, Z9 — i\/aﬁf - 62.

Thus, if aé? — & # 0, i.e. for almost all (£1,&), the perturbed mapping has two
Zeros.

0, g=1,...,n.
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Let the holomorphic mapping f(z) = (fi,..., f,) be given in a domain D C C”
and that it has a finite zero set Ff in D. Consider the special analytic polyhedron

De={ze€ D:|fi(z)| <e1,...,|fu(2)] <en}

If €1,...,e, are sufficiently small positive numbers then D; consists of a finite
number of relatively compact domains in D and every component of D; contains
only one zero of a mapping f. The distinguished boundary

I'e={zeD: |fi(z)|=¢;, j=1,... ,n}
of this polyhedron is accordingly divided into a finite number of connected surfaces
(of the kind that we already considered for local residues). Moreover, by the Sard
theorem I'y consists of smooth surfaces. Recall that orientation of I'¢ is given by the
relation
darg fy N...Ndarg f, > 0
on I'y. In other words, it is induced by the orientation of Dy.
Suppose h is holomorphic in D. An integral of the form

1 dfy A ... A dfy, 1 Jedz
, h(z) = _ Joee
(2mi)™ Jr, fi-o . fn QCri)™ Jo. fi---fa
is called the logarithmic residue of a function h with respect to fin D. If f has only
one zero a in D then the logarithmic residue is a local residue

res hJs.
af

(5.1)

From the Cauchy-Poincaré theorem it is not difficult to deduce that the logarithmic
residue does not depend on ¢;.

THEOREM 5.2 (Cacciopolli-Martinelli-Sorani). For every holomorphic function
h in the domain D the formula

(2732')"/11 Wz fchlz =2 Ma (52)

acEg

holds.

As for n = 1 every zero a is counted according to its multiplicity.

Theorem 5.2 is the multidimensional logarithmic residue theorem.

Proof. Let Ug(a) be mutually disjoint neighborhoods of the different points a
Take ¢; sufficiently small to ensure that for all a there is precisely one connected
component of D¢ contained in each Ug(a). Denote this component by

Ff,a = Ff N UR(a).

By the Cauchy-Poincaré theorem we have

deZ Z / deZ

so it remains only to be shown that

1 Jed
W/ hf1 ‘f‘ an = rgstfh = ua(f)h(a).
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If f is nonsingular at the point a then we already know (see Section 4) that

h(a)Je(a)
res hJy = ————— = h(a).
ar  J(a) (a)
If a is not simple zero, then considering a perturbation f; with only simple zeros,
we get by the Cauchnyoincaré theorem

JfgdZ
(2mi)n /f1g foe Z h(be)-

bE eEf{

Letting & tend to 0 (so that by — a) we reach the required assertion. O

COROLLARY 5.1. If the holomorphic mapping f has a finite number N of zeros
in D, then
1 deZ

(every zero is counted according to its multiplicity).

=N

In conclusion we formulate (without proof) a version of the Rouché theorem
which is due to A.P.Yuzhakov (see [11, sec. 4]).

THEOREM 5.3 (Yuzhakov). Suppose that D, f, h are as in Theorem 5.2 and that
the holomorphic mapping g satisfies the condition

1951 < ;]
onT¢, j=1,...,n. Then: a) the mappings £ and f + g have the same number of
zeros in D; b) the formula

1 d(fr+g1) A d(fn + gn)
(2mi)™ /1“f ") (fit+aq).. (fn + gn) Z ha

acEr g

holds.

Notice that the integral in this theorem is taken over I'r and not over I'gg.
EXAMPLE 5.2. Find the multiplicity of the zero (0,0) of the mapping

wy =z, — az5, wy = bz’ — 7.
Since on the distinguished boundary
) _ T _ 4
F={z: |n|=¢", |2 =¢"}

we have the inequalities |a||22]? < |21| and |z|® > |b||21]* for sufficiently small
positive €, it follows by Theorem 5.3 that the multiplicity of the point (0,0) is equal
to the integral

7o 1 / d(z1 — az3) Nd(bz? — 22) _
(2mi)? (21 — a23) (b2} — 23)
1 (=322 + dabzy29)dzy A dzy
(2mi)? / (21 —az3)(bief — 23)
We integrate first with respect to z;, keeping 2, fixed. Since |z1| > |al|22|> and
| 22| > |b]|21]? it follows that in the disk |2;| < 7 there is only one singular point
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z1 = az2 of the integrand. Hence by the one-dimensional theorem on logarithmic
residues (see Sec. 1, Theorem 1.2)

1 —322 + 4abz3 1 —3 + 4ab
J=_— Mdz2: . ﬂd@zi},

270 J |y et 02b25 — 23 270 J et (@2bzy — 1) 22

because the root 2, = 1/(a?b) does not lie in the disk |2y < ¢* for sufficiently small
e > 0.

6. The classical scheme for elimination of unknowns

The results presented in this section one can find in [97, 142]. First we consider
a classical result of Sylvester. Take two polynomials:

P(z) = ap2™ + a1 2" ' + ...+ ap,

Q(z) = bgz® +b1z* 4+ ...+ by,
z € C,a;, bj € Canday#0, by #0.

How can we determine whether or not these polynomials have any common
zeros? Suppose «q,...,aqy, are the zeros of P(z) and f, ..., [, the zeros of Q(z).
Form the expression

R(P,Q) = aiby [ [J(ex — 5. (6.1)

k=1j=1

which is known as the resultant of the polynomials P and . It is clear that
R(P,Q) = 0 if the polynomials P and () have at least one zero in common.

The resultant (6.1) can also be calculated directly from the coefficients of P and
Q without knowing their zeros. To see this we start with the observation that

R(P,Q) = (=1)"R(Q, P).

Since
S

Qz) = by [ [(= = 8),

j=1
it follows that

S

Qo) = bo [ [ (e — B8y),

i=1

and hence
R(P,Q) = af | [ Q(ow).
k=1

In exactly the same way we see that

RQ.P) =4 [[ P(5).
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THEOREM 6.1 (Sylvester). The resultant of the polynomials P and Q is equal
to the determinant

)
ay an, 0 .0
0 ag ap—1 Qp .0 s lines
D— 0 0 ag aq . ap J
by b . b, 0 .0 )
0 bo . bs_1 b, .0
e e e e »n lines
0 0 . b() bl . bs
)
Proof. Consider the auxiliary determinant
iH»sfl 5,4»571 o ﬁ?—l—s—l a;H»sfl ag+sfl ag—l—s—l
{L+3—2 ﬁg+3—2 o ﬁ?+sf2 Oz?+3_2 ag-l—S—? ag+s—2
M=l e . e
I 3 o B2 o o oAl
Bl 52 . Bs (67] (6%)) o Oy
1 1 R | 1 1 R |

Since M is a Vandermonde determinant we have the formula

M = H (ﬁk—ﬁj)HH(ﬁj_a’k) H (o — ay).

1<k<j<s j=1k=1 1<k<j<n
Hence we obtain, by the definition of R(P, (), that
appDM = DR(Q.P) [ B —8) ] (ow—ey).
1<k<j<s 1<k<j<n

On the other hand we can calculate the product DM of the determinants D and
M by using the formula for the determinant of a product of matrices. Multiplying
the matrices corresponding to our determinants, and taking into account that the
«; are zeros of P and the (3 are zeros of (), we get

(6.2)

BiTIP(B) B3 IP(Ba) ... BEP(Bs) O - 0
BPB)  BPB) BP0 0
DM = P(ﬁl) P(ﬁ2) . P(ﬁs) 0 . 0
0 0 .0 Qo) ... o™ Q(an)
0 0 .0 A 2Q(ay) ... a"2Q(ay,)
- - o Q(al) Q(an)
s n 1871 ;71 5_1 0/17171 agil O[Z_l
:JHIP(@)HQ(%) P A | P
B 1 1 1 1 1 1
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=170 [T 105 — ) [T (0 — ay).
This means that
DM = R(P,QR(Q, P) [Tk — ) [Tt — ) 63)

k<j k<j

Comparing (6.2) and (6.3), and dividing out the common factors that are not iden-
tically zero, we find that R(P,Q)=D. O

In practice one frequently encounters situations when the coefficients of P and
(@ depend on some parameters. In this case one can no longer assert that ay # 0 and
by # 0. Hence it is in general not to be expected that the vanishing of the resultant
should be equivalent to the existence of a common zero of P and (). Indeed, if
ap = by = 0 then R(P,Q) = 0, but P and @ do not necessarily have any common
zeros. It turns out that this is the only case when the vanishing of the resultant
does not imply the existence of a common zero.

COROLLARY 6.1. For given polynomials P and () with arbitrary leading coeffi-
cients the resultant R(P, Q) equals zero if and only if either P and () have a common
zero or both leading coefficients vanish (ag = by = 0). (In the case ag =0 or by =0
we use the identity R(P,Q) = D).

EXAMPLE 6.1. Let P = ay2% 4+ a12 + ag, and Q = byz? + byz + by. Then

ap a1 Qo 0
0 ap a1 Qo

R(P, Q) = = (a0b2 — a2b0)2 — (agbl — albg)(a1b2 — a2b1).
bp by by O
0 by by by

In particular, if P = 22 — 42 — 5 and Q = 22 — 7z + 10 we get R(P,Q) =0, and a
common root of P and @) is z = 5.

Let us now derive another important property of the resultant R(P,Q). We
write down the system

Z7IP(2) = a2 a4 F a2t
Z2P(2) = ap2"TT 4 a2 a2
P(z) = apz"+az" ' +... +ay, (6.4)
nle(z) = b zn+sfl +b zn+s 2 + + bsznfl,
an2Q(Z) = b Zn+s 2 4 b Zn+s 3 4 4 bsznf2,

Q(z) = boz® +b 2 ...+ b,

Considering each right hand side as a polynomial of degree n + s — 1, we see
that the determinant formed by their coefficients is exactly equal to R(P, Q). So if
we multiply each of the equations by the minor associated with the corresponding
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entry in the last column of R(P,(Q) and add them together, i.e. we develop the
determinant along the last column, then we get the identity

AP+ BQ = R(P,Q),

where A is a polynomial of degree s — 1 and B is a polynomial of degree n — 1.

Theorem 6.1 and Corollary 6.1 can be applied to eliminate one of the unknowns
in a system of two algebraic equations in two variables. Let P(z, w) and Q(z,w) be
polynomials in two complex variables z and w. Grouping their terms according to
degrees of z we have

P(z,w) ap(w) 2" + ay ()2 + ..+ ap(w),

Q(z,w) = byo(w)z® +by(w)z" 1+ ... +by(w),
where the coefficients a;(w) and b;(w) are polynomials in w. We assume that ag # 0
and by #Z 0.

Consider the resultant R(P, Q) of these polynomials (in the variable z). It will
be some polynomial R(w). If the vector (a, 3) is a root of the system

P(z,w)=0, Q(z,w)=0, (6.5)

then substituting the value w = /3 we get that the system of polynomials P(z, ) and
Q(z, ) has the common zero z = «, hence by Theorem 6.1 R(3) = 0. Conversely,
if 3 is a zero of the polynomial R(w) then, according to Corollary 6.1, either the
polynomials P(z, ) and Q(z, #) have a common zero at « (i.e. the system (6.5) has
the solution (v, 3)) or 8 is a zero of the polynomials ag(w) and by(w). In particular,
if these polynomials have no common zeros (which can be checked by finding the
resultant of ay and by), then every zero of R(w) is the second coordinate of a root
of the system (6.5).
EXAMPLE 6.2. Consider the system

P(z,w) = w2’ +3wz+2w+3=0,
Q(z,w) = 2z2w—2z+2w+3=0.
First we re-write P and () in the form
P=w-224+3w- -2+ 2w+3), Q=2w-1)-2z+ (2w +3).
Then we get
w 3w 2w+ 3

R(P,Q)=|2w—1) 2w+3 0 | =
0 20w—1) 2w+3

= (2w +3) <‘ 2(wo_ Y ﬁﬁfi’) ‘*‘ 2(ww— 1) 251—1;3 D -

= (2w + 3)(4w® — 8w + 4 + 2w® + 3w — 6w’ + 6w) =
= (2w + 3)(w + 4).

The zeros of R(w) are wy = —% and wy = —4. They are not zeros of the leading
coefficients of P and @, i.e. the polynomials w and 2(w — 1). For w = —4 we obtain
the system

—42*> — 122 -5=0, —10z—-5=0,
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from which we get z = —5. For w = —% we have
3 9
—5# =5 =0, —52=0,

and hence z = 0. Thus, the initial system has the two roots (O, —%) and (=5, —4).

Before moving on to more general systems of equations we consider the ques-
tion: When does a polynomial P(z) have multiple zeros? This problem has already
been touched upon earlier (see Sec. 3). Here we analyze it using the concept of a

discriminant of the polynomial P. Suppose

P(2) = ap2™ + a1 2" ' + ...+ ap,

and «q, ..., are its zeros. Denote by D(P) the expression
DP)=a" [ (o —a;)? = a2(=1)"5 [J(ax —ay.
n>k>j>1 itk

It is clear that D(P) = 0 if and only if the polynomial P has multiple zeros.
The discriminant D(P) is easily expressed in terms of the resultant R(P, P'). In
fact, we know that

R(P,P') = ag™' | [ P'(ew).
k=1
Differentiating the equality

P(z) = ayp H(z — ),

we obtain .

P'(z) =ao Y [](z— ).

k=1 j£k

from which it follows that

P'(a) = ag H(ak — ;).

J#k
Hence we have
n— n— n(n-1)
R(P,P)=a" " [[(x — ) =" (-1)" 7 [ (w—0ey)°=
£k n>k>j>1

n(n—1)

= ay(~1)"“7"D(P),

and therefore
n(n—1)

R(P,P") = ag(—1)" = D(P).
There are also other ways of representing the discriminant D(P).
THEOREM 6.2. The discriminant D(P) satisfies
n Sl Sg Ce Sn,1

S1 Sy Sz ... S,

D(P) = a2"* , (6.6)

Sn—l Sn Sn—l—l SQn—2
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where S; are the power sums of the zeros of P(z).

Proof. We construct the Vandermonde determinant

1 1 o1
(071 (6% P 7
d= = H (ap — ),
n—1 n—1 n—1 n>k>j>1
o oy

and observe that D(P) = a2" ?d?. Then we calculate d? in a different way by
multiplying the matrix of d by its transposed matrix. [

Notice that the determinant in this theorem coincides with the determinant of
the matrix of a quadratic form that arose in the proof of the Hermite theorem (see
Sec. 3). It should also be noted that the size of the determinant (6.6) is equal to n,
whereas the size of the determinant R(P, P') is (2n — 1).

EXAMPLE 6.3. If P = 2% + bz + ¢ then

2 5
S1 S

and therefore D(P) = b? — 4c.
Now we turn to systems consisting of several equations.

D(P) = ‘ . where S; = —b, S, =b? — 2¢,

THEOREM 6.3. Given r polynomials Py(z),...,P.(z) in one variable z € C,
there exists a system Ry,..., Ry of polynomials in the coefficients of Py,... , Py,
such that the conditions Ry = 0,..., R, = 0 are necessary and sufficient for the
system of equations

P=0,...,P =0 (6.7)

to have a common root, or the leading coefficients of all the polynomials Py, ... , P,
to vanish simultaneously.

Proof. We begin by transforming the polynomials Py, ... , P. so that they have
equal degree. If n is the greatest of the degrees of Py, ..., P, then we multiply every
polynomial P, of degree n,, by 2" ™ and by (z — 1) ™. In this way we get two
polynomials of degree n, whose leading coefficients are the same as in P,,. Denote
by Q1,...,Qs all the new polynomials thus obtained from the system P;,..., P, .
The system (6.7) and the system ); =0,...,Qs; = 0 have the same roots.

We consider now the polynomials

Qu:u1Q1+---+usta QUZUIQ1+---+USQ87

where u; and v; are additional variables. If @), and @, have a common factor (for
arbitrary u; and v;) then this factor can not depend on u; or v;, and hence it must
be a factor of all the ;. Conversely: A common factor of all the @); is a factor of
both @, and @,. Since the degrees of all (); coincide, the vanishing of the leading
coefficients of @), and @), is equivalent to the vanishing of the leading coefficients of

For the polynomials @, and @, we form the resultant R(Q,,,). By Theorem
6.1 and Corollary 6.1 R(Q,, Q,) = 0 if and only if either @), and @, have a common
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zero (i.e. a common factor), or the leading coefficients of @, and @, vanish simul-
taneously. Since R(Q,, Q) is a polynomial in «; and v; we have R = 0 if and only
if its coefficients Ry, ..., Ry all vanish.

The system Ry, ..., Ry is called the system of resultants for Pi,... , P,.
Consider now an algebraic system of the form
Pi(z) =0,...,P.(z) =0, (6.8)
where z = (21,...,2,) € C". We can approach it as follows. Suppose the polynomial

P, contains a monomial of greatest degree in 2; of the form 2{* and that its coefficient
is a non-zero constant. (We can always achieve this by making a linear change of
variables.) Then, applying Theorem 6.3 with respect to z; to the system (6.8), we
are led to the new system of equations

d=0,...,d =0, (6.9)

which now only involves z, ... , z,, and which is equivalent to the system (6.8). To
this new system we apply the same method and so on. After iterating this procedure
s times we are either left with the zero system, or a system of constants which are
not all equal to zero. In the second case the initial system (6.8) had no common
roots. In the first case we have a triangular system of the form

P =0,...,P =0,
di=0,...,d; =0,
............... (6.10)
Ri=0,...,R,=0,

where Ry, ..., Ry are polynomials in zq, ... , 2z, and the following step (with respect
to zs) produces the zero system. We can then assign to the variables z;.1,... , 2,
arbitrary values &s41,...,&,. Finding the common solutions &, to the system R; =
0,...,R; = 0, we substitute them into the previous system and so on, up to the
original system (6.8).

Of course the system (6.10) may contain superfluous equations. A further devel-
opment of the elimination theory is realized through the method of Grobner bases
(see [1, 28]), which permits a reduction of the system (6.8) to triangle form with-
out unnecessary equations. We see that the classical method of elimination is quite
awkward and practically useless when the number of equations is greater than two.

In the following chapter we shall describe a new method of elimination based on
the multidimensional logarithmic residue formula.



CHAPTER 2

A MODIFIED ELIMINATION METHOD

7. A generalized transformation formula for local residues

In Sec. 4 we have seen that the transformation law for local residues allows
one to explicitly calculate them. Often however, more complicated integrals appear.
Therefore we need a transformation formula also for such integrals (see [98]).

Let h, fi,.-- fu,g1,--- » gn be holomorphic functions in a neighborhood Ug(a)
of a point a € C". The point a is assumed to be an isolated zero of the mappings
f=(f1,...,f.) and g = (g1,...,9n). Moreover, f and g are connected via relations

9i(2) = Y aju(z) fu(2), (7.1)

the functions a;;(z) being holomorphic in Ug(a). Introducing the matrix
A = [laji(2)|[7 =1,
we can re-write the formula (7.1) in the form
g = Af. (7.2)
Connected with the mapping f is the distinguished boundary
Ff = {Z € UR(a) . |f](Z)| =&y, j = 1, ,TI,}

of the associated analytic polyhedron. For almost every sufficiently small ¢; > 0
the set ['s is a smooth compact closed orientable surface of dimension n, i.e. an
n-dimensional cycle. The orientation of I'y is determined by the condition

d(arg f1) A ... ANd(arg f,) > 0.
In Sec. 4 we derived the transformation formula

res h =res hdet A

af ag
for the local residue, see (4.2). We now consider a transformation formula for inte-
grals of the form
hdz hdz

v fooo Sinfio S o fRT L ftt

THEOREM 7.1 (Kytmanov). If the holomorphic mappings f and g are connected
by the relation (7.2), then

1y een b =1,...,0.

o hdz B
T e foo i S

31
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n

ha; i, ...a; ; det Ad
— Z C]l]m/ a’.?l 1 a]m m € Z. (73)

1o sjm=1 Ig 951 - 9591 - - - Gn

Here the constants ¢;,. 4, (andcj,._j, ) are defined as follows: If in the set (iy, . .. ,im)
the number of ones is oy, the number of twos is ay and so on, then ¢;, ; =
ol ol

Proof. We reason as in the proof of formula (4.2). First we consider the case
when the mappings f and g are nonsingular, i.e.

Je(a) #0, Jg(a) #0
and det A(a) # 0. We shall assume that these functions are non-zero in all of Ug(a),
and that the mappings f and g are biholomorphic. Therefore, both (f1,... , f,) and
(g1, .. ,9n) can be taken as new coordinates in Ug(a).
Assume to begin with that the function h satisfies

587, I

—(a)= ———+ =
0zP A P

for all multiindeces 3, with ||3|| = 1 + ... + B, < m. Then, by the rule for
differentiation of composite functions, we have

oPh

o ) =

g

and 5

0°h

W(a) =0
for all 3, with ||3]| < m.

Making the change of variables w = f(z) in U, R( ) we get

hdz / dw
Cil...im CZI zm =
re Jir oo fimf1o Trathofo wz-1 W, WY - W

om ( “1(0 (2m) o™h (a)
ows, ... 0w, | J ~ J(a) Ofi,...0fi,
In exactly the same way

Cironin / h,aml v Qi det Adz _
Tg 951+ 9jm91---Gn

am(hajlil v Qim det A/Jg)

= (2mi)"

- (27”) (‘3gj1 Ce 6gjm (a) -
. n @iy (a) v G, (a) det A(a) ) d™h
- (27‘-2) Jg (a) 89]1 . ag]m (a)
Since
Jg(a) = det A(a)Jg(a)
and

omh, n o™h
————(a) = iy (B) - - i, (B) 52 —(a),



A MODIFIED ELIMINATION METHOD 33

so the equality (7.3) follows in this case.

We continue the proof by induction on m. Formula (7.3) has been proved for
m = 1 and for a function h, such that h(a) = 0. We must prove it also for a function
h, which is not equal to zero at the point a. Letting h = J¢, and w = f(z), we have

e [,
Tr fpf1 fn r, WpWi ... W, '

(See Sec. 4, Example 4.1.)
Since g = Af it follows that

E = A— + kaAk,

where E is the unit matrix, 0f /0g is the matrix

‘ ofi||"
o k=1
consisting of partial derivatives, and Ay is the matrix
‘ 3ajk "
09s |l5=1
We can therefore write
of
det A - det 8 = 1— Z fiBr, + ;;1 fufiBri + ..., (7.4)
with
- 8@,%
E = .
< g,

From here we see that
a;p det A det 2 5sd8 _

>
—Z ( /F a]pdg Z / a;p By fkdg)

j=1 . g]gl g]gl

(Here we used the equality
of
det —— dgi A ... Ndg, = Jgdz
og
and the condition that f;(a) = 0. Therefore all the integrals containing products of

the functions f; vanish).
From the already proved part of formula (7.3), i.e. when f(a) = 0, we have

azka:fkdg kangdZ o
Z/F Z/FfdetA-fpfl...fn_

jh=1/Te gijg1 -

@Jela) i o)

A\ BP
= 2m) ) det Aa)
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and
a alpdg “ n Ojp
Z/Fg aE ;(27”) G a).
Hence from (7.4) we get
Z/ aip det AJpdz det Adez ~0
rg Yig1-

Let now m be arbitrary. We must prove the equality (7.3) for all monomials
zP, such that 0 < ||8|| < m. It is sufficient to prove (7.3) for monomials g, 0 <
|18|| < m, and for the function J¢, since z® can be expanded in a series with respect
to the functions g7, ||v|| > ||B||. Consider first the case h = g7, ||7|| > 0. It is
not difficult to verify that formula the (7.3) transforms into a similar formula with
h =1 and m — ||]7|| < m. It remains to consider the case h = J¢. Then we have

deZ
e fir o Sinfroo fn

LEmMMA 7.1. If £ and g are non-singular and connected by the relation (7.2),
then

=0.

om of
——— | det Adet —a;, ... a5, | (@) =0.
Z 89]1 . 8g]m < g ! ! ) ( )

J1yeeesjm=

Proof. The proof of this lemma consists in a direct calculation based on (7.4).
Using Lemma 7.1 we now get

n

Z o / Ajrgy oo Qi det AdeZ _
e Ig 9j1--- 9591 - - - Gn

Gy sjm=1
of
27TZ . z]:_l 89]1 ‘ agjm <aj1,-1 v Qim det A det 8_g> ( ) =0.
In the case when f and g are singular at the point a the proof of (7.3) is carried
out in just the same way as the proof of formula (4.2). O
Formula (7.3) can be written in the alternative form
hdz hdzy A ... Ndz,
£ fosl Te lalJrl . _‘fgzn+1 B

I (Z ksj>! h H ays det Adz

o Z s=1 \ j=1 5,j=1 (7 5)
o n pr+1 fn+l 2 )
k>0 [ (kg)! 7l 9N - gn
s,j=1

where

ﬂs = Z ksja
j=1
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and the summation on the right hand side is performed over all matrices
[[Fess [

s,j=1
with nonnegative entries such that

n
E ksj = .
s=1

Let now f = (f1,..., f,) and g = (g1,... , gn) be polynomial mappings and let
their zero sets Ff, Eg be finite (recall that each root is counted as many times as its
multiplicity). The complete sum of residues, or the global residue, of the polynomial
h with respect to f is the expression

h = h.
Rfes Z res

a
aEEf f

COROLLARY 7.1 (Kytmanov). If f and g are connected through the relation
(7.1), and if the aj; are also polynomials, then
hdz

Ciy..iim =
2 re fir o Jinfroo fn
h det Aajlil ce ajmimdz
=2 2. G -
=1 Ig

acEg j1,-.. jm g]l e gjmgl - Gn

In particular, the following assertion holds ([137, 158]).

COROLLARY 7.2 (Yuzhakov). Under the conditions of Corollary 7.1
Rfes h = Reshdet A, (7.6)
g

i.e. the transformation formula (4.2) for local residues carries over to the case of a
global residue.

8. A modified elimination method

Along with the space C™ of complex variables z = (z1, ... , z,) we shall consider
its compactification CP", i.e. the complex projective space. We recall that CP"
consists of vectors € = (&, &1, - .. ,&n), where € and i are considered as equivalent if

& = \n, where A € C and A # 0. Thus the elements in CP" may be thought of as
complex one-dimensional subspaces (complex lines) in C"*1. To each point z € C"
we associate the point

EcCP" z— €= (1,21,...,2,).

In this way we get C" C CP". In other words, the image of C™ in CP" consists of all
points for which & # 0. The points & = (0,&; ... ,&,) € CP" form the hyperplane
“at infinity” II. Thus CP" = C" U L.

Let f be a polynomial in C™ of the form

f= Z caZ”, (8.1)

lleel[<K
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where a = (a, ... ,0qy) and 2% = 20" ... 22". We assume that its degree (deg f) is
really equal to k, i.e. there exists a coefficient ¢, # 0 in (8.1) with ||a|| = k. We
shall often expand polynomials like f in homogeneous components

— (64
P; = E CaZ”.
lled|=3

Here P; is a homogeneous polynomial of degree j and f = P, + P4+ ...+ Py, the
polynomial Py is the leading (highest) homogeneous part of f. The projectivization
f* of the polynomial f is given by the homogeneous polynomial

[ &) = [ (& &1s- -, 6n) = P&, ... &)+

+é0 P&ty 6n) + .+ EE P
Notice that f* is a polynomial in C"**! and that

(&, .., &) = f(&, ..., &).

We shall consider the following system of algebraic equations in C":
fl = 07
S (8.2)
fn = 0;
where f; is a polynomial of degree k;. Let f; = P; + Q;, where P; is the highest

homogeneous part of f;, and @); is of degree less than k;.
Along with the system (8.2) we shall also consider the system

P]_ - 0,
Lo (8.3)
P, = 0.
We shall say that the system (8.2) is non-degenerate if the system (8.3) has
only one root, namely the point 0. Often we shall deal with polynomials f; whose
coefficients depend on some parameters. In this case we call the system (8.2) non-

degenerate if the system (8.3) has one single root for almost every value on the
parameters.

LEMMA 8.1. Nondegenerate systems of the form (8.2) may be characterized as
follows: They have a finite number of roots in C™ and they have no roots on the
hyperplane at infinity 11.

Proof. Consider the system consisting of projectivizations of f;, i.e.
i) =0,
S (8.4)
fn(&) = 0.
The system (8.2) have a root on II, if the system (8.4) is equal to zero at some point
£ of the form &€ = (0,&,...,&,). Further,

f*(é) :P](gla 75n)+€0@](€07€717 7671)7 ]: 17 y 1,
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so it follows that the system (8.2) has a root on II if and only if the system (8.3)
has a nontrivial root &.
Now we consider the unit sphere

S={z:|z]>=|z]*+...+ > =1}

in C". If 2° € S then, by virtue of the nondegeneracy of the system (8.2), there
exists a number j such that P;(z°) # 0. Since

Pj(A2") = XV Pi(2°)
for A € C, we see that
f(AZ") = A4 Pi(2°) + Q;(\2°),

where the degree of @); (in A) is less than k;. By the lemma on the modulus of
leading terms we necessarily have an inequality

IA[1P;(2")] > Q5 ()]

for sufficiently large |A|. In other words, for sufficiently large |A| the system (8.2)
has no roots. Using now the Borel-Lebesgue theorem we find that the system (8.2)
has no roots outside some ball of sufficiently large radius. The set of roots of (8.2)
is thus compact, and being an analytic set it must therefore be finite. O

If the system (8.2) has a finite set of roots in CP", then by a linear-fractional
mapping it can be made non-degenerate. This is because by means of such a mapping
we can make a plane with no roots of the system (8.2) become the hyperplane at
infinity.

Later on we will be dealing with non-degenerate systems of equations. We shall
be interested in the problem of eliminating from (8.2) all variables except one, i.e. we
want to determine certain resultants R(z;). We have seen that the classical method
of elimination (see Sec. 6) is not convenient for practical purposes, if the number of
equation is greater than 2. It may also change the root multiplicities.

We are now going to describe in detail an elimination method based on the
multidimensional logarithmic residue formula (5.2), which first appeared in a paper
of Aizenberg [2] (see also [11, sec. 21]). Aizenberg noticed that for non-degenerate
systems the formula (5.2) can be written explicitly in terms of the coefficients of the
polynomials f;. By the same token one can calculate power sums of roots without
actually finding the roots. Using this one can then express the elementary symmetric
polynomials in the roots by the Newton recursion formulas (2.1), and write out the
resultant in each variable of the system (8.2).

Our plan here is first to present an improvement of the Aizenberg formula; sec-
ond, to give a detailed description of the complete algorithm; and third, to describe
an algorithm permitting to calculate the coefficients of the resultant independently
of each other.

So let us return to the non-degenerate system of equations (8.2). By the Hilbert
Nullstellensatz (see [142, Sec. 130]) there exists a matrix

A = llagk][j =
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consisting of homogeneous polynomials a;;, such that

o Zajk(z)Pk(z), j=1...,n
k=1

Moreover, we can choose the number N; less than the number ky + ... + &, —
(thanks to the Macaulay theorem [115, 136]).

THEOREM 8.1 (Kytmanov). For each polynomial R(z) of degree M we have

Y R(a) =

acEyg

s,j=1

b4)Z“JII<§%km>! PQ*det AJy [] ay’
J:
m

PiNi+B;+N;
“j

YE’?‘
<.
vV
[==)
—
—~
™
>
.
=
:1@

1

$,j=1 J

where
n n
a; = 5 ks,ja /85 = 5 ks,j;
s=1 j=1

FEs is the set of roots of system (8.2) and M is the functional that assigns to a
Laurent polynomial
=
z{l e zﬂ;"

its constant term, Jg is Jacobian of system (8.2).

Proof. Let
Dp={zeC": |Pj|<pj, 5=1,... ,n}
be a special analytic polyhedron and let
FP:{Z: |f)j|:pj7 J=1... vn}
be its distinguished boundary. By virtue of the non-degeneracy of system (8.2) the
domain Dp is bounded, and by Sard’s theorem I'p is a smooth manifold for almost

every p;. We choose p; sufficiently large so that the inequality |P;| > |@;| holds for
all 7 on I'p. Then by Theorem 5.3 we have the identity

> Ra) = oo [ BT (5.5)

acEy
where R is an arbitrary polynomial in C”, and

df £ dfn
Af = dfy A ... Adfy; S =TLa AYn
R T
Since |P;| > |Q;| on I'p it follows that
r__r _rt
fi Pi+Q; B 1+Q;/F
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By substituting these expressions into (8.5) we get

riy* S Ra)= 3 (~1)lel / %, (8.6)

acEy lled|>0 Te
where a = (g, ..., ),

o aq an . a+l _ a1+1 an+1
Q> =QM...Q; P> = putl  pontl

. n

We shall show that only a finite number of terms of the sum in (8.6) are different
from zero. Indeed, in view of the homogeneity of P; we must have

/ RQ® Jedz
I'p

Potl =%

if the degree of the numerator (together with dz) is less than the degree of the
denominator. The degree of the numerator is equal to

degR+n+Y (ki—1)+ Y oy(k;— 1) =deg R+ [k|| - [lal| + > ask;,
j=1 j=1 j=1
while the degree of the denominator equals

n

D o+ ks =Y agk; + [[K|l.
j=1

j=1

From here we see that for deg R < ||a|| the integral is equal to zero, and so (8.6)
reduces to

eri S R@)= 3 (-1)”&/ %, (8.7)

acBr lla [ <M Te

where M = deg R.

In particular, if R = 1, i.e. M = 0, then the left hand of (8.7) expresses the
number of roots of system (8.2) counted with multiplicities, and on the right hand
of (8.7) we have the integral

d dpP
/ Jrdz :/ S i)k ..,
ro P rp P

since the system (8.3) has only one root, and its multiplicity is k; ...k,. We thus
recover the Bezout theorem for the system (8.2). In order to calculate the integrals
occurring in (8.7) we can use the generalized transformation formula (7.5) for the
Grothendieck residue. Let the polynomials P; and g; be connected by the relations

n

. N;+1
g](z) = Zajk(Z)Pk(Z), J = ]-7 cee N, g; = Z] " )
k=1

where the matrix

A = llag(2)][f =
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has polynomial entries. Then we get

ra ' RdetA [] adz
z _ Z B! 5,j=1 : (8.8)
r Pa+I n T gﬁ+1
F ksj>0 H (ij)! &

n n S!j:]'
E ksj:aja E ksj:ﬂs
s=1 j=1

where B! = Gi!...8,!, B = (B1,...,0,), and the summation in formula (8.8) is
taken over all non-negative integer matrices

[[Fess [

5,j=11
which satisfy

stj = Qj stj :Bs-
s=1 j=1

Substituting (8.8) in (8.7) and replacing g; by zJI-VjH we get

Rdet AQJ; ] o*¥dz
N\ _ (_l)HaHﬂ' $:4=1 N
(ri)" 3 R@ = > g / TG

acEp k20 gt T zj(-
b -

J

1

where T'={z : |z;| = Ro}. O
As a corollary we obtain a result of Aizenberg (see [11, sec. 21]), corresponding

to
k
In this case N; + 1 = k;, and the matrix A is just the unit matrix, so in Theorem

8.1 we must take only diagonal matrices k,;, with k;; = 3; = ;. This gives us

J

COROLLARY 8.1 (Aizenberg). If R is a polynomial of degree M, then

Qo
> R(@)= Y (-nllm [ijza1k1+k1—11 1| (8.9)
: .28

acEg e[ <M

Formula (8.9) is much simpler than the formula in Theorem 8.1. It is actually
valid for a wider class of systems than the system in Corollary 8.1. Let us consider
a system

j—1
k<
fi(z) =27+ zpin(z) + Q(2) =0,
k=1
where ¢;;, are homogeneous polynomials of degree k; — 1, and where deg (); < k;.
As before, Jg denotes the Jacobian of the system.
THEOREM 8.2 (Aizenberg, Tsikh [10, 136]). The equality

RJezy ... 2, ol B\ R,\™
> R(@)=m | — == - > (=1led <Tl> <Zk> ,

acFEy n
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holds for any polynomial R of degree m; in the variable z; and of total degree M.

Here R; = f; — zfj, and the summation in this formula is taken over all n-tuples a

with integer coordinates in the parallelepiped 0 = {0 = (g, ... , qp):
0§O[1 SM, 0§a2§k1(||m||+1)—m1—2, ey
0 S a; S klk]_1(||m||+1) —kg...kj_l(m1+1) —kg...kj_l(m2+1) — ...
—kj,l(mj,2+1) — (mj,1+1), j:S,... ,TL},
where ||m|| =my + ...+ m,.
In [53] Cattani, Dickenstein and Sturmfels presented symbolic algorithms for
evaluating global residues of systems of w—homogeneous polynomials.

Let w = (wyq, ... ,w,) € N™ be a positive weight vector. The weighted degree of
a monomial z% is

deg,, (z%) = ijaj.
j=1

Write each polynomial f; from the system (8.2) as
fi(z) = Pi(z) + Q;(2),
where P; is w—homogeneous, and
k] :degw(PJ) :degw(f])7 degw(Qj) <degw(f])7 j: ]-7 y 1.
In the paper [53] the following assumption is made:
Pi(z)=---=P,(z) =0 ifand only if z=0.

Under this assumption the global residue may be expressed as a single residue
integral with respect to the initial forms. When the input equations form a Grobner
basis with respect to a term order, this leads to an efficient algorithm for evaluating
the global residue. Therefore these results generalize Theorems 8.1 and 8.2.

Yuzhakov also considered in [157] a more general class of systems for which there
is no need to find the matrix A. We consider his result at the end of this section.

Let us consider an example of how formula (8.9) can be applied.

ExAMPLE 8.1. Suppose

fi= 2l taiz +bizatcy =0, fo=254agz +byzy +cy=0. (8.10)
For R we take the monomials 2z, M > 1. Then we have
Q1 =a121 +biza +c1, Q2= ax21 + bazz + ca,
Je = 42129 + 22901 + 22102 + a1by — bias.

s JfQOél (o)
SM = Z R(a) = Z (—1) + m |: 2a1+1—1M222042+1:| .

acEyg a1 +a2 <M 1 2
For M =1 we get (for a = (0,0))

Hence

m |:£:| = 2@1,

z22
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for a = (1,0)
Ji
m |: 2Q1:| = 40,1,
and for a = (0, 1)
Ji
i)ﬁ{ f%] =0,
29
i.e. S1 = 2a; — 4a; = —2a;. In exactly the same way we find Sy, Ss, S4.

Sy = 2b1by + 2a% — 4cy,
S3 = —2af — 3a2bf — 3a1b1by + 6aycy,
Sy = 2a7 + 4albiby + 2025 — 8aZc; — 4bicy + 4ct + 8ajagh — 4bibacy.
The system (8.10) has four roots. If we denote their first coordinates by
d;, J=1,2,3,4,

then the expressions Sy, Sz, S5, S4 are power sums of d;, i.e.

4
Sp=Y ok
j=1

In order to write down the resultant R(z;) of system (8.10) in the variable z;
(R(Zl) =21 + 2 + e+ sa + ’Y4)
we must use the Newton recursion formulas (2.1):
Sk +71Sk-1+ ...+ Y151+ kv =0, k <degR(z).
This yields the following identities:
N = =51 = 2a4,
Sz + 1151+ 272 =0,
Yo = a3 — biby + 2¢y,
Sz + 7152 + 7251 + 373 =0,
V3 = (1217% + 2a1¢1 — a1b1bo,
Se+ 753 + 7252 + 7351 + 474 =0,
V4= bfcz + cf — b1bacy.
It follows then that
R(z) = 2} 4+ 2a123 + (a3 — byby + 2¢1) 22+
+(agb? + 2a1¢1 — aybiby)zy + bicy + 3 — bibocy.
If we directly eliminate z» in (8.10), then we arrive at the same answer.
The general case can be handled in the same way. For a given system (8.2) we

find the power sums

Sk, k=1,2... k... ky,
by using Theorem 8.1 with R(z) equal to z¥. Then, by the Newton formulas (2.1)
we find the coefficients v; of the polynomial R(z;). Its roots are the first coordinates

of the roots of system (8.2). In this way we eliminate from (8.2) all variables except
21
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The principal difficulty of this method is the determination of the matrix A. We
now discuss some ways of calculating A.

1. The general method for finding A is the method of undetermined coefficients.
Since we have an estimate of the degree N;, we can write down ajx(z) with un-
known coefficients, then perform arithmetic operations, equating the coefficients at
equal degrees of z, and hence get a system (in general under determined) of linear
equations. By solving it we can find a;;(z).

ExAMPLE 8.2. Consider the system

2 2
P = o172 — aazy,
Py, = Bizy — Bozs,
Py = viz3 — 721

Here we have N; < 1, and hence (for homogeneity reasons) deg a;; = 0 and deg a2 =
dega;z = 1. This means that

a1 =a= COHSt, 12 = blzl + b222 + b323, (13 = C121 + Co29 + C323.
From the equation 22 = ay1 Py + a2 P> we get a system of equations:

ara — yacr = 1,

— 0 + ﬁle = 0,
—B2bs + y1c3 = 0,
Brby — y2c2 = 0,

—B2b1 — y2c3 + 7101 = 0,
Bibs — Baba + y1c2 = 0.
Solving this system we find

. 1Bt
a1 f77] — aa0373
o = 042522’)’2
a1} — a3y’
by a’2ﬁ2’)’%
10777 — 23373
by = Lo, by — ®bimye 7 "
B O«’lﬁ%’)ﬁ? - (1’2522’)’5 B
e a1 82m1 I

Setting c3 = 0 we then get

— “es.
377 — B3y e

o= ’)’12512 by = a2 B2717Y2
BP9} — By a1 077; — aa3373
a2ﬁ1712
b2 — ) b3 — 07 C3 = 07
a1 i — w373
. 02522’72 31 o1
C1 = Co

o1 B77F — B33

;| a1 — caff3ys
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In the same manner we can find polynomials as;, and az, £ =1, 2,3. We notice
that the number of equations in this method quickly increases, and already for n > 3
it becomes very unwieldy.

2. Suppose n = 2 and consider the polynomials

P, = apz® + a1ty + .+ anyf,
Py =boz™ + bix™ 'y + ..+ by™,
=z 2=y, ki =k, kx =m.

Consider also the square matrix of dimension (m + k):

(0,0 ay as e Qg 0 ... 0 \
0 ag a1 ... QGp_1 G 0
10 0 0 ag ... R 17
Res =t 4 b by .. bm O ... 0
0 bo b1 ... bp_1 b, ... 0

\0 0 0 ... by bm)

The entries a; are all in the first m lines and the b; are contained in the last & lines.
The determinant of this matrix

A = det Res

is the classical resultant for the system of functions P, and P (see Sec. 6). Let A,
denote the cofactor to the j-th element of the last column, and let Aj denote the
cofactor to the j-th element of the first column.

Consider then the system (compare with (6.4)):

xmflpl _ a0$m+k71 + a1y$m+kf2 N akykxmfl,
yxmf2pl — a0y$m+kf2 + a1y2$m+k73 S akyk+1$mf2,

ymflpl _ a}oymflxk + alymxkfl 4+ akym+k71,

IR, = box™ T byyr™ PR by
yﬁ(}k_2P2 — b0y$m+k—2 + b1y2$m+k—3 4+ bmym+1$k_2,

IR = boy" ™+ byt L by TR

Multiplying the first equation by A;, the second by A, and so on, and adding
them together, we get (equating the coefficients at equal degrees and taking into
account the properties of the determinant):

(Aliﬂm_l + A2y:17m_2 + ...+ Amym_l)PH_
(A1 2"+ Aoy Ay TPy = Ay
Similarly, multiplying this system consecutively by A; and summing up we get:
(Aliﬂm_l + A2y:17m_2 + ...+ Amym_l)PH_
F (A1 T A aya™ 2+ Ay )Py = AR
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Since the system P; =0, P, = 0 has only one common root, namely the point 0,
we must have A # 0 (see Sec. 6), and hence we can take the following polynomials
as our Gjk:

1 m
S
T KZAJ?JJ x™ J,
j=1
L
- e
a2 = KZAmH?J] T,
j=1
1 m
L
91 = KZAJ?JJ x™ J,
J=1
T
e
Qo2 = KZAm+ij AN
J=1
A computation of det A now gives:
det A = — l$m+k—l—2 Jj+1 m+s+1
A? 12—1: 4 Z Ajrr Apgst
- j+s=l
0<j<m—1
0<s<k—1

Observe that A;/A are the entries in the last line of the inverse matrix of Res,

whereas Aj/A are the entries in the first line of this matrix. By the formula for the
determinant of an inverse matrix (see [75, p.31]) we get

A; Agim )
‘ +t P ACAG A+, s+ m41),

Aj+1 As+m+1

where A(j + 1, s+ m + 1) is the cofactor to the second order minor of the matrix
Res, corresponding to the entries of the first and last columns and the (j + 1)-th
and (k + m + 1)-th lines.

This gives us

1 m+k—2
det A = + Yoyt N A+ L s+ m 1),
=0 jt+s=l
0<j<m—1
0<s<k—1

ExAMPLE 8.3. Starting with

P = apz® + aiwy + agy?,
Py = bz’ + bizy + by,
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we obtain the following identities:

(0,0 a; Qg 0

0 apg a1 as
bp by by 0 |’
\ 0 b b b

= agb% — a2b0b2 + aobg — a,lblbg,

(45)] 0
b2 0 = a261b2 - albg,
by bo

2 2
= a1b2 — a1a2b1 + a2b0 - aoang,

a9 0
a; ay | = arasby — ngla
by 0
apg ai
bi by | = apbobr — G1bg,
by by

= aob% — aobobg — Cllb()bl + a2b3,

a; Qg

2
ap ai :aoalbo—aobl,
by b1

2 2
= G,Obg — Cloa,lbl — Cloa,lbl + Cllb(),

CHAPTER 2.

A= aoagb% — 2a0a2b0b2 + agbg - a0a1611)2 + a%bobg - a1a2()obl + agbg

Res =

B apg a1 Qo

Al = bl bg 0

bp b1 b

Ag - — bl

bo

B a; a9 0

Ag = | ay a1 4as

bp b1 b

Ay=—| ap

by

0

Al - — b()

0

aop a1 G2

A2: bO bl b2

0 by by

Qo

A3 - — 0

0

ap a1 as

A4 = 0 ag a1

by b1 b

Therefore

1
11 = K
1
12 = K
1
21 = K
1
Qe = A

(SL'(GJQb% — agbobg + aobg — alblbg) + y(a2b1b2 — albg)),
(x(a%b2 — 0,16L2b1 + a%bo — a0a2b2) + y(a1a2b2 — a%bl)),
(.Z'(Clobobl — albg) + y(aob% — CL[)b()bQ — a1b0b1 + agbg)),

(l‘(aoalbo — agbl) + y(agbg - aoalbl — a0a2b0 + a%bo))
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It is not difficult to verify that

3

0 = anhbP + ah;,
3

Yy’ = anlPi +axnhs,

_ 1 2| Go Qi 2| G1 Q2 ap I a; Qg _
det A= z(‘x biobo | Y b b | Tl b [T ke b |)) T
1
= K($2(a1b0 — G,()bl) + xy(agb2 — b0a2) + y2(a2b1 — albg)).

3. The method we just described for determining the matrix A carries over to
C", n > 2, in many cases. Let there be given a non-degenerate system (8.2) and let

P,... P,

be the highest homogeneous parts of this system. We consider the polynomials P;
and P; as polynomials in the variable z; and we make up the resultant of this pair.
In this way we obtain a homogeneous polynomial R; in the variables 2, ... , 2,, and
the previous reasoning shows (see item 2) that

R; = R\P, + R!P,,

where R}, Rj are polynomials in (z1, ..., 2,). Thus we arrive to a system of homo-
geneous polynomials I7; in the variables 2, ... , z,. We also have
R; #0

since the initial system (8.2) was non-degenerate.
Then, applying the same arguments to the pairs I?y, [?; and eliminating z, we
get a system of polynomials

Fj, j:3,...,n,

in the variables (z3,...,2,). Finally we are left with one polynomial of the form
a-zM. 1f a # 0, then we have

GiP,+...+G,P, =azM

n

i.e. we obtain the wanted decomposition. In exactly the same way we can write
down monomials z;-” . Notice that with the degrees of the polynomials grow rapidly
at every step, and the final degree M will in general be greater than ||k|| — n + 1.
But here we do not have to solve any systems of equations.

EXAMPLE 8.4. Let

P, = apx® + a1zy + axxz + asy® + asyz + as2’,
Pg = b0$2 + blxy + bgl'z + b3y2 + b4yZ + b5Z2,
Py = cox® + c1xy + corz + sy’ + cayz + 2.
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Making up the resultant R; of the polynomials P; and P, and eliminating x, we
have
Ry = y*(apasb? — 2apasbobs + azb? — apaibibs + a2bobs — ayasbobs +
+a2b?) + y*z(agash? + 2apazbibs — 2apasbobs — 2agazboby +
+2a3b3b4 — apa1b1bs — agaibabs — agasbibs + 2a1a2bybs + afb0b4 -
—ayasboby — azasboby — ayasbobs + 2azasb?l) + y*2* (agasbs +
+2a0a4b1 by + agag,bf — 2a9a3bobs — 2apa4bobs — 2apasbobs +
+2a3b3b6 + agbi — apa1b1bs — aga1baby — apasb by — agasbabs +
+afb0b5 + 2a,a2bpbs + a%bobg + aiasbpbs + a1asboby + asasboby +
+agagboby + 2b3azas + bia3) + yz°(apasbs + 2apasbiby — 2agasbobs —
—2apasboby + 2agb4b5 — apa1bobs — agasbibs — agasbabs + 2a1a2bgbs +
+a2boby — ayasboby — asasboby — azasboby + 2bZagas) + 2*(agasb? —
—2apasbobs + a2b2 — agasbobs + aibobs — azasboby + bia?).
The resultant Ry of the polynomials P, and P, differs from R; in that the b; are
replaced by the ¢;. Furthermore,
FP,+ F,P,=R,, F/P+ F)P;=R,.

Forming now the resultant of the polynomials R; and R, and eliminating y, we
obtain G1P; + G2 P, = az®. From here we get

Gl(Fllpl + F2IP2) + GQ(Flﬂpl + F2”P3) == CLZS
and hence
Pl (GlFll + G2F1”) + G1F2IP2 + GQFQHP3 == CLZS.

We have thus found the entries of the matrix A. Notice here that the degree in z is
equal to 8, but by the Macaulay theorem we can find polynomials aj; of degree 4.
We shall now show how we can simplify the calculations by considering the
system (8.2) as a system with parameter.
Let our system have the form

fl = fl(sz) =0,
.............. (8.11)
fn = fn(Z,U)) =0,
fn—l—l = fn-l—l(zaw) =0,
where z € C™ and w € C. We shall assume that for almost every w the system
fl (Z7 w) - 07
.......... (8.12)

is non-degenerate.
For this it suffices to verify that (8.12) is non-degenerate for at least one value
of w.
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Let fi(z,w) = Pj(z,w) + Q;(z,w), where P; is the highest homogeneous part of
fj in the variables zi,... , 2,, deg P; = k;. We then find a matrix
A = [laji(z, w)|[} -,

such that the conditions

n
z;vjﬂ = Zajk(z,w)Pk(z,w), j=1,...,n,
k=1

are fulfilled. Observe that the coefficients of the polynomials a;i(z, w) are rational
functions in w, and if P, are independent of w, then a;; are also independent of w.

Further, applying Theorem 8.1 to the polynomials f7 ,(z,w), j = 1,2,...,
ki ...k, we obtain expressions S;(w) which are rational functions in w (if P are
independent of w, then S;(w) are polynomials in w). We recall that

Sj(w) = Z frj;Jrl(aaw)a
acFEyr

where FEp is the set of roots of system (8.12) with w is fixed. (These roots also
depend on w.) Using the Newton formulas (2.1) we can now find the function

R(w) = [] fari(a,w).
acEyg
In the terminology of Tsikh (see [11, sec. 21]) this function is the resultant of
the polynomial f,; with respect to the system
ijO, jzl,,n

In general, R(w) is a rational function in w, but if Py are independent of w, then
R(w) is a polynomial. This function has the property that R(w) = 0 if and only if
the system (8.11) has a solution for this given w (see [11, sec. 21]). So if we remove
the denominator from R(w) then we obtain the desired resultant.

We now describe this method for the case of three equations in C3:

fl(xvva) = 0?
f2(.fL',y,U)) = 07
f3(1"7y7w) = 0.

First we choose two equations and a parameter. Suppose the system

fl(xayaw) = 07
f2($7y7w) =0

is non-degenerate for some value of w. We write down f; and f5 as polynomials in
x,y and select the highest homogeneous parts:

fi=Pi+Q1, fo=P+Q.

Then we construct the matrix Res for P, and P, (the entries of this matrix will
be polynomials in w), and we find

Ay, Ay, A(j, 5)
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from which we get
aii, G12, G21, A2, det A.

Next we apply Theorem 8.1 to the functions fg, j =1,2,...,kiky, and find the
power sums S;(w). Finally we use the Newton formulas to construct the resultant
R(w).
EXAMPLE 8.5. Let there be given a system
Ji = ax+awy+ ay,
f2 = b0$2 + blxy + b2y2 + b3£(} + b4y + b5,
fa = cor® + 1wy + cay® + ca + cay + 5.
We shall assume that the coefficients of these polynomials are polynomials in w.
Also let the system f; =0, fo = 0 be non-degenerate for some w.

Qg aiq 0
Simple computations give Res = 0 a a1 |,
bo b1 b
~ apg a
A1 - ‘ bf b21 — a0b2 - albla
X _ _|a 0] _ x _|la 0] _ o

AQ — bl b2 — a’1b27 A3 - ap aq ‘ = aq,

0 a a a

Al = ‘ bo b](_) = —aobo, AQ = — b(()) bll - albO - a’0b17
_ | G a1 | _ 2
A3 - O ag - aO?
A = ang — a0a161 + a%bg,
1 - ~ 1
aip = Z(Aw + Agy) = Z($(a0b2 = arby) = yarby),
1 - 1
19 = ZAg = KCL%,
1 1
QAo1 = Z(Alx + AQy) - Z(_xaf(]b(] + y(albO - aObl))?
1 1
Q22 = ZA:’, = K“g'
We then have
2 = anPy + anPs,

?J2 = an P+ axnhs,
where
P = apr +ayy, Py = by’ + by + bay?,
1
det A = K(aox — ary),
A(l,g) = Qy, A(2,3) = —aq,

ap 251

J = 2()0.’.17 + bly + b2 blﬁ(f + 2b2y + b4 -
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= Z’(aobl — 2&1()0) + y(2b2a0 — albl) + a0b4 — a1b3,
Q1 =az, Q2 =bsx + by + bs.
Writing down the formula from Theorem 8.2 in our case, we get

_1)lIk : ,
Sj = Z ( 1) (kll + k12)-(k21 + k22). v
F11'k12! oy koo!

Eam >0
k11+k12+ko1+ko2<2j
j=1,2

- f?{Q]{iquklengrkzz Je det Aa’ﬂl o a;ﬂ;z
:L-Q(ku+k12)+1y2(k21+k22)+1 )
In order to find S; we must substitute the monomials z°y™, ¢ +m < 4, into this

formula (the result is denoted S;,,). We have

Jgdet A 1
S()’[) =M |: f zy :| = Z(CL[)(?I)QG,O — G,lbl) — al(aobl — 20;1()0)) = 2,
rJedet A xQrJrdet Aay;  xQaJrdet Aars
S10 =M N 3 N 3
Ty ) )
.Z'Ql Jf det Aa21 .Z'Qg Jf det Aa;22 1
- 3 - 3 = —ay(a1bs — agby)—
Ty xy A

1
——(a0a2(a0b2 - albl)(2b2a0 - albl) — a1a2(a0b2 - albl)(aobl—

AQ
—2a1b0) — a1a2a0b2(agb1 — 20;1[)0) + a%aobg, (2[)2&0 — Cllbl)—
—a%b;; (a0b1 - 2&1[)0) + a%a0b4(a0b1 - 2&1[)0)-
—a2a1(2a0b2 — albl)(albg — a,gbl) — aga1b4(2b2a0 — albl)) =
1
= —(a%bg — a0a1b4 — 2&0&2[)2 + a1a2b1 — 20;%[)3 + 20;0&1()4) =

A

= Z(a0a1b4 + a1a2bl — a%bg, — 20;00;2()2).

Similarly

1
5071 = K(aoalbg + CLUCLle — agb4 — 2&1&2[)0).

Another method for finding the matrix A, by means of on Grobner bases, will be
considered in Chapter 4.
Now we consider some results of Yuzhakov (see [157]). Let

fi(z) = Pj(z) + Qj(z) =0, j=1,...,n, (8.13)
be a non-degenerate system of algebraic equations. The degree of the homogeneous
polynomial P; is equal to k; and degQ; < k;, j =1,... ,n.

We assume that system (8.13) satisfies the following conditions:
(%) the polynomial P; is a product of linear factors

p 7
PI(Z) - H Lgfl (Z)a Zpﬂl = kla
B

fi=1
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(xx) for any 31 € {1,...,u} the restriction of the polynomial P, to the plane

Ts ={z: Lp,(2) = 0}

is a product of linear factors

(1)

PB182
P2(z)|T51 = Lﬁfﬁi (z) #0,

f2=1

and similarly,
(% * %) the restriction of P; to the (n — j 4+ 1)-dimensional plane

is a product of linear factors
. - PBy..8;
Pj(z)|TB1..ﬂj—1 o H Lﬁl"'ﬁj] (Z) §é 0’

Zpﬂl,@] — k], ] - 1, oo, n.
Bj

It is clear that p(fy,...,B, 1) =1 and pg, g, = kn.
We shall use the notation

B:{B:(ﬁlaa/@n) léﬁjgp’(ﬁlaaﬁj—l)a ]:laan}

If a system of the form (8.13) satisfies the conditions (x)—(*  *) then it is non-
degenerate.

If the system (8.13) is non-degenerate then it is sufficient to verify the conditions
(*)—(*x) only for the first n— 2 polynomials, since the restriction of a homogeneous
polynomial to a two—dimensional or a one—dimensional plane is always a product of
linear factors. In particular, for a system of three equations it is sufficient to require
factorization of only one polynomial.

The systems from Corollary 8.1 and from Theorem 8.2 evidently satisfy the
conditions (x)—(x * x).

For any B € B we make the linear change of variables

¢ = Lg,(z), ¢o=Lgp(2), ..., ¢ = Lg, g, (2). (8.14)
In these variables the polynomials P; (j =1,...,n) have the form
n Tjq q—1 j—1
C;jj H [H (ajquq + Z quisCs) + Z Cijp(C) = (815)
g=j+1 Li=1 5=] p=1

= ¢iG" e G  5(C),
where rj;+-+-+7;, = k;, and Pj,, ¥; are homogeneous polynomials of degrees k; —1
and k;, respectively. Here ch;“ -+ (/™ is the leading monomial of the polynomial P
(in the variables ¢) with respect to the following ordering: ¢* > ¢P if ||a|| > ||8]|
or ||a|| = ||B]], and an = B, ..., p-1 = By-1, 04 > By, for some ¢ € {1,... ,n—1}.
Under the above assumptions the following theorem holds.
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THEOREM 8.3 (Yuzhakov). If system (8.13) satisfies the conditions (x)—(x * %)
then the sum of the values of a polynomial R(z) of degree m at the roots a of system
(8.13) is expressed by the formula

> R(a)=) My, (8.16)
a BeB
with

_llell Rge < . gon g,
My =m | > (LR gy (8.17)

ed H C;lj(a1+1)+“'+7‘]‘j(a]‘+1)71
j=1

where M s the linear functional from Theorem 8.1 in the variables ¢, fj = fi/c;,
9; = (¥; + Q;)/c; and
A={a=(al,...,an): ag=XA+04 A\ =0, 0< 0y <m, (8.18)

q q
Z)‘jH(rj,q+1)+Uq+l S m+Z(Tjj+"'+qu—1)(0’j+1)+q—1, j: ]_, ,TL},
j=1 j=1

with the function satisfying H(0) = 0 and H(x) =1 forx > 0. Ifrjjq = - =
rin = 0, then we must take o; = 0; (i.e. A\j; =0) in (8.18).

The elimination of unknowns from system (8.13) is facilitated if we know part
of its roots. In fact, if we know ¢ roots a®), ...  al? then we can subtract the sum

» P
(a§1)) +._.+(a§0)>, p=1,... ., k—gq,

from the power sums of order p of j—th coordinates of all roots (k = ky - - - k,, is the
number of all roots of system (8.13)). Then we obtain the power sums (of order p)
of j—th coordinates of the remaining roots. By the Newton formulas (2.1) we can
then find the polynomial whose zeros are j—th coordinates of the remaining roots.

LEMMA 8.2. Let the polynomial () and the homogeneous polynomial P satisfy
the conditions degQ < deg P =k, and P # 0 on a compact set K C C". Then for
each ¢ > 0 there exist A > 1, such that

Q(z)| <e|P(z)], (8.19)
for any
zeKy={z=X-C=(A,...,AG): ¢ €K}
Proof. Write
M = min|P|, A=maxQ@Q"
K K
where Q* is the sum of absolute values of all terms of the polynomial ). Then

min |P| = \*M, maxQ* < \'A.
K\ K

Therefore, if we take

A
A >
>8M

on the compact set K, then inequality (8.19) will hold. O
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Proof of theorem 8.3. Consider the cycle
D={zeC": |Pi(2)| = p,-.. . |Pa(2)] = pu}
and also, for every B € B, the cycle
18={2€C": |Lg(z)| = Ru,...,|Lp,..5,(2)| = Rn} =

={¢: |Gl =Ry, [Gl =R} ={¢: |eG;7 - im| = pj, 5=1,... ,n},

where R; is connected with p; by the equalities
|¢j| Ry -+~ Rygm = pj,  j=1,...,n. (8.20)
The orientation of these cycles is chosen so that the differential form
dri A ... Ndm,
is non-negative, where
Pj(z) = Rje', (; = R;e'™, j=1,...,n,

are the parametrizations of I' and g, respectively.
Construct a tubular neighborhood

Us={z: R} <|Lj|=|Lg,.p,(z)| <R}, j=1,...,n}

around each cycle vg (R} < R; < Ry).
As will be shown below, the numbers p;, R, R} can be chosen in such a way
that

1) UUg C C"\{z: fi(z) - fu(z) = O}
2) UgNUgq = 0 for every a, 3 € B and a # (3;
3) = > I'g, where I'g C Ug;
BeB
4) the cycles I'g and 75 are homological cycles (I'g ~ 7vg) in Ug;
5) on I' the inequalities
|QJ(Z)|<|P](Z)|:p]7 jzl:"'an;
hold;
6) on g the inequalities
e - P
95O < [G7 - G| = o5
¢4

hold.
By Theorem 5.3 we get the equality

a) — 1 , d f1(z) d fn(z)
%:R( ) = (m)n/FR( ) ORAA TR

From this and from conditions 3), 4), 1) we obtain (by Stokes’ formula) the identity
(8.16), where

o = (2m2)" /FﬁR fi Ao fo — @m™ ), fl...fndc' (8.21)
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Condition 6) implies that the quotient

R J; R J; A
fioofa fiefn

may be expanded on the compact set g in a multiple geometric series
R Jg R J;

flfn HCTJJ__ TJ"<1_|_ — _>

C“ C]"

o Qi | g
¥ 1yllall Rges ... gan 7.
- <T11 al+1 . prin(ertl) 4t ran (an+1)

||lex[|>0 "

Substituting this series into (8.21), we get

M= > (Ol Retdd (8.22)

(oo (27”,)n - Cr(a-i—I)

Using Examples 1.1 and 4.1 we obtain (8.17), in which the summation is carried
out over all multiindeces e, ||| > 0.

We now show that for a ¢ A the terms of the series (8.22) vanish. Indeed, the
term corresponding to the multiindex a can be written as a sum of terms of the
form

n j—1 nj
CRJf-gi\l s 9>\n ! Ml ' Qun H (Z%Cqﬂq)
q:

ji=2
Mm rit(ai+1)=1  rip(ai+1)+-+ran(an+1)-1 ’ (8.23)
1 n
where A\; + p; +n; = a;, Ay = =0,
Tjaq
= T (wotes Snose) o - o
g=j+1i=1
and c is a constant.
Ifrjjy1=...=rj, = 0then §; = 0. In this case we assume that o;; = p;+mn; i.e.
Aj = 0 (see formula (8.18)). The degrees of the polynomials 6;, j =1,...,n — 1,
with respect to all the variables (i,...,(; (¢ = J,...,n — 1) are greater than or

equal to

rij e+ g+ H(rjgr).
The degrees of the polynomials R, J;, 0, Pj, in all variables (q,...,(, are equal
tom, ky +---+ k, —n, k;j, kj — 1, respectively, and deg @; < k; — 1 (recall that
rig et T = k).

Comparing the degrees of numerator and denominator in (8.23), and taking into
account that the functional 9 is different from 0 only for those terms in which the
degree of the numerator agrees with the degree of the denominator in each variable,
we find that (8.23) can be different from 0 only for n;, p; and for A; that satisfy

g < m, (8.25)
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g+1 q
D Ny g+ Hirgg)] + ) 0y <) (rgg+ -+ 13q) (g + 1) — 1(8.26)
j=1 j=2 j=1
j=1,...,n—1.

Adding to the inequalities (8.26) the inequality puy + -+ + pg+1 < m, which is
implied by (8.25), and writing 0; = p; +1n;, j = 2,...,n, o1 = 1, we obtain the
inequalities contained in (8.18).

It remains to show that the numbers p;, R}, R} can be chosen so that conditions
1) — 6) hold. For every B € B the polynomial P; can be represented in the form

I’L(/Blv"'ng—l) » J,]_
B1.....B;
Pj - H Lﬂli.ﬂj + Z Lﬂ1--ﬂquqa (8.27)
pi=1 g=1

where Pj, is a homogeneous polynomial of degree k; — 1. Fix a closed polydisk

F={z:|%| <R, j=1,... ,n},

and denote
M; = max |P; M = max |Lg, 4|
J zeF,ﬁ,q| jaly aeF gl PPl
. 1
My = min |aje|, M = max |bjgl,
B,5,a5i B,3,a,i,8

where a;4; and bjg;s are coefficients from the representation (8.15).
Choose step by step the numbers R),, p,, R, ..., R}, p1, R] so that the fol-
lowing inequalities are fulfilled:

pi(1—e¢)

kj .
R; > s (1+ )™, Ry < M1 Jg=1...,n, (8.28)
€ p;j
R <« —Y 8.29
- DM; (8.28)
e R!
R < — , 8.30
ST+ G- DM (8:30)
0 M'R!!
R < —2 8.31
)M, ( )
where 1 < j < ¢ < n, and ¢, ¢ are sufficiently small positive numbers, with
(1+6)k —1<e, j=1,...,n, (8.32)
and finally, for each 3 € B
eles| (R L R!"\'in
RH<|”(J) () 1<q¢<j<n, (8.33)

I (j — 1)M; ’

UsCF={z: |74 <R, j=1,...,n}, R} < R; < Ry,
where R; are the numbers defined by formula (8.20).
Take now an arbitrary point

zel'={z: |Pj|=p;, j=1,...,n}.
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The equality

|Py| = HL”"I =

B1=1
and the inequality (8.28) imply that at least for one 5, € {1,... , u} we must have

Ry < |Lg ()| < Ry.

From the representation (8.27) and the inequalities (8.29), for j = 2, we get for
the given z

P
2(1—¢) H L2 | < pa(1+).
Ba2=1
Hence at least for one (3, we obtain the inequality

Ry < |Lg,p,(2)| < Ry.

Continuing our reasonings analogously (with the help of (8.27), (8.28), (8.29))
we get that for j = 3,... ,n, and for every z € T, there exists 3 € B, such that

R;’ < ‘L,Bl---,gj (Z)‘ < R;

Therefore z € Ug, and condition 3) is accomplished.
To prove condition 2), we let

a:(O[l,... ,Oén)%,az(ﬁla 75774)

and a; = f,... ,a;_1 = f_1, but a; # B, for some j € {1,... ,n—1}.
Then in the variables (8.14) the function Lg, g, ,q; Will have the form

q—1
ajquq + Z quisCs-
s=j

Formula (8.30) then shows that for z € Ug the inequality
‘Lﬂl--ﬂj—laa“ > R

holds. Hence we have z ¢ Ug.
Further, the representations (8.15), (8.24) and the inequalities (8.31), (8.32),
(8.33) imply that in Ug we have the inequality

j-1
|Pjl = CjC;jj G 0+ ZCquq >

q=1
> || (RY)™ - (Rp)"" [L—e— (14 6)% 7 +1] > 0.
Then, by Lemma 8.2 applied to the compact set

K =UgUg,

there exists A > 1 such that the inequalities (8.19) hold in K. Multiply the numbers
R, R, R;, R}, M by X, p; by A and M; by A\*~!, respectively. Then for the
new values R, R}, RJ, p;, M;, M, by virtue of the homogeneity of the polynomials

Pj, Pjq, Lg,.p;, the inequalities (8.28)-(8.33) remain true. Hence the previous
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reasoning is still valid, so for the new values p;, R}, R the conditions 2), 3), 5) will
be fulfilled.
For each B € B we now set

n Tjq q—1
Pj (Z, t) = L;jj H [H (a'jquq +1 Z quisCs)
s=q

g=j+1 Li=1

j—1
+1 Z G Lip(€),
p=1

where ¢ and z are connected with each other by formula (8.14).
The inequalities (8.28)—(8.33) imply that we have the inclusion

Iy={z: |Pj(z,t)]=p;, j=1,...,n, 0<t <1} CUgU (C"\Up).
From here we get that the (properly oriented) sets
’)/g(t) e F(t) NUg, 0<t<1,

constitute a family of cycles which realize a homotopy between the cycles I'3 and
v in Ug. Therefore, condition 4) is satisfied.

It remains to examine the conditions 1) and 6). By the representations (8.13),
(8.15), (8.25) and formulas (8.14), (8.30)—(8.33) we have in Ug the inequalities

Q] < elPyl,

j—1
> P
q=1

IPil 2 [eiGG” - Gom | = 1651 = > ezl (B7)™ --- ()™ (1= 2¢),

and hence,
[fil = [P = 1Qs1 > 1P =€) > lej | (Bf)™ -+ (By)"™ (1 = €)(1 — 2¢) > 0.

Therefore, f; # 0 in Ug for 8 € B, and condition 1) is settled.
Since

\ch}jj .. C:Lgn‘ _ |ngj| >

> (1-¢) ‘ng;a‘a‘...g;jn‘ —(1+e¢) (|9j| +

j—1
Z qujq
g=1

lejgil = 19 + Q4] < 19| +e|Pj| < (1+42) W] + € [e;¢ - G|
> ¢l (R;’)’W (RO (1 =) (1 +€)2e) > 0.

it follows that
) .
This completes the proof of Theorem 8.3. [
For calculations it is convenient to have a formula expressing the sum

> R(a)

directly in terms of the coefficients of the polynomials R and f;.




A MODIFIED ELIMINATION METHOD 59

THEOREM 8.4 (Yuzhakov [157]). Let
G e
R = Z cuCt, g = Z ajal*, J=1,...,n. (8.34)
| <m lleef|<E;

Then Mg in formula (8.16) is expressed through the coefficients ¢, and a;q by the
formula

n s]a.

Mg =Y _(—1)PSle, D(S) T [0(Sy) - 1]|H “Ja (8.35)

w,S Jj=1
where S = (Sy,...,Sy), S; = {s]a} being sets of nonnegative integers (indexed by
the multiindeces o which occur in the sum Z from (8.34)); is going;

() =Y si00 P(S) = (p(S1),-- . p(Sh)).

[s%

D(8) = det [|rjqp(S;) — 04(S))]l;
where 1;q is the exponent from (8.15) for j < q<mn, rj; =0 if ¢ < j;

(4)
0q(S;) = Z Sjalyq-

«

The summation in ) is taken over all multiindeces p for which ¢, # 0, and over
w,S
the families S = (S1, ... ,Syn) satisfying the equations

uq+Zaq Zp )rie, q¢=1,...,n. (8.36)

Moreover, if S = (Sl, ..., Sy) contains the family S; for which p(S;) = 0 then in
the corresponding term of formula (8.85) we must replace [p(S;) — 1]! by 1 and in
D(S) we must replace the element 1;,p(S;) — 04(S;) by rjq.

Proof. The expression (8.21) can be written as

1 Olnf
Mo = e [YBR e (8.37)

By condition 6) from the proof of the previous theorem we have on g the following
expansion

I fy =G (“ﬁ) i

J
R Y o Vs < 9i )p
= In ("o + Z L
= P C ()

where vy = (7j1,... ,Tjn), 71 = ... = Tj-1 = 0.
Plugging in the expression for g; from (8.34) we get

In fj = erq In (;+
q=1
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>, (=1)r1 D (@)™ () (S er.
+Z( 13 p|H ( 7 ) C (S]) p(S]) ) —
p=1
& N D (@50)5 (5 o(S Ve
=D rglnG+ Do ()M p(sy) — [T ¢S,
q=1

where o (S;) = (01(5;), ... ,0.(S;)).

From here we have

8lnfj _Tig
e Cq
—1)PSD[ (S — 1M o(S:Vrin — a.(S.s “”M o (5;)=p(Sj)r(j)—eq
+ Z (1) [p(S;) — [p(S))rjq — 04(S;)] H P ¢ )
p(S;)>1 o I
where e, = (0,...,0,_1 ,0,...,0).

~

q
We shall consider the summand 7;,/(, as a term of the sum

D

p(S;5)>0
corresponding to the multiindex S; for which p(S;) = 0. Then we can write
dlnf B
oc

n (aja)sja At fﬁ [o(S;)—p(Sj)rH]-1

— Y (1), D () 1‘[[p(sj)—1]!1"[”)W s (8.38)

Substituting (8.38) into (8.37) and taking into account Example 4.1, we obtain
formula (8.35), where the summation is performed over all multiindeces g and S
satisfying the condition

n+ Z(U(Sj) — p(Sj)ry) =0,

which is precisely (8.36). O
ExAMPLE 8.6. Eliminate the unknowns y and z from the system
y222 - 1'3 — 0,
v+ 222z = 0, (8.39)
P —xy+trz—yityz—22 = 0.
This system has 16 roots. We know the following roots: (0,0, 0) of multiplicity
8, (1,1,1) and (1,—1,—1) of multiplicity 1. Thus we know 10 roots and we must

determine the remaining 6 roots. The z—coordinates of these roots are the solutions
to the equation

28 4+ 4125 + asxt + asx® + aux® + asx + ag = 0, (8.40)
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where the coefficients a; are connected with the power sums S; by the Newton
formulas (2.1). The power sums S; we can find by formulas (8.16) and (8.35),
setting R = 27, j = 1,...,6. In our case P, = 3?22, P, = y% + 22, and the set B
consists of two elements (1,1,1) and (2,1,1). To them there correspond two triples
of linear factors

Li=vy, Liu=2, L =x; Ly =2, Loy =y, Loi1 = .

Keeping in mind that the equations (8.39) consist of monomials which are sym-
metric in the variables y, z, we get (after elementary transformations) the formula

Sj = -2+ Z Aaﬁt;

oGt
where the summation is taken over all sets of nonnegative integers
a1, Qo, a3, ag, as, Bi, Pa
satisfying the inequalities

0<B: <y, 0<Bi<j—0B, 0<as<p—p— o,

0Sa<2(j—fi-fh—as), F<t<io -
and the equalities
ap =2+ +as—2t) —ay, a=2(j—a5—L01—(2) —ay, «a3z3=2—as.
The terms in Ayg; are given by the formulas

(()!1+(l’2+(1’3+0[4+0[5—1)!

Agpr = (—1)2atas9?
opt ( ) (1’1!(1’2!0[3!0[4!(1’5!

(20[1 — Q9o + 40[3 + oy — 2(1’5),

if 1 =02 =0;
L (2f -2t — 1)
Ay = 292 =20 = D!
o= e — 4
if B2 = Jj;
Agpr = (—1)atestight? (m+--Fas -G+ —1)

O[1!"'0[5! ﬁl'ﬁg'
X (B1(o1 + g + 2(avs + g + a5)) + foaz + 203 + ay)),

if f1+02>0, B2 <j.
Straight-forward calculations now give the following values for the coefficients in
formula (8.40):

ap = 14, ag = 129, as = —496, ayg = 1376, as = —1280, ag = 256.

We end this section by quoting (without proof) some results of Tsikh (see [135]),
in which he replaced the projective space CP™ by the n-fold product

C"=CP! x --- x CP.,
Let z; : w; be homogeneous coordinates in j—th factor of C", and let

filz,wi, ooz, w,) =0, j=1,...,n (8.41)
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be a system of equations, where f; are polynomials which are homogeneous in each
pair of variables zj, wg. We consider only those roots (z1,ws,... ,z,,w,) of the
system (8.41) for which

(zk,wy) € C*\ {(0,0)}, k=1,...,n,

and roots with pair wise proportional coordinates determine the same root in the
space C".
Let
0. ,0 0.,.0
a= (zl T A wn)

be a root of (8.41) and assume that w) # 0, k =1,... ,n. Then the multiplicity of
a is (by definition) equal to the multiplicity of the root

0 0
97" ' 0
Wy wy,

fitz, 1,000 2,1) =0, j=1,...n,

of the system

in C".
Recall that the permanent of a matrix
A = (aij)ij=1,..n

is defined to be the number

p(A) = Za’ljl T lng,,
J

where the summation is over all permutations J = (ji,...,J,) of the numbers
1,2,...,n.

THEOREM 8.5 (Tsikh). Let m;; be the degree of homogeneity of the polynomial
f;i in the pair of variables z;, w;. Then the system (8.41) has either an infinite
number of roots or the number of roots (with multiplicities) is equal to the permanent
of the matrix
(mij)i,jzl,...,n-

A proof of this theorem can be found in [135] (see also [136]).
Consider the following system of equations

fi(z) = (&1 — ain)™ - -+ (2 — @in)™™ + Qi(2) =0, i=1,...,n, (8.42)
where m;; are positive integers, (); are polynomials for which the degrees in the
variable z; is less than m;;, and a;; are complex numbers such that for every j =
1,...,n all the numbers ayj, ..., a,; are different from each other.

It is clear that the system (8.42) has no infinite roots in the space C". This
means that the system

; . ) 21 Z,
mi1 m n ;
fi=w" - w) il —,...,— | =0, i=1...n,
wq Wy,

has no roots in the planes {w; =0}, j =1,...,n (2; # 0 for all j).
Hence the system (8.42) has a finite number N of roots, and by Theorem 8.5

N = p(mi;).
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The system (8.42) is the analogue in C" of the Aizenberg system from Corollary
8.1.

THEOREM 8.6 (Tsikh). Let R(z) be a polynomial of degree p; in the variable z;,
t=1,...,n. Let the vectors

represent all roots of the system (8.42) (counted according to their multiplicities).
Then

N
ZR(Z(J)) —
j=1
Z 3 | glB@l o1 Qan
2K=0j; k
where o = (o, ... ,ap) and

B(a,J) = (mjll(ajl + 1) - 1, e ,mjnn(ajn + 1) — 1)

are multitndeces,

pr= max {ji;}
and
Ji = O k=1,...,n.

i = (Zk — a,kjk)mkjk ’

For a proof of this theorem we again refer to [135] and [136].

9. A formula for the logarithmic derivative of the resultant

We shall consider the following system of algebraic equations
fl = fl (Ca w) = 07
e (9.1)
for1 = fanr(Cw) =0
where ¢ = ({o, C1,--- , () € C™ w € C!, and the functions f;(¢, w) are polyno-

mials in ¢, w which are homogeneous in ¢. The total degree of f; in ¢ is equal to k;
and the degree of f; in w is equal to p;, 7 =1,...,n+ 1. The polynomials f; can

be written
fiGw) = ) ah(w)¢®,
lleel|=E;
where a = (v, 1, ... , @) is a multiindex and
||a|| =y t+o;+ ...+ ap, Ca: 30... 3",
and the af, are polynomials in w of degree < p;. We shall assume ¢ € CP" with
homogeneous coordinates (g, (1,...,(,). As before, the hyperplane at infinity is
given by

M={¢eCP": (=0},



64 CHAPTER 2.
and C™ is identified with the subspace {¢ € CP" : (, # 0} via the relation

Z:(’zla"'azn) <g(l] §Z>

It follows then that CP" = C" UII.
The main feature of the system (9.1) is that it has a finite set of roots (¢¥,wy)
in CP" xC!, k=1,..., M. We recall that the resultant (in w) of the system (9.1)
is the polynomial
M

P(w) = [J(w — w).
k=1
(Every root of the system (9.1) is counted according to its multiplicity in the local
coordinate system.)
Fix a point w # wy, k=1,..., M. For this w the system (9.1) has no roots, so
the subsystems

filCw)=0, j#I, j=1,...,n+1,
have finite set of roots in CP" (see, for example, [85, Ch. 4, Th. 9]). These roots
will be denoted

Clpy(w), G=1,..., M.
By the Bézout theorem we have
M, =[]k

i#l
To every root Céj)(w) we associate a local residue as follows: Suppose the zero-
coordinate of the point Céj)(w) is non-zero, so that

Sy (w) = 25 (w) € C™.
We now write Fy(z,w) = fi(1, 21, ..., 2y, w) and consider the domain
Dé-(w) ={z ¢ U(z%j)(w)) | Fy(z,w)| < eg, k#1}
and the cycle
I(w) ={z € U(zl(j)(w)) | Fr(z,w)| = e, k #1},
which is oriented so that
d(arg F1) A ... ANd(arg Fj_1) Nd(arg Fii1) A ... Ad(arg Fp,p1) >0 on Fé-(w).
If w is a meromorphic form

hdz  h(z)dzi A...Ndz,
Flll  F..F1Fr .. Fot

w =

and h is a holomorphic function in D} (w), then the local residue is

hdz 1 / hdz

) SIS FN T @ e P
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(see Sec. 4). The global residue Res;w of the form w is equal to the sum of local

residues
M

Resw = resw,

N
=1’

(see Sec. 7). We have thus defined local residues for points Cl(j)(w) in C". For a
point Cij)(w) belonging to II the local residue is defined similarly, only instead of

the zero-coordinate we must take choose another coordinate which is not equal to
0. Observe also that Res;w is a function of w.

THEOREM 9.1 (Kytmanov [100]). Let P(w) be the resultant (in w) of the sys-
tem (9.1) having a finite set of roots (Qk,wk) inCP"xCY k=1,...,M. Then

n+1 n+1l M /
f”“ =1 j=1

where f] is the derivative of the polynomaial f; with respect to w, and
dflll =dfs A ... Ndfi_y ANdfiir Ao AN dfpy.

Proof. We shall assume that for w = 0 the system (9.1) has no roots, and we
write

I _
¢ = € (0)-
Since (9.1) has a finite set of roots in CP™ x C!, and the subsystems
f](CaO) - 07 j 7£ la
also have finite sets of roots in CP", then after a linear transformation of CP" we
may assume that IT contains none of the roots of (9.1) or of any of its subsystems.

We first prove formula (9.2) in the following case: All the roots (¢*,wy,) belong
to C™ x C! and all the roots Cl(j) are in C". We denote these also by zl(j). If

Fj(z,w) = Pj(z,w) + Q;(z, w),
where Pj(z,w) is highest homogeneous part of F; in z and deg(@; < k;, then the
systems
Pi(z,0)=0, j=1,....,n+1, j#I (9.3)

are non-degenerate by Lemma 8.1, and hence for all w except a finite number, the
systems

Pj(z,w) =0, j=1,...,n+1, j#I (9.4)

are also non-degenerate.
It follows that the systems

Fi(0,G . Gw) =0, j=1,...,n+1, j#I (9.5)
have roots for each fixed w, except a finite number of values w = w,. But since the
system (9.1) has no roots for {; = 0, the systems (9.5) can have only finitely many
roots for fixed w. We conclude that (9.5) has a finite set of roots in CP"~' x C.
(This will be important for carrying out of the induction below.)
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Let |w| be sufficiently small, and let

Mn+l

R(w) = H Fra (25 (w), w)

be the resultant of the function F),,; with respect to the system F; =0,... ,F, =0

(see Sec. 8).
As shown in [11, Sec. 21, 22|, one may write
P(w)
R(w) = 2.
= Q)

where P(w) is the classical resultant defined above, and @ is some polynomial with
no factor in common with P.

In view of the condition imposed on the system (9.1) we have R(0) # 0, and hence
we can consider In R(w) and In F},;(z,w) in some simply connected neighborhood
U(z%j)) of the origin. Then, by Rouché’s Theorem 5.3 and Theorem 5.2, we may

take Fé-(()) as the cycle of integration in the formula for res;;. We thus get

InF,1dF[n + 1]
S

1 =
nl(w) = Res ——F—,
and hence
dinR(w) R Res F) 1dF[n +1]
dw N R N n+1 Fl---Fn+1
n dF; dr\’ dF,
Since /
(5)-+(
F F
and /
dFy dF; ar,
InF,,1— A Al —1] A =
Hi R ( F > F,
F dF F/dFl
= (D)"Y (InFpp 2 ) A=+ (- ——
(1) (I B ) Gl (1t O
we obtain
7 n+l /
FldF
R (w) — Z(_l)n+l_1 R,es ld [l] (96)

1 n+1 Fl---F'rL«Fl‘

This formula was proved in [11, Sec. 22] for the case of local residues.

Using the theorem on the complete sum of residues in CP™ we now pass to the
residue Res;, but then there appears a residue at infinity, which will be equal to
Q/Q.

Let us first find Q(w). The system

Pj(z,w) =0, j=1,...,n, (9.7)
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has a finite set of roots in CP"~' x C, i.e. it has the same form as (9.1), but the
number of variables is smaller than in (9.1). Let Q(w) be the classical resultant of
the system (9.7). Then it is easy to see that Q(w) = Q*+! (w).

The rest of the proof is carried out by induction on n. Let n =1, and

Fy = ag(w)z" + a1 ()" ™ + ..+ ag, (w),

Fy = by(w) 2™ + by (w) 2"~ + ..+ by, (w).
For w = 0 we have ay(0) # 0 and by(0) # 0, which means that

P(w) = ag? | [ B(e) (w), w)

for small |w|. Thus R(w) = P(w)a, " (w), and

R P keaj
R P  a
On the other hand, by the theorem on the complete sum of residues, we have
FldF, FldF, FldF,
R2es e +R1es e +R£s e =0,
where F|dF: 1 F{dF:
Res L2 = L2

o FFy, 2mi),., FiFy
1 (F))(F3,)de

- 2mi /e|=1/r eF{Fy

Fi=ag+eay+ ... +eay,,

Fy =by+eby + ...+ k2,

F| =ay+ea) +...+e"aj,,

Fy=by+eby + ...+ .

It follows that
Fllng . k20/6

R =

OSS F1F2 ag ’

and hence p B R
— —Res—L1-2 4 Res 2L

P YRR YRR

Now let n > 1. Since

and

where Q = Q¥+, we find that
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By the induction hypothesis we have the equality
Q' ~~—— PldP[l,n+1]

— = €8S
2 Pr... Py

for the system (9.7). Here Res; is the global residue with respect to the system
Pi(1,2z0,...,2p,w) =0, j=1,...,n, j#I. Consider now the forms

Frdr =1 +1
W ==, =1,...,n+ 1.
TR Fu
Let us pass to homogeneous coordinates ((o, (i, ... ,(n), i.e. we make the change of

variables z; = (;/(y. The polynomial f(z) of degree k is then transformed to
f*(407<17 s 7Cn) - C(I)gf(Cl/Cm s 7Cn/C0)7

and from w; we get the new form

o = LIE)Iv(C)
VTG Fy L FRy

where J; is the Jacobian (J;dz = dF[l]) and

v(€) =Y (=) Gud([k).
k=0
So we see that the plane II is singular for the form w;. (Notice that if w is not
contained in the highest homogeneous part of F; then F} has a degree k; — 1 in z,
and then the plane IT is nonsingular for w;). By a theorem of Yuzhakov [137] (which
is a corollary to the theorem on the complete sum of residues in CP" [80, Ch. 5]),
we then obtain
54?18 wp = (—1)”“‘1 Rles w; + Rogs wy.

As Res, w; we can take, for example, the global residue of the form w; with
respect to the functions (o, f1,...,[l],..., fn (see [137]). After performing the in-
tegration with respect to (p, we have

1 P lLidzuN...Ndz
Resw; = (—1)"1 : / d .
o0 ! ( ) ; (271'7/)”71 I P]_ Ce Pn+1
where
I, ={z' ¢ U(z'l(j)) D |Pe(1, 29, ...y 20,0)| = €4, s £ Ln+ 1}

with 2z’ = (29,... ,2,), and z’l(j) are roots of the system

Pi(1,20,...,2,,0) =0, s=1,...,n, s #1,
P; = P;j(1,2,...,2,,w), and finally

P opP
0z1 ot Ozn
L=\ [l
OPp 41 OPp 41
0z1 ot Ozn
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The Jacobian I; can be transformed as follows. We divide and multiply the first
column by z;, and multiplying the other columns by z; we add them to the first.
Then we obtain

fey P 20 L. 2h

Oz2 Ozn
I=— 1] :—ZkPA],
1 X cee j#l
kn+1Pn+1 81(;:1 e —agZ:1
and setting z; = 1 we get
P,Ildz . Z k PIA dz'
Pl Ce n—l—l Pl n+1
But since )
PllAde .
- =0, if n+ 1,
/l Pl[j]Pn+1 ]7é

we actually have

ks P/dP[l,n +1]
Res w; = .
s Z (2mi)n=1 /F Pi.. P,
jz1

The induction hypothesis now gives

n /
ZReswl = anC% ,
Q

=1

and so the theorem is proved in the case when all roots of (9.1) are finite. To prove
the theorem in the general case we make a linear transformation in CP" moving all
roots of system (9.1) and all the roots Céj) to the finite part CP™\II. Then we apply
the already proved assertion and make an inverse transformation. The expressions
F/(z)/Fi(z) and fi/fi(¢) are equal if z; = (;/(o, and therefore the form on the right
hand side of formula (9.2) is invariant with respect to projective transformations.
O

Let now all roots of system (9.1) be finite. Is it really necessary in (9.2) to take
into account all roots of the subsystems, or would the finite roots suffice?

ExAMPLE 9.1. We consider the system

F1 = 21—w22+a:0,
F2 = 21—w22:0,

2 2
Fy = 2z —wzz+25=0,

where a # 0. Since it has no roots in CP? x C! we have P = 1. Solving the first
subsystem we obtain z; = 0, 2o = 0, and F]/F; = 0. The second subsystem has the

roots
2 = (a(w2 — z) £ awvw? — 4) /2,
and

zy = (aw £ avVw? — 4)/2,
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so we get Y Fy/Fy = w. The third subsystem has no finite roots, and therefore the
sum Y F//F; over all finite roots of the subsystems is equal to w, which is different
from P'/P = 0.

The infinite root of the third subsystem is (, = 0, (1 = w(s, (2 = (2. Then
F3/Fs; = —w, and hence all sums ) F}/F; vanish.

In spite of this example it is in many cases sufficient to take into account only
the finite roots.

COROLLARY 9.1. If all roots of system (9.1) are finite and if w is contained in
at most one of the polynomials f;(0, (1, ..., w), then

P'(w) - ﬁ L (). w
m—;%}:fj@(j)( ), w),

where the summation is taken only over finite roots Cij)(w).

Proof. We must show that the sum in (9.2) taken over infinite roots Céj)(w) is
equal to 0. If w is not contained in the highest homogeneous part of F}(z,w), then
after passing to homogeneous coordinates we get

Bt () ) = S €l () 0)
oY fl(dj)(w)a w)
where m > 1. Since (; = 0 on II such a term is equal to zero.

Let now w be contained in highest homogeneous part of Fj(z,w). The roots
Cl(j)(w) lying on IT must satisfy the system

fj(oacla"'7Cn7w):fj(07C17"'7Cn):07 ]7&[7

i.e. these roots Cl(j)(w) are independent of w. Plugging in any root in f; we obtain a
polynomial in w which must be constant. Indeed, otherwise we could find a solution,
which is impossible, since the system (9.1) was assumed to have only finite roots.
Thus fl(Céj)(w)) = const, and hence

F (¢ (w), w) = 0.

It follows that the sum over the infinite roots of the subsystems is equal to zero.
Now we consider the following system of equations

fi = fl(Z,w):Oa
............ (9.8)

for1 = fan(z,w) =0,

where z € C", w € C, and f; are polynomials in z and w. On this system we impose
two conditions:

1. For w = 0 the system (9.8) should have no roots in CP". This implies that
all subsystems

fj(Z,O):O, ]7&[7
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have finite sets of roots in CP" (see [85, Ch. 4, Th. 9]), so that after some linear-
fractional change of variables they become non-degenerate. We may as well at once
assume that the system

fi(z,0)=0, ..., fu(z,00=0 (9.9)

is non-degenerate (and also that all previous subsystems are non-degenerate).
2. Consider the system

fi(z,w) = 0,

S (9.10)
fn(z,w) = 0.

We require that if we set w = 0 the degree of polynomials f; are not changed.

This means that the highest homogeneous parts of all functions f; contain some

monomial without the parameter w. Thus, if Pj(z, w) is the highest homogeneous
part of f; (in variables z1,... , z,), then

Py(z,w) = G (2) + wF)(z, w)
and G; # 0. If deg f; = k;, then deg f; = deg P; = deg G; = k;, and deg F; = k; or
F = 0. The conditions 1 and 2 also imply that the system
Gi(z) =0, ..., Gu(z)=0 (9.11)
has z = 0 as its only one root. Let S be the unit sphere in C”, i.e.
S={zecC": zP= |z +...+ |z =1}

Then by condition (9.11), for every point z° € S, there exists a number j, such that
G;(z") # 0. Therefore

G;(\z°) = \"G,(2°), AeC,
and there exist ¢ > 0 such that for |w| < € the inequality
G5(02")] > [uw] |F (0", w)|
holds for all A € C. Now using Theorem 5.3, we obtain that for |w| < e the system
P (z,w) =0, ..., P,(z,w)=0

has also the sole root z = 0, and hence the system (9.10) is non-degenerate. In fact,
the Hilbert theorem [142] shows that system (9.10) can be degenerate only for a
finite set of values on w.

We thus see that system (9.8) is special case of system (9.1).

ExAMPLE 9.2. Consider the system

k
blzfl —b_125" = 1w,

knfl kn _
bn—lznfl - b—(n—l)zn ' = Up1w,
k kn _
bpzy™ — b_pzi™ = vyw,

21—|—...—|—Zn:1.
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For w = 0 we obtain

In order to find its roots in CP" we must consider the projectivization of every
function. We have

Ckn_b n 1 )
G+ ...+ ¢ = Co.

Solving this we find
G =a2Ci, (G =asl, ..., G =an(,

and from the next to the last equation we have that (; = 0 (the coefficients b; and
b_; are parameters and we find roots for almost every value of the parameters). It
follows that (; = (3 = = (, = 0, and from the last equation we then get (, = 0.
This system has therefore no roots in CP”, so the second condition for system (9.8)
is also fulfilled.

Let R(w) be the resultant of the function f, 1 with respect to the system (9.10)
and define )

1d*InR

From the proof of Theorem 9.1 one deduces the following assertion.

THEOREM 9.2 (Kytmanov). For the system (9.8) one has the formulas

R’(w o= n+k 1 fr (z, w)df [k]
R(w) — (2mi)" Z/ Z (z,w) - froi1(z,w)

Ly k=1
and
1 (—1)"“1/ <f1> () (df )“’)
ap — - - —|1 )
g (2%2)”;; %Ek a! r; \fi f[] w=0
ar=...=q;_1=0, o;>0
Here

I'j={zecU(zy): |fe(z,0)| =€k, k=1,... ,n},
z(;) are roots of system (9.9), f() is equal to d*f /dw® and

ﬁ (o) B <d_f1>(a1) (dfl1>(all) (dfl+1>(al+1) (dfn+1>(an+l)
<f[l]> =7 AN = A o AN o .
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This formula permits us to compute the coefficients of R(w) by using Lemma
2.1.

Assume now that instead of condition 2 the system (9.8) satisfies the following
condition.

3. The parameter w is not contained in the highest homogeneous parts of system
(9.10), i.e

fi(z,w) = Pj(z) + Q(z,w), j=1,...,n

In this case we have R(w) = P(w) (see the proof of Theorem 9.1 and Corollary 9.1).

COROLLARY 9.2. For |w| sufficiently small one has

R(w s=1 j=1 fs Z?J )
In particular
n+1 Mg ’
S
. T
s=1 j=1 "%
Here z; (w) are roots of the subsystem

fi(z,w) =0, j#s, j=1,...,n+1,
and z{;) = z(;(0).
ExAMPLE 9.3. Consider the system
blzf - b,lzg = 1w,
bazo — b_oz1 = oW,
Z214+ 29 = 1.
In order to find R(w) we solve the system
blzf - b_1z§ = 1w,
bozo — b_oz1 — Vw.
Then we obtain
Z?1),(2) (w) =
(blbsz + by (b 114w + vyw (Db — b 112,))*

bib2 — b_ b2, !

bibovaw £ b_y(byb_y2w? + yw(by b2 — b_yb2,))3
bib3 — b 107, ) ’
and hence
R(w) = f3(z:()’1)(w),w)f3(z€’2) (w), w) =
2w?(by — b_1) — w(2wa(b1by + b_1b_2) + v1(ba + b_2)?) + byb — b_1b?,
bib2 — b 1b%, ’
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from which we get
R (w) _ 2vpw(by — b_1) — 2u5(byby +b_1b o) — v1(by + b _5)?
R(w) — v3w?(by — b 1) — w(2v2(biby + b_1b_2) + vi(bg + b_2))% + b2 — b _1b2,°
Solving the first subsystem

b222 - b_221 = hw,
21+ 29 = ]_,

we find

S <b2 — VW VoW +b2>
W7 by by bytby )’
f—{(zl - —v1(by + b_p)?
fio D7 2w (by — b_y) 4 20w (byby + b_1b_s) — 1w (by 4 b_3)2 + byb2 — b_1 b2,
Solving the second subsystem

blzf - b,lzg = 1w,

21+ 22 = 1,
we get
Z2 _ —b_1 + \/blb_l + l/1’w(b1 - b_l) bl + \/blb_l + l/1’w(b1 — b_l)
1),(2) by —b_, ’ by —b_q ’
and hence

/ /
2 (ahy) + 2 (ahy) =
2vsw(by — b_1) — 2v5(byby + b _1b_2)
v2w?(by — b_1) + 2vew(biby + b_1b_3) — vyw(by + b_2)% 4+ b1b2 — b_1b%,’
Since f; = 0 we have

Rl w fl fl fl
R((w)) = (aly) + 22 (ahy) + 22 (ahy).
Now we show that if w occurs in the highest homogeneous part then the identity of
Corollary 9.2 may cease to hold.
ExAMPLE 9.4. Consider the system

z1—w=0~0
zg—w=20
21+ 2(l+w)—1=0.
For the first subsystem we have 2o = wy, 21 = 1 — w — w?, and
filfu=—1/(1-2w—w?.
The second subsystem is z; = w, 22 = (1 —w)/(1 + w), with
flfo=—(1+w)/(1 - 2w —w?),

Finally, the third subsystem is z; = w, 25 = w, and

fs/fs = —w/(1 = 2w — w2).



A MODIFIED ELIMINATION METHOD 75

Hence
—2—2w
filf+ fo/ f2+ fa/ fa = T ow — w0
while the resultant R(w) of the function fs is
1-— 1 — 2w — w?
Rw)=— 2 —q="""2"0
1+w 1+w
Since
R'(w) -3 — 2w — w?

R(w)  (1+w)(l—2w—w?)’

we see that the identity is not valid.
But if we write down the resultant of the function f3, then we see that it is equal
to P(w) = 2w — w? — 1, and here the identity is valid according to Theorem 9.1.
Now we analyze the system of equations

fi = Pi(z) =0,

fr = Py(z)=0, (9.12)
frir1 = Pea(z) — vpaw =0,

fo = Pu(z) —vyw=0,
fn-i—l = Pn-l—l(z)_l: ;

where P;j(z) are homogeneous polynomials of degree k; > 1. Systems arising from
single-route and multi-route mechanisms of catalytic reactions [150] may be reduced
to systems of the form (9.12).

We assume that the system (9.12) has no roots in CP" for w = 0, so that
Theorem 9.2 can be applied to it. On the cycles I'; = I there holds the inequality

|P;| > |v;w| for small |w|. Expanding the function 1/( —vjw) in a geometric series
we thus obtain
R 1 < ledlyeqpll
R((:UU)) - (27”)71 Z n+lV Z/ Oélffﬁrl - a[ J]rl ’
I=k+1 || H k-l—l Pn" (PTL+]._1)
where a0 = (i1, .., ), |laf| = @pi1 + ..o, v =piTt 0

From here we get

n

! + v*dP|l
s = 2riyn Syt Y /F (P — 1)P1U‘P€n+1, (9.13)

I=k+1 o[ =51

and, since |P, 1| < 1 on the cycle I', we also have

Pn+1_1_ Z b
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But in (9.13) only finitely many of the integrals are non-zero. Indeed, the degree
of the numerator is equal to

pknJrl + Z kja
il
while the degree of the denominator equals

Z kj + Z Oéjkj
j=1 j=k

An integral in (9.13) can be different from zero only in case the degrees of numerator
and denominator coincide. This happens when

p+1 ntl — Zajk +kl

Hence
n

1 n+l 1Vl apgﬂrldp
= G 20 > [

I=k+1 % ol =s—1

where
n

Pikny1 = Z ajk; + kp — kpyq.
j=k+1
If k.1 does not divide the right hand side, then a; = 0.
In order to obtain the formulas for ay in final form we must, as in Sec. 8, use
the generalized formula for the Grothendieck residue (7.5). Let

= ajs(2)Pi(z), A= |lal]
s=1

and dP[l| = Jidz, Fkyy1 =degP,q=1.
THEOREM 9.3 (Kytmanov). One has the following formulas
)
_ n+l—1 Vi ¢ J
o
I=k+1 kij i t

Ppl lJldetAHa
xIMN

Zl P zn

Here
m= Z ajkj + k — 1, Zk‘ij = Gi, Zkij =y,
j=k+1 j i
M (as in Sec. 8) is the functional assigning to a Laurent polynomial

Q(2)

22
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its constant term, s =1,2,....
In particular

n ki—1
S (o PR det A
) 212

ExAMPLE 9.5. Consider the system
bizi —b_123 = u,
byzs — bz} = u,
bszy — b 323 = w,
byzs — b 421 = w,
21+ 29 +23 =1
The corresponding system of the form (9.12) is

(b1 +b_1)z; — (b1 + b2)25 = 0,

bszy — b 323 = w,

byzg — b_4z1 = w,

Z1+ 20+ 23 = 1.

Since deg P, = 1 we have

J3 — Jo)det A
alzm[(3 2)e :|,

212223
Jo = —229(b_y + b)) (bg 4+ b_y) — 221b4(by + b_5),
Js = 225(b_1 + ba)(bs + b_3) + 221b_5(b1 + b_2).
Computing the entries of the matrix A, we get
2
ail = 0, a1z = bgg(zgi?’ z;l;b;jl)a
0y — b3 (b3z1 + b_323)
b2b3 — b2 .07,
as = —1/(bs +b_y),
(yy — (03 +024) (b1 +b_2)(bsz1 + b 323)
(ba + b_1) (0307 — 02307 )
b2 4 (bsz1 + b_34)
b33 — b2 5%,
b2(byzs + b_421)
azz = b2b2 _ b2 b2 )
30y — 023074
(b3z1 + b 323)(bgzs + b _421)
(by + b-1) (b30] — b? 307 )

a1 =0, as =

det A =

Hence
B 2(bgbg +b 36 4) (b1 +b3)(by +b 4+ b3+ b 3) B

a; = =
' (b_1 + by) (D202 — b2 b2 ,)

7
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by by b g4 by)
B bsby — b_3b_4 '
Theorems 9.1 and 9.3 are contained in [100].

10. Multidimensional analogues of the Newton formulas

The relation between the coefficients of a polynomial in C and the power sums
of its zeros are given by the Newton formulas (2.1). The proof of these formulas can
be carried out by using the logarithmic residue (see Sec. 2). For systems of algebraic
equations in C™ we can also obtain a relation between coefficients and power sums.
At first we consider simpler systems than the ones in Sec. 8, 9 (see [9]).

Let the following system be given

fi = A +Q1=0,
e (10.1)
fo = Z"+Qu=0,

where Q1,...,Q, are polynomials in z = (21,... ,%,) € C", and degQ; < kj, j =

1,...,n. In other words, the highest homogeneous part of f; is equal to z;-cj.

The system (10.1) is non-degenerate, and the polynomials (); are of the form

Qj = Z aa(7)z%,

lled|<F;
where, as usual,
a=(a,...,qn), z%=2z"... 20"
Setting aq(j) = 1if a = (0,...,0, k; ,0,...,0), and aq(j) = 0 for the other a
J

with ||a|| = k;, we can write
(@)= ) aalj)z.
]| <k;

We choose R so that for all j = 1,... ,n the inequalities |z;|% > |@Q;| hold on the
torus
lrR={ze€C":|z|=R, j=1,...,n}.
Then, by Theorem 5.3, all the roots of system (10.1) lie in the polydisk
Dp={z€C": |zj| <R, j=1,... ,n}.
We denote by S, the expression

1 z% Jedz
Sa = 75— , 10.2
i) Joy i T 102)
where Jg is the Jacobian of the system (10.1). If @ = («, ... , @) has nonnegative

integer coordinates then by Theorem 5.3 S, is the power sum of the roots z; of
system (10.1), so that

M M
Sa :sz’]‘-) :Zzla(lj)...zs?j), M=k .. .k,

Jj=1 Jj=1
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Later on we shall allow « also to have negative integers as entries. If there exists
such an entry a; < 0, then the expression S, will be called a pseudopower sum.
We notice if ||a|| < 0 then S, = 0. Indeed, on the torus I'r we have

S
fi z;.“j +Q; ‘= z;_cj(erl)’
and therefore
S, = L/ Jez®(—1)IPIQP | QPdz
2mi)™ Jp A1) ka(Bat1)

B 18(1>0 1 o
The degree of the numerator in this integral is equal to
leadl| + [k[| = n+ Bi(ky — 1) + ... + Bu(kn — 1)
and the degree of the denominator equals
ki(Br+1) 4.+ k(B + 1).

Thus, for ||a|| < 0, the Laurent polynomial under the sign of integration has no
term of the form (z; ...z,)!, and it follows that S, = 0. If & = (0, ... ,0), then

Sa = S(O,...,O) =k1...kn,
but if ||a|| = 0 with a # (0, ... ,0), then S, = 0, because in this case
S — 1. / z% Jedz ,
Q2mi)™ . 2F .. zkn

1
R %1 -

and the Jacobian is
Je=ky... knzflfl ... zﬁ"*l + 203zﬁ
B8

with [|8]| < [|k|| - n.

THEOREM 10.1 (Aizenberg — Kytmanov). For the system (10.1) one has the
following (Newton) recursion formulas

Sk—p + Z a1(1) ... agn (n)Sa1+---+a"—ﬁ+
[18l|<||ct+...+am||<||k]|

+ Y (ki k= Aaran)aai(1) . aan(n) =0. (10.3)
alt.. +an=06
Here k = (k1,... k), 0 < ||B]| < |||, & = (&Z,...0d) are nonnegative multiin-

deces, and

Aal...a" = det ||O‘§:||7Jz,k:1

If ||B]| < 0 then formula (10.3) has the form
Sk-p + > a1 (1) ... aan(n)Sait. sar_p = 0. (10.4)

ot +...an || <|[k||
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Proof. Let us consider the integral

1 / z PP, ...P,Jedz
Tr .

—(2mi)n P...P,

On the one hand ) J
J=—— / Ldz =
(2mi)™ Jr, zP

1 1
= / Z Apt. anar(1)...agn(n)z® ... 2%dz =
T Zn,

(2mi)" Jp, 2Pz ...

0, if 3 contains at least one negative coordinate,

= Z Agt angi(1)...agn(n), if 8>0.

alt. . +ar=3
On the other hand, by the definition of S,
J = > a1 (1) ... aan(n)Sais. anp-

llat+...+ 0 —B]|>0
If a' +... +a” = 3, then
Sal-l—...—l—a"—ﬁ =ky... kna
but if ||a' + ...+ a"|| = ||B]|, with ' + ... + a" # 3, then
Sa1+...+a"fﬁ = 0.
Let [l + ...+ a”|| < ||k]]. If ||e* + ... + || = | k|| then ||a?|| = k;. Since
the coefficients satisfy
. 1, if aj = kjej,
Gei(J) = e
aJ( ) { 0, if o’ 7§ kjej,
we see that

J = Sk,/@ + Z aal(l) ... Qgn (n)5a1+...+an_ﬁ—|—
IBlI<[lat +...+am || <] K[|

+ky .. ky Z a1 (1) ...aqn(n).
al+.. . +an=0p
This implies (10.3), and formula (10.4) is proved analogously. [
We present one more version of the formulas (10.3). Suppose v = k — 3. Then
from (10.3) we have

Sy+ ) > U () Syt wi—iye; + - -+

I=1 kj=[lvlI<lled||<k;

Z Z aajl (.]1) s aajl (jl)57+ajl+...+ajl—ijEjl—...—kjlejl +
i< s | <kj,
|t +...4-adt || >k, +.tkj, = V]
toot > (kreky = Agran)ai (1) - dgn(n) = 0. (10.5)

al+. +ar=k—vy
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By the formulas (10.5) one can more easily compute power sums for small norms
of 4. Let us find, for example, S, if ||7|| = 1. In this case only the first and the
last terms remain in formula (10.5), and we have

S,-Y = — Z (kl P kn - Aalman)aal(l) P aan (TI,) (]_06)
al+.. . +ar=k—vy
Suppose v = (=1, —f2,..., Bjt1,..., —fp) and k; > B, >0, s =1,...,n.

Then
k_'Y: (kl—i_ﬁla"' 7kj71+/8j717kj_/8j7"' 7kn+ﬁn)7
and since ||k — || = ||k|| — 1, we obtain that the sum in (10.6) consists of one term

such that a® = kse, for s # j, and &/ = (By,... ,kj —Bj, ..., Bn). If v contains two
or more positive coordinates then S, = 0, and hence

S, = _kl NN kjfl/Bij?kl NN knaaj (j) (107)

Thus, there are only finitely many non-zero S, with ||v|| = 1. Considering S., for
fixed ||7|| we get from (10.5) by induction that the number of non-zero S, is finite.
Hence formulas (10.5) are really recursive. They permit one to determine power
sums S, with norm ||| in terms of power sums with smaller norms ||v||. Formula
(10.7) shows that pseudopower sums can be different from 0.

In the paper [9] more general formulas than (10.3) and (10.4) were considered.

Using the formulas (10.3) and (10.4) one can compute the power and pseudopow-
er sums So of the roots of a system (10.1). We saw for n = 1 that the Newton
formulas (2.1) allows one also to compute the coefficients of a polynomial from its
power sums. For m > 1 it is necessary to know not only the power sums, but also
the pseudopower sums, in order to find the coefficients of system (10.1).

THEOREM 10.2 (Aizenberg — Kytmanov). Let S, denote the power and pseu-
dopower sums of system (10.1), ||e|| < maxk;. Then the coefficients of the polyno-
j

mials Q; are uniquely determined by (10.3) and (10.4).
Proof. We write down (); in the form

kj—1

Q=Y Qs
s=0

where

lexl|=s
Formula (10.7) implies that the coefficients aq(j) of the polynomials Q1 are
equal to

aa(j) - S‘//(kl e kjfl(kj - O‘j)kjﬂ e kn);
where ¥ = (—(1/1, sy, QG kj —Qj, ..., —O[n), ||’y|| = 1.
Consider now the polynomials @z, —». If in formula (10.3) we take 8 with ||3|| =

||k|| — 2, then the first sum contains also the known coefficients of the polynomials
(Qjk,—1, and the power sums S,. The second sum contains the coefficients of Q) 1



82 CHAPTER 2.

and only one coefficient from one polynomial ;, 2. Indeed, if we are to find aq(j)
with ||a|| = k; — 2, then we take in (10.3)
B=(kitoay,. . kato,0... khto) |8l =]k|]-2
Notice that the coefficients of an(j) are not equal to 0 since
Finally we can also determine the coefficients of the remaining polynomials Q);
and to do this it is sufficient to know the sums S, with ||a|| < maxk;. O
j

We cannot construct ); from the power sums S,, o > 0 alone. For example,
if k1 > ko then adding the second equation to the first, we get a system which has
the same roots and therefore the same power sums, and it is still of the form (10.1).
From this and from Theorem 10.2 we conclude that the pseudopower sums S, are,
in general, not functions of the roots. But sometimes this is the case.

ExAMPLE 10.1. Consider the system

Z% +a1z1 + b122 +c = 0,

Zg + as21 + bQZQ +cy = 0.

Let So be its power sums. We want to find the coefficients a;, b;, ¢;, j = 1,2.
Considering first 3 with ||3|| = 3, we have from (10.3)

1 1 1 1
ap = —55(1,0), az = —ZS(—1,2), by = —15(2,—1), by = —55(0,1)-
Then we take 3 with ||3]| = 2, and obtain
1 1 1
G = gS(Ql,g) - 15(2,0) + 1_68(0’1)5(2’_1)’
1 1 1
¢ = gSom ~ 7502 + 75512500,
and also the equation
3 3
1—65(27,1)5(,1,2) - S(l,l) + 18(1,0)8(0,1). (108)

It remains to determine S(p,_1) and S(_12). From (10.3) with |[8|| = 1 we get
the equations

1 1 1
Se = 751502 = 752050 + 75500 Se-n +
1 1
+3500 S0 — 35anSay = 0
1 1 1
Sa — 75051 — 1502510 — 550 Se +
1 1
+§S(20,1)S(1,0) - ]__65(271’2)5(1’0) = 0

Hence we can determine S(_;2) and Si; ;) which are rational functions of the
roots. The equation (10.8) establishes a connection between the S,. Finally, we
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have
a; = _%S(I,U)a
25(0,2)Sw,0) + 451,150, — S50 — 82

s = )
85(2,0) — 2S(21,0)
28(2,0)S(0,1) + 4S1,1)S1,0) — Si0yS1) — 8S(2)
b = 252 —8S ’
(0,1) — ©2(0,2)
1
b2 - _55(0,1)7
25(2,0)S(0,2) — 252,1)S0,1) + S, S1.0)S(0,1) — St 0)S02)
T = )
2‘51(20,1) —8500,2)
25(2,0)S(0,2) — 2501,0)51,2) + S, S(0,1)S(1,0) — S{o.1)50,2)
Cy = .

25(20,1) — 85(0,2)

So we see that some of the pseudopower sums from (10.3) are determined in terms
of power sums, while others are not.

If we want to find the coefficients of (10.1) from the power sums S, then we
can determine some of the pseudopower sums from (10.3) and the others we can set
equal to zero.

EXAMPLE 10.2. Let us consider the system

Z%—FGZl—FbZQ—FC:O, 22+d:0
Then (10.3) implies

1 1
d= _55(071)7 a = _8(1,0)’ b= _55(27—1)7
1 1 1
c = 15(0,1)5(2,_1) — 55(2,0) + 55(2170)5(2,_1).

Here S(3,_1) is an arbitrary number, say Sz _1) = 0.

Now we consider the more general system of equations

i = PA+Q1=0,

S (10.9)
where P; and (); are polynomials in C", P; are homogeneous polynomials of degree
k;j and deg@; < kj, j = 1,...,n. We assume that the system (10.9) is non-
degenerate.

By Theorem 5.2 on logarithmic residues the power sums S, of the roots of system

(10.9) are equal to
1 z%Jedz

(277'2)” Te flfn

Since (10.9) is non-degenerate then, as in Sec. 8, we also have the matrix

A = llajn(2)] |7 =1,

Sa =
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where a;i,(z) are polynomials, such that
n
z;] = aix(z)Pe(z), j=1,...,n,
k=1
with s; being certain natural numbers (in Sec. 8 we introduced the convenient
notation N; +1 = s;), such that s; < ||k|| —n+1. Let ¢;(z) denote the polynomials
n
qj(z) :Za]k(z)Qk(z)v .]: ]-7 , 1,
k=1
and write F;(z) = z;j + q;(z), so that degg; < s;. Suppose that
Fj(z) = Z ca(j)z%,
llee]|<s;

and that co(j) =1 for a = sje;, and cq(j) = 0 for all the other a of length s;.
Using the transformation formula (4.2) (or strictly speaking the transformation
formula (7.6) for the global residue) we obtain

g _ 1 / z%Je det Adz
* @rynJe, F...F,
Choosing the cycle I', = {z : |z;| =¢;, j=1,...,n}, with ¢; > 0 sufficiently large
we have the inequalities |z;’| > |gjl, g =1,...,n, on I',. Using Theorem 5.3 we
then get

S, — 1 / z% Je det Adz.
r

(2mi)n F...F,

Let now the multiindex o have at least one negative coordinate. The expression
1 z%Je det Adz

(2mi)» /F Fi...F,

will then be called a pseudopower sum.

We can show, just as for the system (10.1), that So = 0 if ||a|| < 0. Indeed,
expanding the function

Sa =

1 1
Fy (2 +4)
in a geometric series

9

s:O(_ ) 28 (s+1)”

1 z%Je det Agi ... gPrdz

= _1)\lIBll f q; qn,

%o = iy 2 (=) / S _maatl)
18I1>0 Zn

r. 2 e
The degree of the denominator is equal to

we obtain

n

> 5B+ 1),

j=1
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while the degree of the numerator equals

n n
lal[+) sj—n+> (s;—1)B;,

so that the integral can be different from zero only in case ||3|| < ||a||. But since
||a|| < 0 we actually have S, = 0.
If ||a|| = 0 then

g 1 / z%Je det Adz
Cm) Jr, 2z
In particular, for a = (0, ... ,0) the Bézout theorem gives S¢,.. 0y = k1 ... ky. If
a # (0,...,0), then S, can still be different from zero, since
1 *Jpdet Ad
S, = —— / 27 Jp det Adz (10.10)
2mi)™ Jp, ozt ..z

and the expression Jpdet A can have more then one monomial in contrast to the
case of system (10.1) where we had

_ k1—1 kn—1
Jp—kl...knzll Znn .

(Here Jp is the Jacobian of the system Py,..., P,). Therefore the number of sums
S that are different from zero coincides with the number of non-zero monomials of
the polynomial Jp det A.

For instance, in the case of Example 8.5 we get

1

detA = Z(a,gﬁ(f — aly), Jp = .'L'(a()bl — 2@1[)0) + y(2b2a0 — albl),

and

1
JP det A = K(ﬁag(agbl — 20;1[)0) + y2a1 (G,lbl — 2()2&0) + 21,'yA)

Therefore we must compute all the Sq, with ||a|| = 0, by formula (10.10) before
we can apply the Newton formulas.
Consider the integral

I =

1 / Jedet Adz
27 Jp z8
and suppose that
Jedet A= )" boz®
llexl[>0
Then we have
I'=bg1="0p, 1,.p.1)

(if Jedet A has no monomial z* with this multiindex a, then I = 0).
On the other hand

7— 1 / z B Jsdet AF, ... F,dz
r

(2mi)" F...F,
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= Z Cal(l) ... Cqn (n)5a1+___+an_ﬁ-

o +...+am— ][>0

led[|<s;
If |[|@?|| = s;, then ¢4 (j) # 0 only in case a/ = s;je;. Therefore
I — SS*,B + Z Cal(l) e Can (n)5a1+m+an_5,

I1BlI<]lat+..4an =] |<]|s]|

and we have proved the following result.

THEOREM 10.3 (Kytmanov). For the system(10.9) one has the formula
Se_p + > ar(1) ... can(n)Sats.. +an_p = ba_1. (10.11)
BlI<lle* 4.+ =B <[Is]|

We thus see that every collection of leading homogeneous parts P, ... , P, gives
rise to a Newton formula of its own. The most elementary of these is formula (10.3)
for the system (10.1).

Now consider two systems of algebraic equations

Pj(z) =0, j=1,...,n, (10.12)
and
Qi(z)=0, j=1,...,n (10.13)
The polynomial P; has degree k;,
ky > ke > ... > ky,
and the polynomial @); is of degree d;,
dy >dy > ... >d,.

Moreover, the sets of roots of systems (10.12) and (10.13) are assumed to coincide,
and we denote them by E. We shall further assume that all roots of these systems
are simple. The question is: What can be said about the relation between these two
systems?

Since the set E is finite we can assume that all roots lie in C”, and hence that
the systems (10.12) and (10.13) are non-degenerate.

THEOREM 10.4 (Kytmanov-Mkrtchyan [103]). Under the above conditions on
the systems (10.12) and (10.13), we have

ki =dy, ke=ds ..., k,=d,.
For the proof we need the following lemma.
LEMMA 10.1. Let
E;={zeC": Pj(z) =0, j=1,...,n, j#i}

and let g(z) be a polynomial such that E C g='(0), but E; ¢ g=*(0), i.e. g Z 0 on
E;. Then
deg g > deg P; = k;.
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Proof. Assume that deg g < k;. The analytic set F; is non-empty and of complex
dimension at least 1. Hence E; \ E # 0.

Consider a point z° € E; \ E for which g(z°) # 0. At this point we also have
P;(z°) # 0 so there exist numbers o and 3 such that

aPi(z’) + fg(2°) =0, a#0, B#O.

Consider now the system of equations
Pi(z) =0, j=1,....n, j#i, (10.14)

aPi(z) + By(z) = 0.

Since the highest homogeneous parts of this system coincide with those of system
(10.12), it follows that system (10.14) has no roots on the hyperplane at infinity
CP™ \ C". Hence by the Bézout theorem the number of roots of system (10.14) is
equal to kp - --k,. But every point from F is a root of system (10.14). Apart from
them the point z° is also a root of system (10.14). From here we get that the number
of roots of system (10.14) is at least equal to ky - - -k, + 1, a contradiction. ]

Proof of theorem 10.4. First of all we show that k; = d;. Consider the set

Ei={zcC": Py(z)=0,...,P,(z) =0}

There exists at least polynomial (); which is not identically equal to 0 on E;. By
Lemma 10.1 we then have

deg Qj = dj Z kl.

Interchanging the systems (10.12) and (10.13) we thus deduce that dy; = k;.
It is not difficult to show that for almost all & and 8 the system of equations

aPi(z) + fQ1(z) =0,

Py(z) =0,...,Pu(z) =0 (10.15)

has no roots at infinity, and hence the system (10.15) is non-degenerate.
To show that ky = dy we replace the system (10.12) by the system (10.15), and
the system (10.13) by the system

aPi(z) + Q1(z) =0, (10.16)
Q2(x)=0,...,Qn,(z) =0,

with the same « and (.
Then we define

E2:{Z: O[P1—|—,8Q1:0, PgZZPnZO},

and observe that on F, one of the polynomials @);, ¢ = 2,...,n, does not vanish
identically. By Lemma 10.1 there exists a polynomial );, ¢ > 2, for which deg ); >
ks, and hence dy > ky. Interchanging the systems (10.15) and (10.16) we then get
that dy = ks, and so on. [J

In the case of multiple roots Theorem 10.4 is false.

ExaAMPLE 10.3. It is sufficient to consider the two systems of equations

4
21=0, 22=0
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and
2 _ 2 _
z21=0, 2z5=0.

THEOREM 10.5 (Kytmanov-Mkrtchyan [103]). For the systems (10.12) and
(10.13) we have

Qj(2) = ) _ Ry(z)P(2),
!
where the summation is taken over such indices | for which k; < k;. Moreover,
deg Ry + deg P, < ().

In particular, Q, is a linear combination of those P; for which k; = ky,. If k1 >k,
then the polynomials P, and @Q,, are proportional.

Proof. Since Q; vanishes at the roots of system (10.12), and since these roots are
all simple and finite, it follows by the M.N&ther theorem (see, for example, [119])

that the polynomials ); belong to the ideal generated by P, ..., P, . U
COROLLARY 10.1 (Bolotov [22]). If in the systems (10.12) and (10.13) one has
]ﬁ:...:kn:dlz...:dn,

and if the highest homogeneous parts of P; and QQ; coincide for all j, then
Pi=Q;, j=1,...,n

11. Elimination of unknowns in different variables. Real roots

Here we consider questions connected with elimination of unknowns. First we
focus on the following problem: Suppose that we have found the first coordinates of
all roots of a system, by eliminating all the unknowns except the first. How can we
find the remaining coordinates?

The classical elimination method reduces the system to triangular form. So,
having found the first coordinates of the roots, we insert them into the previous
equations (which depend on the first and the second variable), thereby again obtain-
ing polynomials in one variable. Solving theses we now find the second coordinates
of the roots etc.

When using the method of Sec. 8 we get at once the resultant R(z1) in the first
variable. In order to find the second coordinates of the roots we must then find the
resultant in the second variable etc.

Now we describe a method which simplifies this procedure, for instance, in the
case when the zeros of R(z;) are simple. To determine the other coordinates we do
not have to solve any equations at all. This method has been presented in [3].

Let a system

fl (Z) = 0,

S (11.1)
fo(z) = 0

of algebraic equations be given. We assume that the system (11.1) has a finite set of

roots z), ...,z in C". The elimination method provides us with a polynomial
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R(z) having the zeros zi(1),... ,2z1(ar)- We first assume that all zeros of R(z;) are
simple. Then
M
R(zl):Hzl—zl sz 5 0:1.
n=1

Introducing the polynomial

M M
t) M-
PP (a) =) 2 ] (- 2iw) = Y a2,
n=1 n=1 pf=1
e
we have
P () iy
R’(Zl = Zj(u)
21=21(n)
and in particular, for t =1
Pj(t) (Zl) o
RI(Zl - Zj(ﬂ)
21=21(n)

Hence we must find the polynomial Pj(t)(zl), or rather its coefficients 02-2-
We consider the auxiliary system of functions

t

(1 AT

t

@; (A = Z#‘;I()H(l — Azi()),
p=1

k) y=1

which may be written

M
)\ — t p-1
©; ()\)—g zj(u)”l—)\zl g a )\
n=1 v#p

On the other hand, using the formula for geometric progression, we get for
sufficiently small ||

Zz; i/\zl mH (1= Az
m=0
00 M M
=) 2" (Z Z?w%%) 110 = 220))
m=0 n=1 v=1

— (Z Smel+tej/\m> (14 b A+ ...+ by AM),
m=0

where Spe, tte; is @ power sum for multiindex me; +te; = (m,0,...,0,¢,0,...,0),
and b; are the coefficients of the polynomial R(z;). Comparing this expression with
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(p;t)(/\), we get recursive relations for the calculation of a%:

pf—1
a3 =D baS(s-a-vertie;- (11.2)
a=0
In particular,
pf—1
a3 = D baSE-a-terre- (11.3)
a=0

If the system (11.1) has only finite roots (i.e. if it is non-degenerate), then the
power sums can be computed by using Theorem 8.1 or the corresponding Newton

formulas from Sec. 10. In this way we find Pj(t)(zl).

THEOREM 11.1 (Aizenberg — Bolotov — Tsikh). Let the zeros of the polynomial
R(z1) be simple, and let the coefficients of the polynomials Pj(l)(zl) be given by the
formulas (11.3). The j-th coordinates of the roots of system (11.1) are then equal to

3y = R/(Zl) ;o o p=1..., M

Z1=21(p)
COROLLARY 11.1. If the system (11.1) with real coefficients is such that all

zeros of R(z1) are simple, then the number of real roots coincides with the number
of real zeros of the polynomial R(z1).

Proof. If the system (11.1) has real coefficients then all the power sums S,

of the roots are real. Therefore the polynomials R(z;) and Pj(t)(zl) also have real
coefficients. If the first coordinate of the root z(,) is real, then Theorem 11.1 shows
that the z;,) are also real, and hence z(,) has all its coordinates real.

This corollary allows us to determine the number of real roots of the system
(11.1) by using, for example, the Hermite theorem.

ExAMPLE 11.1. Consider the system of example 8.1.

Z% +a1z1 + b122 +c = 0,
Zg + asz1 + bQZQ +cy = 0. (114)

We must compute Sy for 7 =0,1,2,3:

Sin="] > (e A

201 +1—75  2as
a1 tor<j+l 1 %2

where

Jf == 42122 + 222a1 + 221b2 + a1b2 - blag,

Ql =a121 + b122 + C1, Q2 = Q921 + b222 + Co.
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Then we obtain S 1) = —2bo,
5(1,1) = a1b2 + 30;2[)1,
5(2,1) = 2C1b2 + 4b1C2 — 2b1b% — a%bg — 50;10;2()1,
8(3,1) = ai’bg + 7@%@21)1 + 50121)%[)2 + 3@1()11)%—

—6a1b101 — 7agb161 — 3&1[)261.
In Example 8.1 we showed that
R(z) = 2§ 4+ 20123 + (a3 — byby + 2¢1) 22+
+(a2bf - 2&101 — a1b1b2)21 + b%CQ + C% - blbgcl.
This together with (11.3) implies that
P2(1)(21) = —2b22113 + 3(0;2[)1 — a1b2)zf + (a1a2b1 — a%bg + 4[)162-
—261b2)21 + 7&1[)261 + 8&1[)162 — a2b101 — 60;1[)161.
Let us now consider the general case when the resultant R(z;) can have multiple

zeros. Let z1(,) denote the different zeros of the resultant, 4 =1,... ,k, and let each
zero zi(,) have multiplicity r,, 71 +...+r, = M. Then

k M
R(z) = H(zl — Zyu)™" = Zbazf‘/f’a.
u:]_ a=0
We introduce the polynomial
k
(t) _ t t
P () = Z (zj(u,l) Tt Zj(m)) X
p=1
M
. r t) M-
(21— 2)" ] (51— zg)™ =D afpat
_ p=1
n=1
nFh
where zj.1), -+ Zj(ur,) are the j-th coordinates of the roots with first coordinate

equal to z;(,). Then we have

druflf)j(t)(zl) /dT"R(Zl)

ry—1 Tv
dzy” dz

1
— (Z;:(V,l) 4+ ...+ Z;:(V,T‘,,)) . (115)
Z1=21(n) v

The relations (11.5) allow us to write out the power sums of the j-th coordinates
of the roots zjw,1),- - s Zj(wr,) if we know R(z;) and Pj(t)(zl). Setting t =1,...,r,
we compute r, different power sums. Then using the Newton recursion formulas
(2.1) we find a polynomial P in z; having these zeros. Solving the equation P = 0
we find the roots zj,1), .- Zj(w,r)-

One finds the coeflicients ag@) by the same formulas (11.2).

THEOREM 11.2 (Aizenberg—Bolotov—Tsikh). Suppose we know the first coordi-
nates of the roots of system (11.1). Then by formula (11.5) we can obtain the power
sums of the j-th coordinates of the roots having this given first coordinate, 1 < 7 < n.
In this way we reduce the problem of finding the j-th coordinates to finding the zeros
of a polynomial of one variable whose degree is equal to the number of roots of system
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(11.1) with the given first coordinate. Moreover, the coefficients of the polynomials

R§-t) are found by formula (11.2), and the power sums are found by Theorem 8.1 and
Corollary 8.1.

Corollary 11.1 does not hold in the presence of multiple zeros of R(z;). If the
coefficients of system (11.1) depend on some parameters then generically R(z;) has
only simple zeros. Moreover, to determine the number of real zeros we do not need
the polynomial R(z).

Indeed, let the system (11.1) be non-degenerate, with real coefficients, and
deg f; = k;. Then by Theorem 8.1 we find the power sums S,,...,S@2m—2)e;;
where M = ky...k, and e; = (1,0,...,0). We consider the matrix (see Corollary
3.1)

M Sel SQel . S(M—l)el
s_| S S Se o Sue
SM-1)e; SMe; S(M+1)er --- SEM—-2)e;

If the matrix B is non-singular (i.e. det B # 0 ) then the polynomial R(z;) has only
simple zeros (since det B is the discriminant of R(z;) (see Sec. 6)). Then by the
Hermite theorem the number of real zeros of R(z;) (i.e. the number of real roots of
system (11.1)) is equal to the signature of the quadratic form with the given matrix.

No simple assertions, like the Descartes sign rule or the Budan—Fourier theorem,
are known in general for counting the real roots of a system. Therefore this question
is usually reduced to analogous questions for the resultant R(z1).

Corollary 11.1 may be extended to a more general situation. Let P(z) be a
polynomial in C™ with real coefficients. If z € C" and Imz = 0 then z = x =
(1,...,2,) € R™. We denote by

Dyp={x€R": a < P(x) <b}

the set consisting of level surfaces of the polynomial P, a < b, a,b € R. How can
we determine the number of real roots of the system (11.1) lying in D, ;? Consider
the complex numbers P(z(), ..., P(2z.ur)), i.e. the projections in C of the roots
Z(1), - - - , %) of the system (11.1). By Theorem 8.1 (or corollary 8.1) we can find
the power sums S of the form (deg P = k)

(—1)=ks ] (Z ksj>! PiQ*Jedet A T] af;j
s=1 \ j=1 sz
- % =L =

n n
H kol zﬁij+ﬂj+Nj
kstO 8J° =1 J

Z ksjgjka ,Bs: Z ksj
j=1

s,j=1 Jj=

Then by the Newton formulas (2.1) we find a polynomial Rp(w), w € C, having
the zeros P(z(;)), j = 1,...,M. If 2z is a root of (11.1) with some non-real
coordinate then Z;) is also a root of (11.1). If P(z(;)) is a real number then so is
P(z;)), i.e. the number P(z;) is a multiple zero of the polynomial Rp(w). We thus
have the following result.
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THEOREM 11.3 (Kytmanov). If the system (11.1) is non-degenerate with real
coefficients, and if the polynomial Rp has only simple zeros, then the number of real
roots of the system (11.1) in the domain D, coincides with the number of real zeros
of the polynomial Rp in the interval (a,b).

The number of real zeros of Rp in (a,b) can be determined either by the Sturm
method or by the Descartes sign rule (see Sec. 3). The existence of multiple zeros
can be checked by using the discriminant. This theorem permits us to find the
number of real roots of system (11.1) in a strip {x € R™, a < z; < b}, in a ball
{x e R": |x| <7}, in an ellipsoid and so on.

Another method for counting real roots was considered in [124]

EXAMPLE 11.2. (continuation of Example 11.1).

For the system (11.4), a;, b;, ¢; € R, we consider the polynomial P(x) = z% + 3.
We want to determine the number of real roots of (11.4) in a disk or inside a ring.
First we compute S(;x), 7+ k < 4 by means of the formulas (8.9). We obtain

St = —2a1, So,1) = —2ba, S(2,0) = 2b1bs + 2a] — 4cy,
Sa,1) = a1bs + 3azb1, S(o2) = 2a1a3 + 2b§ — 4y,
S@3,0) = —Qai’ - 3a2bf — 3a1b1by + 6aicq,
S,3) = —2bg - 3b1a§ — 3byaias + 6byco,
S2,1) = 2¢1by + 4bycy — 2b1b§ - afb2 — bajasby,
Sa,2) = 2c2ay + 4azce; — 2a2af — b§a1 — 5b1bsas,
Sty = 2a7 + 4aZbiby + 2635 — 8aje; — 4bjcy + 4k + 8ayagbi — 4bybacy,
Si1 = a:fbg + 7a%a2b1 + 5a2b%b2 + 3a1b1b§ — 6a1bicqy — Tasbicy — 3aqbacy,
Saz) = b%al + 7b§b1a2 + 5b1afa1 + 3b2a2af — 6byascy — Tbiascy — 3bsaqca,
S(0.4) = 2()421 + 4b§a1a2 + 2a%a§ — 8b302 — 4a§cl + 403 + 8b2b1a§ — 4ajaqco,
Se2) = 8(11a2b1b2+2ai’a2+2b1bg+a3b§+3a§bf—6a1a201—2a302—6b1b262—2b§cl+4clcg.
We must keep in mind that when we have found the sum S(;), then for sym-
metry reasons we obtain the sum S ;) by the permutation a; — b, az — by, by —
a1, €1 — C3, ¢ — c¢1. Then we must compute the sums SJP, j = 1,2,3,4, cor-
responding to degrees P7. But in this case it is easier to use either the multidi-
mensional Newton formulas (10.3) or the following observation: From (11.4) we get

22422 = —(ay +az)z; — (by +b2) 22 — (¢1 + ¢2) and summing over all roots of system
(11.4), we have
S{D = —(a1 + CLQ)S(LU) — (bl + bg)S(gyl) — 4(61 + CQ),
i.e.
Sf == 2a1 (a1 + GQ) + 2b2(b1 + b2) - 4(01 + CQ).

By the same reasoning we can also find SJI-D, j=2,3,4.

These expressions are rather awkward, but after applying the Newton formulas
they usually simplify.

To S ]1-3 we now apply formulas (2.1). (In order to avoid confusion we denote by +;
the coefficients of the desired polynomial Rp, i.e. Rp(z) = 2} +7123 +7222 +7321+74.)
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Since v, + ST = 0, we have y; = 4(c; + ¢2) — 2a1(ay + az) — 2bo(by + bz). Similarly,
SP + 8Py + 27, = 0 implies that
Yo = 6(c1 + ¢2)* + (a1 + az)*x
x (a2 — byby + 2¢1) + (by + by)?(b3 — ayag + 2¢2) + 3(a1 + az)x
X (b1 + ba)(arby — asby) — 6aq(ar + as)(c1 + c2) — 6ba(by + ba)(c1 + ¢2).
Further we have S3 + 53y, + ST 2 + 3v3 = 0, and hence
13 = 4(er + €2)°+
+(a1 + ag)*(arbibs — 2a1c; — agb?) + (by + bo)?(arasbs — a3by —
—2bycs) + (a1 + az)?(by + by)(araghy — a2by — 2bye; + 4bycy)+
+(by + b1)%(a1 + az)(agbiby — a1b3 — 2ay¢o + 4ager) — 6a1(a; + az) X
X (c1 + €)% — 6by(by + by)(c1 + ¢2)? + 6(ay + az) (b + by)(c1 + ) %
X (arby — agby) + 2(a1 + az)?*(e1 + ¢2)(2¢1 — biby + a)+
+2(by + by)?(c1 + ¢2)(2¢5 — arag + b3).
Finally, S{" + S5v1 + S5 72 + ST s + 474 = 0 gives
Y4 = (a1 + ag)*x
X (b2cy + ¢ — bybacy) + (by + by)*(a2ey + €3 — ajascy) + (c1 + o)+
+(a1 + a2)? (b1 + by) (4a1brer + asbicy + arbacy — 6aibica)+
+(by + ba)? (a1 + ag)(4bsascy + brascy + baaicy — 6bybocy )+
—2ay (a1 + az)(c1 + ¢2)® — 2b2(by + b2) (1 + c2)*+
+(a1 + az)?(by + by)?(a3cy — ayage; — bibycy + biey — 2¢1¢0)+
+(a1 + az)?(c1 + ¢2)?(2¢1 — 5a2 — byby) + (by + by)?(c1 + ¢2)* %
X (2¢2 — 5b5 — ajaz) + (a1 + az)?(by + by)(c1 + c2)(2bacy + 4aTby—
—3ayaghy — bib3) + (by + by)? (a1 + az)(c1 + ¢2)(2a1¢5 + 4bja; —
—3b1baay — azal) + 6(ay + ag)(by + by) (1 + ¢2)?(arbs — aghy).

We have thus constructed the polynomial Rp(z) provided it has only simple
zeros (which may be checked with the discriminant). Then by Theorem 11.3 the
number of real zeros of Rp(z) in the interval (a,b) coincides with the number of real
roots of system (11.4) inside the ring {(z1,72) : a < 23 + 22 < b}.

In conclusion we present a result of Tarkhanov [132], which in some cases gives

the number of real roots in a domain D C R".
Let the system (11.1) have real coefficients.

THEOREM 11.4 (Tarkhanov). If D is a bounded domain in R™ with piecewise
smooth boundary, and if the Jacobian Jg > 0 in D, then the number of real roots of
system (11.1) in domain D is equal to

1
2—nz sign Jg, (11.6)
o

where Ty =0DN{x e R": |fo]l =¢,...,|fu] =€}
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The condition J¢ > 0 is quite restrictive. Usually it will imply that the mapping
f is one-to-one, i.e. the system (11.1) has only one real root. In general, when Jg is
allowed to change its sign in D the formula (11.6) gives the index of the mapping f
in D (i.e. the sum of roots in D where every root is multiplied by signJg).

We provide also a more complicated formula, in which the Jacobian J¢ may
change its sign, permitting us to compute power sums of any form (see [101]).

Let D be a bounded domain in R™ with piecewise smooth boundary 0D. Con-
sider the system

fl (X) = 07
S (11.7)
fa(x) =0,
where the f; are real valued smooth functions. We shall assume that the system
(11.7) has a finite set E¢ of simple roots in D, with no roots on the boundary 9D.
With the help of the Poincaré index formula we can compute the index of system
(11.7) (i.e. the number of roots counted according to the sign of the Jacobian). Then
we invoke the Tarkhanov Theorem 11.4 to compute this index in closed form.
We wish to determine the number of roots of system (11.7), and we first consider

the situation when the Jacobian does not change sign in D. For definiteness we shall
assume Jr > 0 on D. Consider the differential form (for the Poincaré index)

n

w(x) = en 3 (=15 dak],

k=1
where the constant ¢,, is defined so that

/ w(x) = ncn/ dx = 1.
{Ix|=1} {Ix|<1}

It is known that the form w(x) is closed in R™\ {0}.
LEMMA 11.1. Suppose ¢ is a real-valued function from C*(D). Then

2E3<p<x>=/wsow<f>—/])dsow(f>.

The proof of Lemma 11.1 is standard. The integrals over the domain D are well
defined since they are absolutely convergent (we recall that all roots of system (11.7)
are simple, so near these roots the mapping

f= (fla"' 7fn)
is a diffeomorphism). Applying the Stokes formula in the domain

D.=D\ {x: |f(x)| <&}

[ wt)=t
{lyl=e}
we obtain the required formula.

Now we allow the Jacobian Jg to change sign in D.

and using the identity
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THEOREM 11.5 (Kytmanov). If f; € C*(D), j = 1,...,n, and ¢ € CY(D),

then
> o) = | goffz 1 fudf )

x€EFEs
—an/ Ifdgo/\z Vit fdf[k] — (11.8)

—2ecn+1/ PO (| fI? +2J7) " da,
D

where [f1> = f2+ ...+ f2, € >0,
L0 ok
Yo, 7 Oz,
As= of. .
L R »
g Ok
Y ox, T Oz,
and

25(_1)5 ds €Jf Q/€2J2+ﬂ
In = 2s,
=< @2s—=1)dp*  —el;+ /2 + 5
2(—1)°

_ s 1
(1) d (—artan—), n=2s+1.

s ap \VB" B

for B = |£|2. The integrals in this formula converge absolutely.

Proof. Consider (as in [87]) the auxiliary system of equations

fl (X) = 07
fa(x) = 0, (11.9)
fn+1 (X7 $n+1) = $n+1Jf(X) =0.
The roots of the system (11.9) are points in R"*™ of the form (z, ... ,z,,0) where
(71,...,2,) € Fr. Moreover, the Jacobian of the system (11.9) is equal to JZ > 0.

This means that Lemma 11.1 can be applied to (11.9). The domain of integration
we take to be D; = D x [—¢,e] C R™*! (¢ > 0). Then we get

> el = [ palf) - / g na),

x€EFEs
where £ = (fi,..., fa, fas1), fat1 = Tns1Jr, and

() = e (F* + f20) % (Z(—l)“fkdf[k] A dfnis + (—1)"fn+1df> :

k=1
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Since 0Dy = 0D x [—e,e| + D x [e] — D x [—¢| we have

/ v (f) =
Dx[+e]

= tecpy1 /D p (Z(_l)k+1fkdf[k] NdJs + (—1)andf> (F +2J2) "+

k=1
= j:sc,H_l/ A (]2 4+ 2J3)7"5 dx.
D
We also see that

n

f O [ ea S e [ )
X[—€,e —e

k=1
and similarly

/ do A a(F) = /dego/\z VL fdf | ]/ (€] + 22,1 J2) "% dapys.
D, —€
Computing the integral

[ ) e

we now obtain formula (11.8). O
Letting n = 1 in (11.8), we have the following result.

COROLLARY 11.2. If D = (a,b) C R, then

/ f2+;ff - (11.10)

! 1 !
——/ ¢ arctan idm + — <<,0' arctan i)
T Ja f )l

In particular, if f(x) = sinmz and ¢ = 1/7 then formula (11.10) becomes the
classical Euler—-Maclaurin formula with remainder term R in integral form

> (k) :/ o(z)dz + R.

ke(a,b)

ZeEf
b

If ¢ = 1, then formula (11.8) (which occurs in [87]) gives the number of roots of
the system (11.7) in the domain D.

If we use formula (11.8) to compute the power sums

SE=3¢x), j=12...,M,
$€Ef
(where M is the number of roots of system (11.7) in the domain D), then by the
Newton recursion formulas (2.1) we can construct a polynomial R,(w), w € C!,
whose zeros are

¢(x), x € Fs.
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COROLLARY 11.3. Assume that R, has only simple zeros. Then the number of
roots of the system (11.7) in the set
{xeD: a<ep(x)<b}

coincides with the number of zeros of the polynomial R, in the interval (a,b).



CHAPTER 3

APPLICATIONS IN MATHEMATICAL KINETICS

An important field of applications for the methods we have developed is that of
mathematical kinetics. The basic objects of study in this field are the equations of
chemical kinetics, and these are nonlinear as a rule. In the simplest but commonly
encountered case their right hand sides are algebraic functions, which are formed
according to the mechanism of a chemical reaction. Recently, the interest in the
nonlinear problems of mathematical kinetics has grown considerably in connection
with the vast accumulation of experimental facts revealing critical effects of different
kinds (see e.g. [30, 89, 78, 79, 73, 149, 150, 151]). An essential point in the
analysis of the appropriate mathematical models is to determine all steady states,
i.e. to find all real roots of certain systems of nonlinear algebraic equations in some
bounded domain. In connection with the equations of chemical kinetics this problem
was considered for the first time in a number of papers [4, 5, 6, 7, 8, 34, 35], which
used both traditional approaches as well as methods based on modified elimination
procedures for systems of nonlinear algebraic equations [11].

Let us consider the general form of the kinetic equations that correspond to a
closed homogeneous isothermal system. The transformation scheme or the mecha-
nism of a complex reaction can be represented in the form

Zajizi = Z/BJZZ“ ]:1, ,m,
1=1 1=1

where Z; stands for the i-th intermediate, aj; and 3;; are stoichiometric coefficients
(nonnegative integers), n is the number of reagents, m is the number of stages
(elementary reactions). To every stage there corresponds a numerical characteristic,
the rate of the stage:

- +(- +(-
wj:w;f—wj, wj():wj()(zl,...,zn),
where w;-r(_) is the rate of the forward (reverse) reaction at the j-th step, and z; is

the concentration of the intermediate Z;.
The equations for the steady states are given by

m
Z’yjiwj(z) =0, i=1,...,n,
j=1

where v;; = Bj; — i, and z = (21, ... , 2,). Introducing the matrix B = ||y;;||, and
the vector w = (wy, ... ,w,,), the stationary equations of chemical kinetics can thus
be written in matrix form

Blw(z) = 0.

99
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This system must be supplemented by appropriate linear relations which repre-
sent the conservation laws. These determine a linear dependence between the lines
and columns in the matrix B:

Az = a,

where A is a matrix whose entries are proportional to the molecular weights, and a
is a vector of mass balances. The mass conservation laws for atoms of a given are
at each stage expressed by the relation

BA =0.

The balance relations together with the non-negativity condition for the concen-
trations z; > 0, ¢« = 1,...,n, determine the domain of definition, the so-called
reaction polyhedron D, for the kinetic equations. In general the construction of D
is a separate problem [78]. We shall mainly consider the case when D is a simplex,

i.e.
D:{z: Zzizl, ziEO}.

i=1

The steady state equations together with the balance relations form a system of

generally nonlinear equations, whose solutions in D are to be found. The nonlinear-

ity is determined by the character of the dependence on w(z). In the simplest case
corresponding to the mass conservation law, one has

w;r(*) _ k;r(*) H Zz_aji(ﬂji),
i=1

where k;-r(_) are the rate constants at the j-th stage of the forward and reverse
reactions, so the stationary equations are algebraic in this case.

It can be shown [30] that the polyhedron D is a w-invariant set for the dynamical
system

7 = B w(z),
i.e. for any initial data z(0) € D, the solutions z(t) stay in D for all ¢ > 0. This
ensures the existence of at least one solution to the stationary system. However,
this condition holds also for more general kinds of dependencies of w;(z).

Scientific findings have shown [30] that already simple nonlinear models of chem-
ical kinetics may possess several steady states. General conditions that give rise
to critical effects related to structural peculiarities of the chemical transformation
scheme can be found, for example, in [30, 33, 140]. Moreover, it is important to
find the solutions themselves (and all of them) in the given domain D. Standard nu-
merical methods for solving nonlinear equation systems, based on various iteration
procedures, are suitable only when the initial data are sufficiently close to a root of
the system.

Additional difficulties arise when searching for solutions for which the stability is
of “saddle” type character. Methods based on variation of parameters are quite ap-
plicable here [16, 24, 95]|. However, such methods do not guarantee that all steady
state solutions in the given domain are found. During the variation of parameters
there may appear “isols” in the corresponding system of equations.
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A large number of examples of such situations in models of automatic control
are given in [86]. Zeldovich [160] was first to point out the possibility of “isols” in
the chemical kinetic equations under nonisothermal conditions.

In order to solve the stated problem we propose to use an approach based on
elimination of unknowns from a system of nonlinear algebraic equations [11]. As a
result of this elimination we obtain a polynomial in one variable, and for these there
are well developed methods for finding all roots in a given segment. In this chapter
we carry out this scheme for various kinds of equations of chemical kinetics. Some
special systems have already been considered above (see Examples 8.2, 9.1, 9.2, 9.4,
system (9.4)). The questions of finding the number of solutions in a given domain
are analyzed in Sec. 12 for so-called short transformation schemes. The problem of
determining all steady states is settled in Sec. 13. Finally, the specific problem of
elimination of unknowns from a system of chemical kinetic equations (construction
of the kinetic polynomial) is studied in Sec. 14 and 15.

12. Short schemes

In the papers [31, 32, 46, 48, 49, 51| mechanisms for chemical reactions with
a minimal number (two) of independent reagents were proposed. These so-called
short schemes do not contain autocatalytic stages but they do admit non-uniqueness
of solutions.

12.1. THE PARALLEL SCHEME
One such short scheme is the three-stage scheme of the general form

1
mZ = mX,
-1

nZ = ny, (12.1)

-2

pX +qY > (p+9)7,

where Z, X, Y are intermediates, and m, n, p, ¢ are positive integers (stoichiometric
coefficients). The digits above and below the arrows indicate the number of reac-
tions. The scheme (12.1) is typical for catalytic reactions. The substance Z (the
catalyst) is used in the first and second stages and is then stored. In (12.1) there is
a stage of interaction between the different substances X and Y. This is a necessary
condition for the existence of several steady states [30]. This fact will be proved
below as we develop our approach.

Here we analyze in detail how the number of steady states varies with different
relations between m, n, p, ¢ and with different reversibility of the stages in (12.1).
Simple mechanisms containing autocatalytic stages (reactions of the type A + X —
2X) were considered in [29, 47, 50, 72, 90]. The assumption of autocatalysis
allows one also to construct simple models of autooscillations [47]. In this section
we restrict our attention to mechanisms of type (12.1), focusing on the cases of one,
three or five steady states. Here the nonlinearity of the corresponding kinetic model
comes solely from the nonlinearity of the given transformation scheme.
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Mathematical model. To the scheme (12.1) there corresponds the following
kinetic model

T = mkiz2™ — mk_1x™ — pksxPy?,
(12.2)
Yy = nko2" — nk_oy™ — qkszPy?,

where x, y and z = 1 — x — y are the concentrations of the intermediates Z, X,
Y respectively, and k; is the rate constant of the corresponding step (ki, ko, k3 >
0, k_1,k_5 > 0). The solutions of (12.2) are defined in the reaction simplex

S={(z,y): >0, y>0, z+y <1} (12.3)

The fact that S is a w-invariant set for the dynamical system (12.2) guarantees the
existence of at least one stationary point.

Steady states. For system (12.2) the steady states (s.s.) are defined as the
solutions to the system of algebraic equations

mkiz™ — mk_1x™ — pksxPy? = 0,
nkyz2" — nk_sy" — qksxfy? = 0, (12.4)
r+y+z =

The solutions of (12.4) having physical sense lie in the reaction simplex (12.3),
and it is in this domain S that we shall estimate the number of solutions of system
(12.4). We shall distinguish between interior s.s. and boundary s.s. An interior s.s.
is strictly contained in S, i.e. x > 0, y > 0, x + y < 1. For a boundary s.s. we have
either x =0, y = 0 or z +y = 1. The reaction rate, which for (12.1) is given by the
expression

W = ksaPy?, (12.5)

always satisfies W > 0 for interior s.s. but may vanish for boundary s.s.
Let us first consider some particular cases.
1°. k_; =0,i=1,2. The system (12.4) takes the form

mki2™ — pksxPy? = 0,
nkyz" — qksaPy? = 0, (12.6)
r+y+z = L

For (12.6) there always exist two boundary s.s.

Iy = 0, Y1 = ]_, 21 = 0, (127)

Tog = ]_, Yo = 0, 29 = 0, (128)

having zero stationary rate (12.5). We shall examine whether or not there are any
interior s.s. of system (12.6).
1.1. m = n. If the parameters are related by

qkl :pkg, (129)
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then there exists a curve y = y(z) of interior s.s., connecting the two boundary s.s.
(12.7) and (12.8) in S. The equation of this curve is implicitly given by

F(z,y) = mki(1 — 2 —y)" — pksa"y? = 0. (12.10)

Using the formula
Oy  OF [OF

or Oz / Oy

it is easy to show that

dy
— < 0.
Ox
Moreover, if
m=mn=p=q, (12.11)

then by (12.10) the function y = y(z) can be written down explicitly as

1—
y T oa= Vks/kr. (12.12)

- 1+ az’

The value of the stationary rate is represented by

1—2z \™
W =W(x) = ksz™ .
(z) 3t <1+Ozx>

The function W (x) on the segment [0,1] is non-negative and vanishes only at the end
points 0 and 1, so W (z) must have a maximum on the interval (0,1). In particular,
for m = n = p = ¢ =1 the maximum point z, for W (x) is given by

T, =—1/a+/1+1/a?

and the corresponding maximal rate is
1— 2,
14+ az,

Winax = W(z.) = ksz.

The value y, corresponding to z, is calculated according to (12.12). If the equal-
ity (12.9) does not hold, i.e. if pks # gk; then we have no interior s.s.

1.2. m > n. We will show that in this case, apart from the two boundary s.s.,
there may also occur two interior s.s. Multiplying the first and the second equations
in (12.6) by ¢q and p respectively, and subtracting term by term we have

_.| npks
— m-n = qa. 12.13
z {/ k. (12.13)

Using the balance relation (12.6) we get the following nonlinear equation for the
stationary value x

f(z) = zP(by — z)? = bs, (12.14)
where
ks

bp=1—a, b=
1 2= s
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It is clear that a necessary condition for the existence of interior s.s. is imposed by
the inequalities b > 0 and a < 1, i.e.

npky < maqk;. (12.15)

A necessary and sufficient condition for the existence of interior s.s. is obtained from
the requirement f(z*) > by when f'(z*) = 0:

. bl p+q
P’q o > bs. (12.16)

So in order to have two interior s.s. condition (12.15) is necessary while the
inequality (12.16) is necessary and sufficient. Notice that to solve (12.14) in gen-
eral, we must resort to numerical methods. However, in some particular cases this
equation can be solved analytically. For example, if p = ¢ then

1 1 )
T = 5()1 + Zb% + b2/p.

The stationary value y is determined from the stationary value x according to the
relation y = b; — x. It is interesting that the stationary rate of the reaction in this
case is the same in interior s.s., and it has the value

mk mk
W —= —1 Zm — —1 O/m.
p p

The interesting case n = 2, m = p = ¢ = 1, corresponding, for example, to the
three-stage mechanism of oxidation:

(02)+2Z — 270,
(H2)+Z — ZHQ,

has been investigated in detail in [46]. Here the reagents in brackets we have con-
centrations that are kept constant.

1.3. m < n. Except for notation this case is analogous to the previous one. All
conclusions obtained in 1.2 will be valid here after interchanging n &= m, p & g,
ki = ko. For example, the necessary and sufficient conditions for the existence of
two interior s.s. together with two boundary s.s. can be written (in accordance with

(12.15)) as follows
[ mqk
nom | VAL a <1, maqky < npks,
npks
bl p+q
ppqq < ) Z b27

ks,
qks

The stationary rate of reaction corresponding to the interior s.s. is given, in view of

(12.17), by

(12.17)

where
bl =1- a, b2

W = "k,
q
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2°. k ; #0,k » =0. The system (12.4) takes the form
mkyz™ — mk_1z™ — pksaxfy? = 0,

nkez" — qkszPy? = 0, (12.18)
r+y+z = 1

Here it is obvious that the only boundary s.s. is given by (12.7). As before we
shall analyze the number of interior s.s.
2.1. m = n. From (12.18) we have

(pko — qk1)2™ = qk_12™, (12.19)
so if the parameters satisfy
pka < pky (12.20)
we have no interior s.s. But if

mk,1
z= 41—z = Fx. 12.22
\/ oo — gty © 7 (12.22)

2.1.1. m > p. Taking into account (12.21), (12.22) we get (from (12.18)) the
following nonlinear equation for positive stationary values z:

Fa) = b7 = (1= (1+ )" = g(x), (12.23)

we have from (12.18)

where

mko 3™

qks

The solution of equation (12.23) is represented by the point of intersection of the
two curves f(x) and g(x) in the interval (0,1). It is clear that such an intersection
point always exists, and it is unique because g(z) decreases monotonically to 0
and f(z) increases monotonically from 0. We have thus shown that under the
parameter relation (12.20) there exists only boundary s.s. whereas the condition
(12.21) produces also an interior s.s. with nonzero rate of reaction.

2.1.2. m = p. Taking into account (12.22) from the second equation of (12.18),
one easily obtains

b

_q mkgﬁ
Y qks
The stationary value z is found from the balance relation
_(-y)
(1+5)

It is clear that for the existence of interior s.s. we must require (in addition to
(12.21)) that

y<1 ie. mkyS < qks.
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2.1.3. m < p. The equation corresponding to (12.23) takes the form

2271 — (1+ B)x)? =b. (12.24)
Introducing the notation
1 -4
pr= a+5) Pa=b(1+ )

we can represent equation (12.24) in a form analogous to relation (12.14). There-
fore a necessary and sufficient condition for the existence of two interior s.s. (in
accordance with (12.16)) is given by

, - B g-+p—m
¢'(p —m) (m) > [ (12.25)

Notice that the necessary condition (12.15) for the existence of interior s.s. is au-
tomatically fulfilled in this case, since ; > 0. Moreover, equality in (12.14) and
(12.25) implies the existence of non-rough s.s., whereas a strict inequality guarantees
the existence of two rough isolated interior s.s.

2.2. m > n. The equations (12.18) imply that

1
)
from which
k
_ (g _ g\ Umonfm (e yUm g  eP 12.26
r=(z a) "Mk Jk_)Y™, @ kg’ ( )
1/q
(1-p/m)n/q ks (k_1\P/™
g 2 nky (k1 _ (12.27)
(Zm—n _ a)p/(mQ) qu k]_

Substituting (12.26) and (12.27) into the identity 1 — z — y = z we get an equation
with respect to z:

(1—p/m)n/q
1—z=a,(z" " —a@)Y"2"™ + ay ‘

(zm—n — q@)p/(ma)’ (12.28)

where y
k k. p/m a
a; = m\/ kl/kfl, a9 = 2 <—1> .
qks \ ki

It is obvious that a necessary condition for the existence of a positive solution to
equation (12.28) is @ < 1, i.e.

nkop < mkiq. (12.29)

When the inequality (12.29) is satisfied all solutions of (12.28) with a physical sense
are located in the interval (@, 1), where

a=a/"m.
2.2.1. m < p. In this case (12.28) may be rewritten in the form

Qo B
(v — @)pltma) ;olm—Dnja fi+ for (12.30)

l—z=a1(z2"" — E)l/mz”/m +
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It is clear that the functions fi, fy given on the interval (@&, 1) are monotone (fi
increases and fo decreases). Hence their sum f; + fo can either decrease or have at
most one minimum for z € (@, 1). The intersection points of the line 1 — z with
the curve fi(z) + f2(z) are solutions of equation (12.30). Therefore we either have
no interior s.s. or at least two (rough) s.s., but by virtue of the convexity of f; and
f> we can have no more than two such s.s.
2.2.2. m > p. We write equation (12.28), which is analogous to (12.30), in the
form
1—2z= fi(z) + f3(2),
where
(1-p/m)n/q

fs(Z) = G2

It is obvious that the function f3(z) can have at most one minimum on the interval
(@, 1). Therefore the conclusion on the number of s.s. from case 2.2.1. are true here
too, i.e. we either have two s.s. (f1 + f3 is convex), or none.

2.3. m <n. From (12.18) we express (analogously with (12.26), (12.27)) the
values of  and y through z:

1/m
npk; 7 n—m\1/m
— b
x <qu_1> (b— 2",

B nk2 1/q qu—l p/(gm) Z(nfp)/q
y= qu Tl,pkg (E — Zn—m)p/(mq) '

In this case the equation for positive values of z takes the form

Fiaericnt (12.31)

(n—p)/q
1— »— 7 n—m\1l/m _ z
z bl (b z ) Z+ b2 (b — znfm)p/(mq) R

B qul b — < npk2 >l/m b (n_l@)l/q <qul>p/(qm)
npky’ gmk_; b2 qks npks :

In order that all positive solutions of (12.32) belong to the interval (0,1) it is neces-
sary that b < 1, i.e.

(12.32)

where

gmk; < npks (12.33)

which is opposite to (12.29). Under condition (12.33) all positive solutions of (12.32)
of interest to us lie in the interval (0, 3), 8 = pH/mmm),

2.3.1. n > p. Equation (12.32) can be written as
1—2z=g1(2) + 92(2),
where the function g; has a maximum for z € (0, 3), and vanishes at the end points
of the interval, while the function g»(2) increases monotonically towards infinity
as z — 3. Therefore we have either one or three interior s.s. (odd integer). The

question of more than 3 s.s. is here left open.
2.3.2. n < p. Equation (12.32) can be written as

1—2z=gq1(2) + g3(2),
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where the function g; has a minimum for z € (0, (), and tends to infinity as z — 0
and z — (3. Therefore we will here have an even number of s.s.: a) no interior s.s.,
b) two interior s.s., ¢) four interior s.s.

With the stationary equation written in the form (12.32) it is easy to choose
the parameters k; so that we have four interior s.s. We must take k_; sufficiently
small, which ensures that b; is large and by is small. In this way a situation with
four interior s.s. will be realized.

Observe that in this case we can have up to five s.s. — one on the boundary
and four interior ones. As will be shown later, for £_5 > 0 the boundary s.s. can
become an interior s.s., so that we get five interior s.s.

It is probable that the number of s.s. cannot exceed five. Moreover, the above-
mentioned case of five s.s. is rather exotic: m < n < p, i.e. at least m =1, n = 2,
p = 3 and the third stage in (12.1) is more than three-molecular. If we restrict to

m<2 n<2 p+qg<3

then a situation with more than three s.s. would seem improbable.

3°. k_5 #0, k_; = 0. All conclusions obtained in item 2° are true in this case
too if we make the permutation m = n, p 2 q, ki &= k.

4° k_;, k_5 # 0. In this case the boundary s.s. are absent.

THEOREM 12.1. If m = n then for m > p, m > q the system (12.4) has only
one root in S.

Proof. The first equation in system (12.4) defines a decreasing curve in S starting
at the point (0,1). Indeed, if we rewrite (12.4) in the form

Pi(z,y) = —mki(1 —x — y)™ + mk_12™ + pksaPy? = 0, (12.34)

Po(z,y) = —nko(1 — z — y)" + nk_sy" + qkszPy? =0, (12.35)

then equation (12.34) gives the curve y = y(z) implicitly. Let us show that it is
unique and monotonically decreasing in S. The curve y(z) has only one singular
point (0,1) in S, because the gradient

grad P, = (m?k (1 — 2 — y)™ P+ mPk 2™ 1 + p*kga? 1y,

m’ki(1 — z — )™ " + pgksaPy?™)

vanishes in S only if m > 1 and z = 0, y = 1. To examine how many branches of
y(z) there are in S, we take z = ¢, so that

—mki(1 — e — y)"™ + mk_1e™ + pk3ePy? =0
or equivalently
(=)™ mky(y — 14 €)™ + mk_1e™ + pkaePy? = 0.
If m is odd then
pksePy? + mk_1e™ = —mky(y — 1 +¢)™. (12.36)
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On the left hand side of this equation stands an increasing function (for y > 0),
while the right hand side is a decreasing function. Hence (12.36) has at most one
solution. If m is even, say m = 2s, then

pkg&'pyq + mk_1€2s = mkl (y -1+ 8)25. (1237)

On the segment [0, 1 — ¢] equation (12.37) can have only one root, for the left side
of (12.37) is increasing whereas the right side decreases.
Consider the intersection points of the curve y(z) with the axis Oz. For y = 0
we get the equation
mki (1 — )™ = mk_1z™,

k. 1/m

i.e. for even m
and for odd m

Consequently

and therefore either z; > 1 or x5 > 1, i.e. the curve y(z) has only two points of
intersection with the sides of the triangle S. Hence in the interior of S there is only
one branch of the curve, and this curve is decreasing, since

; m2ky (1 — 2 —y)™ P+ m?k_ 2™ + p?haxPy?
Ya m?ki(1 — z — y)™ ! + pgkszPys

If we multiply (12.34) by ks, (12.35) by k1, and subtract, then we have
P = mklk,gym — kakfll'm + xpyq(qu — k2p) =0.

< 0.

Hence this curve y = y(z) contains the point (0,0) and
grad P = (—mkok_13™"" + phsa? 'y (kiq — kap) ,

mkik_oy™ " + qhsaPy? (kiq — kap)).
If k1qg — kop > 0 then the gradient vanishes only for y = 0, and hence z =0 (m > 1).
If k1qg — kop < 0 then again we must have z = y = 0 in case grad P = (0,0). For
ki1q — kop = 0 the same is true. Thus, the only singular point of this curve is (0,0).
Now we analyze how many branches of this curve in our triangle S emanate from
the point (0,0). Fixing z = ¢ we get

P = mk‘lk_gym + kg&'p(qu - kgp)yq - mkgk_lé'm = 0.
If m > ¢ then this equation has only one positive solution. If m < ¢ then it can

have two solutions. Thus for m > ¢ this curve has one branch lying in S.
Let us consider the derivative

, = mPhok_y ™ 4 phga?y (kg — kap)
Ya = m2kyk_oy™ ! + qksaPyt=t(kyq — kop)
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If k1q — kop > 0 then the denominator does not vanish, and for the numerator
—mkok_12™ ' + phsa?y? (kyq — kop)
to vanish we must have
ksz"y? (k1q — kap) = m2k2k71$m/p-
Inserting this expression in P we get
P = mkik_oy™ + mkok_12™(m — p)/p = 0.

So if m > p then the numerator is non-vanishing (y/, > 0) in our domain and the
equation P = 0 defines an increasing curve y(z).
If instead k1q — kop < 0, then the numerator does not vanish, but we would have
yr = oo if
m*kik_ay™ + qksz?y?(kiq — kap) = 0.
This in turn would mean that
ksa?y?(k1q — kop) = —m*kik 2y™/q,
P = —mkyk_12™ — mkik_sy™(m — q)/q,
i.e. y. >0 for m > q. If kyq = kop then it is obvious that y, > 0. [
Now we restrict our considerations to cases with small values for the stoichio-
metric coefficients: m <2, n <2, p+q < 3.
4.1. m=1,n=2,p=q=1. The system (12.4) takes the form
ki(1—z —y) —k_yx — kszy =0,
(12.38)
2ko(1 — 2 — y)? — 2k_oy? — kszy = 0.
Solving for y in the first equation we have
. kl — kl,f(f - k_l,f(f

= > 0.
4 kg,f(f + kl

From here it follows that

- (1 —:(:)/4:3:1:+k‘_1:(;
0<z<-——=k, l—z—y= _
v kl +k_1 b o 4 k3$+/€1

Substituting y into the second equation of (12.38) we obtain
P = 2kok2x* + ky(kiks + ksk_y — dkoks — 4kok 1)z +
(k2 kg 4 kyksk y + 2kok2 + dkoksk 1 + 2kok® | — K2k o — dkyk 1k o —
—2K% k_o — k1k3)2® + ky(dkik_o + 4k _1k_o — kiks)T — 2k _ok] = 0.

Let us now determine the number of zeros of P in the interval [0, k;]. This can
be done by means of the Budan-Fourier theorem (Theorem 3.6) in combination with
the Descartes sign rule and the Hermite theorem (Theorem 3.2) (the Sturm method
is too cumbersome).

Let P(z) be a polynomial of degree n with real coefficients. In order to determine
the number of zeros of P in the interval (a,b), we form the two number sequences:

1) P(a), P'(a),...,P™(a); 2) P(b), P'(b),...,P™(b).
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If none of these numbers is equal to zero, then by the Budan—Fourier theorem the
difference between the number V' (a) of sign changes in system 1) and V' (b) in system
2) either equals the number of roots of P in (a,b), or is less than this number by an
even integer.

By the Hermite theorem the number of real zeros of a real polynomial P of
degree n is equal to the difference between the number of sign repetitions and the
number of sign changes in the sequence

S0 S1 ... Spn—1
So S1 S1 So Ce Sn
AOZL A1:507 Ay = 7"-7An: ’
S1 89
Sn—1 Sn ... S2p-2

where s; are the power sums of the zeros of the polynomial P, and all determinants
are non-vanishing. The power sums sy, $1, ..., S, for the polynomial
P=z"+bz" ' +...4+b,=0
are calculated by the recursion formulas (2.1)
Sj + sj—lbl + Sj_2b2 + ...+ slbj—l + ]b] == 0, for j S n,
s; + Sj_lbl +...+ Sj—nbn =0, for j>n.
Let us now apply these theorems to our case. Since P(0) = —2k_sk; < 0 and

— 2k2ko((ks + k1) (k1 + k1) — kiks)?
P(k) =L >0,
(k1) (k1 + k1)
we see that P has one or three zeros in the given interval. We make up two columns

of numbers

1) P(O) <0, 2) P(El) = 2]9%/92(/91/9_1 + kzl‘i‘
+k3]€_1)2 > 0,
P,(O) - 4]€1k_2 + 4k_1l€_2— PIE1 - E1k3(k1(k1 + k_1)+
— ki ks, hoks) + A ko (kik_y + K2+

sk 1)2 /K2 + AF ko (kuk_y + K2+
+k3k71)/1€1 > 0,

PP (0) = k2ks + kiksk 1 — P® (ky) = 2k k2(ky + k_1)*—

+2kok2 + dkoksk_y + 2kok? | — — 12k kok2k_q — 12kykoksk_y (ky+

—2k2k o — dkik 1k o— +k_1)kiks(k1 + k_1)> + (ki +

—2k2 ko — kyk2, +k_1)2(2kok? + dkoksk_y + 2kok? ) —
—2k o (k1 + k_1)%,

P®)(0) = kyks + ksk 1 — PO (ky) = dkoksky — 4koksk 1+

—4kokg — 4kok_y, +k2kg + 2k kok_q + ksk? | — 4kok_y X
X (kl + k_l),

P®(0) > 0, P® (k1) > 0.

In order for P to have three roots in the interval it is necessary that the right
column should have no sign change, i.e. P®(k;) > 0 and P® (k;) > 0, while the
left column should have three sign changes. Since we can assume that k ; and k& _»
are small in comparison to the other k;, we have that P'(0) < 0, from which we get
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that P®(0) > 0 and P®(0) < 0. This means that the following inequalities must
be satisfied: P® (k1) > 0, P® (k) > 0 and P?(0) > 0, P®(0) < 0, or P'(0) > 0,
P®(0) < 0, or P'(0) > 0, P®(0) < 0. These inequalities are compatible, since for
k_l - k_z - 0,

PA(1) >0, PO (1) >0,

PP(0) = K2k + 2kok? — k1k2,  PO(0) = kyky — dkoks.

Therefore the domain of three roots can be described by the inequalities ky < 4k-
and k? + 2ksks > kiks. In other words, if ky, ko, ks satisfy these inequalities then
we can always choose small k_; and k_, so that the other inequalities hold.

Now let us consider the number of real zeros of the polynomial P. In order for
three zeros to lie in the interval [0, k;] it is necessary and sufficient that P has four
real zeros, i.e. Ay > 0, Az > 0 and Ay > 0. Since P has at least one zero on [0, ky] it
has at least two zeros on the real axis, so if Ay > 0 we must necessarily have Ay > 0
and Az > 0. Let

P = apz* + a12® + asz + ay.
We have
Ay = ISai’agaga4 + a?agag + 144(10@%@2@2 + 18a0a1a2a§ + 16a0a‘21a4+

+144a2aza2ay + 256a3a3 — 27ata? — 4a3ad — 6aaday — 4alada,—
—80agaiazasay — 192a2a,asa3 — 4agaia? — 128a2a2a2 — 27ala;.

So the domain of three zeros is given by the inequalities

PO (k) >0, PO(k;) >0,

PP0) >0, P®0)>0 Ay>0.

Let us show that these inequalities are compatible. Suppose k1 =0, k 5 = 0.
Then we can replace the inequalities k£ — 4k < 0 and k% + 2koks — k1ks > 0 by the
single inequality k; < 2k, representing a somewhat smaller domain. In this way all
inequalities (except Ay > 0) will be satisfied. The inequality A4 > 0 is equivalent
to the following:

Q = ks(ky — 4k2)? (k2 + 2koks — kyiks)? + 4k2K2 (4ky — ky)3—
—36k2koks(4ky — k1) (k2 + 2koks — kiks) — 8ko(k? + 2koks — kiks)®—
—108k{k3ks > 0.
Expanding the polynomial () in powers of k3 we obtain
Q = k3k3(2ky — ky)? 4 2k2k3 (—3k3 + 4k%ky + 28k, k2 — 32k3)+
+kski(k? 4 52k ky — 28k2) — 8kSk,.

Since the coefficient of k3 is positive we have @ > 0 for sufficiently large k.
Moreover, () has only one zero for fixed k; and ks, since the coefficient of k3 is
negative (k; < 2k;). Hence Ay > 0 for sufficiently large k3. Therefore we get that
A4 > 0 for sufficiently small £_; and k_5. Thus the domain of three zeros is not
empty.
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42. m=1,n=1,p=2,q=1. The system (2.4) takes the form
ki(1 -z —y) —k 1z — 2ksz’y = 0,
0.

ko(1 —x —y) — k_oy — ksz’y
Solving for y in the first equation we obtain
ki — kiz —k_1x
T 2tk

and hence
P = kaa®(ky + by — 2k) + kaz?(2ks — k1) +
v (kok 1 + kik_o + k_ik o) — kik_o.
We need to determine the number of zeros of P in the segment [0, k;], where
— k
S
Since P(0) = —k1k_» < 0 and

P(ky) = Fyko(k_y (ky + k_1)? + 2kokik_1) /K2 > 0,

we see that P has one or three zeros in this segment. We have

1) P(0) <0, 2) P(ky) >0
P,(O) > 0, P,(El) = k3k%(k1 — 2k2) + dkokskik_ 1+
+hskk 1+ (ky +k_1)?(kok 1 + ko (ky + k1)?),
P®)(0) = 2ky — ky, P® (k1) = ky(ky — 2ky) + 2k1k_y + 2k1k_1,

P®(0) = ky + k_y — 2k, PO (k1) > 0.

In order that the left column should have three sign changes it is necessary and
sufficient that k; — 2k2 > 0, and then the right column will have no sign change.
Therefore a necessary condition for the existence of three zeros is k1 —2ks > 0. Now
we seek a necessary and sufficient condition for all zeros of P to be real. As in the
previous case it is given by the inequality Az > 0:

As = ks(2ky — k1)?(kok_y 4 k1k_o + k_1k_5)*+
+18k1ksk_y(ky + k_y — 2ko) (k1 — 2ko) (kok_y + kik_o + k_1k_o)—
—4k1k3k_o(ky — 2ko)® — 4(ky + k_y — 2ky) (kok_1 + kik_o+
th_1k_y)® — 2Tk2ksk? ,(ky 4+ k_y — 2k3)? > 0.
This domain is not empty, since for k_, =0
As = k2kgk_y(ky — 2ky)? — k3K [ (ky + k_y — 2ks),

and if ky — 2k, is sufficiently large then Az > 0, so that for small k£ 5 and large
k1 — 2ky the inequality Az > 0 holds. If k_; = 0, then Az < 0 and we have one root.

Notice that ks is bounded in this domain when the other k; are kept fixed, since
ks < k1/2; and k; is bounded when the other k; are fixed, since if we expand Aj in
powers of k; then the coefficient of &} is

—4k2k_y — 4K, — 8kok?, < 0.
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Also k3 is bounded for the other k; fixed, since

A3 - —4k1k§k,2(k1 - 2k2)3 + kg((2k2 - k1)2(k2k71 + klkfg + k,1k72)2+
+18k ko (ky 4+ k_y — 2ky) (ky — 2ko) (kok_y + kik_o + k_1k_5)—

2Tk ko (ky + k1 — 2k2)?) — A(ky + k1 — ko) (kok 1 + knk o+ k 1k )%

Here the leading coefficient is less than zero. Moreover, this domain can have the
form

N -

. . * k3

or

. k3 »

but as a whole it is not bounded, as shown by the above reasoning.
43. m=1,n=2 p=2 q=1. The system (12.4) takes the form

k(1 —z —y) — k_yz — 2ksx®y = 0,
2ky(1 — z — y)? — 2k_oy® — ksz’y

I
e

From the first equation we get

. kl — kll' — k,1$
y= 2k3$2 + kl ’

and inserting this into the second equation we have

P(z) = 8kZkox® + 2k22° (ky + k_1 — 8ky) + 2kpz* x
X (4ksky — dkok_1 — ksky) + ksz® (8kak_y + kik_1 + k3)+
+£L'2 (2]92]9%1 - kgk% - 2]9%2]9_2 - 2k_21€%4l€_2]€_1l€1)+

+4kik_ox(ky + k_y) — 2kik_5 = 0.

We have to find the number of zeros of P in the segment [0, k1], where

ky

L S
' ki +k_q



APPLICATIONS IN MATHEMATICAL KINETICS 115

Since P(0) < 0 and P(k;) > 0, we know that P can have one, three or five zeros in
this segment. We have

1) P(0) <0, 2) P(ky) > 0
P'(0) > 0, P'(ky) >0,
P (0) = 2kyk? | — kik2— P (k) = 8kok2k2(k? — 8kik 1 + 6k2 )+
—2k_o(k1 + k_1)?, +8k3k2(ky +k_1)% — 2k o(ky + K 1)%+

+24k1koksk 1 (k1 + k_1)* (k=1 — k1)+
+2k2ks (k1 + k_1)* + 2kok? | (k1 + k_1)*,

P®)(0) > 0, PO (k1) >0,

P(4)(O) = dhgks — Akok 1 — ks, P® (El) = k2k3(6k% — 8kik 1 + k37)+
+4(ky + k1) (kiks — kaky),

PO (0) =k, + k1 — Sk, PO (k1) > 0,

PO)(0) > 0, PO (k1) > 0.

P®)(0) and P™®(0) cannot both be positive, since if ky + k_; — 8ky > 0, then
8]€2]€3 — 8kok_1 — 2k1k3 < k1k3 + k_1k3 — 8kok_1 — 2k1ky =
= kg(k,1 — kl) — 8kok_1 <0

So the left column can have either three or five sign changes, for
2k2k31 — klkg — 2k,2(k1 + k71)2 < 0.

If we suppose that k_1,k_» = O(kq, ko) then we can obtain five sign changes. Hence
the number of zeros can be determined by forming the power sums sg, s1, ... , sg and
the determinants Ag, Aq, ..., Ag.

Let us show that the polynomial P may have at least three zeros. Suppose
k_y = k_o = 0. Then P has a zero x = 0 of multiplicity 2 and a zero z = 1 of
multiplicity 1. We investigate the polynomial @) on the segment [0,1]:

Q = 8]€3]€2$3 + 2]€3$2 (kl - 4k2) + k%

Q0) = ( ) >
Q'(0) = Q'(1) >
Q®(0) = kl — 4kj, QP (1) > 0
Q<3>(0) >0, QB(1) > 0.

We see that for ky — 4ky < 0 there are two sign changes, and for k; > 4k, we have
no sign change and no zeros. Therefore the inequality k; — 4ks < 0 is a necessary
condition for having more than one zero. Being a polynomial of odd degree () has
at least one real zero. Hence the number of real zeros is determined by the sign of
Ajz: If Az > 0 then @ has three zeros, and if A; < 0 then ) has one zero. We have

As = 32k3k3 (4ky — ky)® — 27 - 64k2k2ET = 32k2K? (ks (4ky — k1) — 54K2k2) > 0,

so if k3 is sufficiently large this condition is fulfilled and ) has two zeros on the
segment [0,1]. Then for small nonzero k ; and k 5 the polynomial P will have
three zeros.
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For finding the zeros we must (as a rule) solve the nonlinear system (12.4) nu-
merically. It is only in particular cases that we can write the solutions of (12.4) in
closed form. For example, letting m =n = p + ¢, we get from (12.4)

(gk1 — ph2)2™ = qk_12™ — pk_oy™. (12.39)
Substituting (12.39) into the second equation of (12.4), we have
g™ Py — apy™ T = a, (12.40)

where a1 = gmk_1ks, ag = qmkik_o, az = qks(qgk; — pks). Equation (12.40) can
also be written

uPt — ypuf — 7y, =0,
where u = z/y, y1 = as/aq, ¥2 = a3 /. Suppose in addition that p = ¢q. Then

T =cy, C—\/’Yl \/ ’Yl+’)/2a

and since the second equation of (12.4) gives
ka(l — (1 + C)y) = (mk72 + qk30p)y )

kg qucp Lm\
=11
Y (+c+<k2+mk2>

In general, when there is a possibility of having several s.s., we must either solve
the initial system of equations numerically, or use elimination of unknowns to reduce
it to a single equation in one unknown, and then look for the zeros of the obtained
polynomial. An account of elimination methods for more general situations will be
given in Sec. 13.

Conclusions. The analysis of the number of s.s. for a three-stage mechanism of
the general form (12.1) shows (Theorem 12.1) that a difference between the kinetic
exponents of the first and second stages (i.e. m # n) is a necessary condition for
having several s.s. We considered various cases corresponding to irreversibility of
the adsorption stages (the first and second stages), with different relations between
the stoichiometric coefficients m, n, p, ¢. We indicated the cases with one, three,
five s.s. For parallel schemes (12.1) the case of five s.s. appears to be rather exotic
(for example m < n < p,i.e. m =1, n =2, p=3). Moreover, it seems likely that
for the given mechanism the number of s.s. does not exceed 5 for any m, n, p, q. So
the most typical situations, in which several s.s. occur, are the ones with three s.s.

12.2. THE SEQUENTIAL SCHEME

There exists one more important type of three-stage mechanisms which admits
several s.s. [51]

we finally get

1
mZ = mX,
-1

nX & nY, (12.41)

b Tle
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pX +qY > (p+9)Z,

where m, n, p, q are stoichiometric coefficients positive integers), Z is a catalyst, and
X, Y are intermediates. The scheme (12.41) can be called sequential in accordance
with the character of the first two stages.

The scheme (12.41) contains a stage of interaction between the different sub-
stances X and Y (stage 3). Its presence in the detailed mechanism is a necessary
condition for the plurality of s.s. But it is not by itself sufficient for the appearance
of several s.s. As the investigations of the parallel scheme have shown, some special
relations must hold between the kinetic exponents of the various stages. In this
section we shall describe, in terms of the stoichiometric coefficients m, n, p, ¢, those
mechanisms of type (12.41) for which the kinetic models have more than one s.s.,
and we shall also give estimates for the number of these s.s.

Mathematical model. To the scheme (12.41) there corresponds the following
nonstationary kinetic model

Yy = nkx™ —nk oy" — qksxPq,

z = —mklzm + mklxm —+ (p + Q)kgil,'pyq, (12.42)

where £ = 1 — y — z, y and z are the concentrations of X, Y and Z respectively,
and k; are the rate constants of the corresponding reactions.

The solutions to the two ordinary nonlinear differential equations (12.42) are
defined in the triangle

Sr={(z,y,2) s 2,y,2>0, z+y+z=1}, (12.43)

which, as before, we shall call the reaction simplex. The system (12.42) has the
property that S, is a w-invariant set for it. This ensures the existence of at least
one s.s. belonging to S,. As the reaction rate we take the rate of stage 3, i.e.

W = kszPy?. (12.44)

This corresponds to the assumption that a product emerges in stage 3. In an interior
s.s. the stationary rate W is strictly positive, whereas W may vanish in a boundary
S.S.

Steady states. The s.s. of system (12.42) are defined to be the solutions of the
system of equations

nkox" — nk_oy" — qkszPy? = 0,
—mk 2™ + mk_1z™ + (p+ q)kszPy? = 0, (12.45)
rT+y+z =
We rewrite (12.45) in the form
nkox"™ — nk_oy"™ — qkszPy? = 0,
—mki(1 —xz —y)™ +mk_12™ + (p + q)kszPy? = 0. (12.46)

The problem is to find the number of roots of the nonlinear algebraic system (12.46)
in the triangle

S={(r,y): >0, y>0, z+y <1}, (12.47)
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which, just as the triangle S, (12.43), we shall call the reaction simplex. Observe
that for £ 1, k5 > 0 the system (12.46) has no boundary s.s.

THEOREM 12.2. For p < n the system (12.46) has only one interior s.s.

Proof. Consider the first equation from (12.46):
Pi(z,y) = nkax" — nk_oy" — qksaPy? = 0. (12.48)
The curve y = y(x) which is defined by equation (12.48) has (0,0)as its only singular
point, since
grad P, = (n%kox™ ™' — paksa? 'yt | —n’k_py" ! — ¢PkaxPy?™h),
which vanishes if z =0, y =0 and n > 1.
We now analyze how many branches originate from the point (0,0) and lie in the

quadrant (z > 0, y > 0). The point of intersection of our curve with the line x = ¢
will be determined by the equation

nkee™ — nk_oy" — qksePy? =0,
which always has one positive root, since there is only one sign change in the coef-
ficient sequence.

So from the point (0,0) there emanates one branch of the curve y(z) into the
positive quadrant of the (x,y) plane. The derivative of this branch is

, nkax™ ! — qpkga? 1yt
Yz = n2k_oyn—1 + q2ksrPy1-1’

where the denominator is always greater than 0. For ¢/ to vanish we must have

n2kox™ ! = qpkgxp_lyq.

If £ # 0 this means that
n?koa™ = qpkszPy?,

or 2y
qksxPy? = nRr
From the equation of the curve we thus find that
2k n
nkox™ — nk_sy" — Rt 0,
p
and hence
n <1 - ﬁ) kox" — k_oy™ = 0.
p

If p < nthen y =0, and z = 0, so in this case the curve y(z) has no extremal points
and is therefore increasing.
Consider the curve given by the second equation from (12.46):

Py(z,y) = —mki(1 —z — y)™ + mk_12™ + (p + q)kszPy? = 0.
This curve y(z) has the only singular point (0,1) in S, since the gradient
grad P, = (m*ki (1 —z — )™ ' + (p + @)pksz” 'y + m*k_12™ 1,
m’ki(1—z —y)™ "+ (p+ q)qksz’y" ),
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vanishes in the triangle S only if m > 1 and £ =0, y = 1. Taking x = ¢ we get
mki(1 —e —y)™ +mk_1™ + (p + @)kse’y? = 0,
or
(=)™ mk_y(y — 14+ €)™ +mk_1e™ + (p + q)kse’y? = 0.
If m is odd then

(p + q)ksePy? + mk_1e™ = —mki(y — 1 +¢)™.

The left hand side of this equation is an increasing function for y > 0, whereas the
right hand side is decreasing. Hence this equation has no more than one solution.
If m = 2s is even, then we get an equation of the form

(p+ q)kzePy? + mk_1e™ = mky(y — 1 +¢)™.

On the segment [0,1 — €] the left hand side is increasing, while the right hand side is
a decreasing function. So in this segment there is at most one root. Consider now
the intersection points of the curve y(z) with the axis Oz. For y = 0 we get the
equation

mki(1 — )™ = mk_1z™,
i.e. for even m
l—ax=+£7% k_l/kl.'[},

and for odd m
l—a= m\/ k_l/klﬁ(f.

-1
From here z; » = (1 + '",/’%1) , and hence either 1 < 1, zo < 1 or 125 < 1, i.e.

the curve y(x) has only two points of intersection with the sides of the triangle S.
There is thus only one branch of the curve y(z) inside S, and this curve is decreasing,
since

p o mPha(l—z—y)™ P+ mPhoa™ 4 (p+ q)pkar” 1y

= < 0.
Yu m2ki(1 —z — y)™ 1 + (p+ q)gkszPys!

In conclusion, for p < n the first curve (given by P; = 0) increases, while the second
(P, = 0) decreases. The system (12.46) therefore has only one interior s.s. [

So for p < mn, k_1, k_5 > 0 we have only one interior s.s. and no boundary s.s. So
cases with many s.s. must be looked for among mechanisms with p > n. Below we
will estimate the number of s.s. in different particular cases for which the relation
p > n holds. Recall that in the parallel scheme the inequality m # n was a basic
necessary condition for plurality of s.s. Here we have instead the condition p > n.
The asymmetry of this latter condition is explained by the asymmetry of the scheme
(12.41), in contrast to the scheme (12.1). In (12.41) the substances X and Y are
involved in the given scheme in different ways, whereas in (12.1) X and Y play
identical roles.

Now we consider some particular cases corresponding to different reversibility
assumptions at the stages 1 and 2 in the mechanism (12.41).



120 CHAPTER 3.

1°. k ; =k 5 = 0. The system (12.45) takes the form
nkox"™ — qksxPy? = 0,
mki1z™ — (p+ q)ks3aPy? = 0, (12.49)
r+y+z = 1

System (12.49) has one boundary root z =0, y = 1, 2 = 0. The other roots satisfy
the system

nkyz" P —qksy® = 0,
mki1z2™ — (p + q@)ksaxPy? = 0, (12.50)
r+y+z = 1,
from which we get
k
y! = Bx”*p, gmkiz™ = (p + q)nkax",
qks

and hence

Y

1/q
y— ("_’f?> L P/a — o )/
qks

k 1/m
L= (’I’L 2(p+q)> xn/m :C2:L,n/m.
qmky

Then we have
T+ Clx(nfp)/q + Cﬂn/m —1=0,
and making the substitution x — z™¢, we obtain
2™ 4 ey p™P™ 4y — 1 = 0. (12.51)
the condition n — p < 0 then gives
gmPEaTn) oo gratpmomn g pmn)m oy — ()

and, in view of the Descartes theorem, this equation has at most two roots.
Let us verify that the case of 2 roots is indeed possible. Letting k; — oo we get

P(z) = g™ptem) _ glo-mm 4 oo — . (12.52)

< p—n )1/(me)
Tog=|——
p+q—n

for the derivative of the function P(z), and in order for equation (12.52) to have
exactly two positive roots, it is necessary and sufficient that

B 1+(p—n)/q . (p—n)/q Eo\
P(xo) = <7p . ) - <7p . ) + <@> <.
p+qg—n pt+q—n qks

This can always be achieved by decreasing k5. So for any m, n, p, ¢ with p > n, the
system (12.49) may have either two interior roots, or no such roots.

We find the zero
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2% k 5 = 0. Now the system (12.45) takes the form
nkox" — qksz?y? = 0,
mk1z™ — mk_12™ — (p + q)kszPy? = 0, (12.53)
r+y+z = 1

System (12.53) has the boundary s.s. z =0, z = 0, y = 1. The other roots satisfy
the system

nkox" P — qksy? =

mki2™ —mk_12™ — (p + q)ks3axPy? = (12.54)

rT+y+z =

1/q
y— ("_’f?> LD — g ),
qks

z = (mkp) ™™ (qmk_12™ + n(p + q)koa™)/™ =
= ca(qmk_12™ + n(p + q)koc™)/™.
Then the equation for £ becomes

F(z) =z + ¢,z P/ + cy(qmk_12™ + n(p + q)ksz™) /™ —1=0.  (12.55)

— o o

From here we get

Let us estimate how many positive roots equation (12.55) can have. We compute
the second derivative of ' and observe that

(zmP)ayr 5
for x > 0, while
((gmk_12™ + n(p + q)koz™) ™) =
_ nP(p+q)?k3x*(n — m) + q(p + @) k2k_ym?n(n — m)(n — m + 1)z™t" 2
N m2(gmk_1z™ + n(p + q)kpx™)@m—1)/m '
It follows that F" > 0 for n > m. So in this case equation (12.55) can have at most

two positive roots. The case of a greater number of roots is possible only for p > n,
m > n.

LEMMA 12.1. Let
@ =11 +1)°,
with a, 8 > 0. Then ¢" > 0 or < 0 for t > 0 if and only if either « + 3 < 1, or
a> 1.

This lemma is verified by straight-forward differentiation.
In order that F' should have at least 4 zeros it is necessary for the function
®(z) = e,z P9 4 cy(qmk_12™ 4 n(p + q)kgz™)/™

to have at least three extremal points, i.e. ®' should have at least three zeros. Now,
the equation

O = —¢ P pnr—a)fa 2 gm?k_1z™ " + n’(p + q)koa"

=0
q m (gmk_1z™ — n(p + q)kea™)'=1/m
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can be written

A+ Bx"™™ — Qg™ P=0/4(D 4 Egnm)itm = ),

n—m

Introducing the new variable x =t we obtain

g(t) = A+ Bt — Cteren/lam=—n)(p 4 ppl-t/m —q,
We then apply Lemma 12.1 to g(t) with

p+qg—n m—1
= > 5277
q(m —n) m
which gives us ¢" > 0 or <0 if
ptqg—mn

q(m —n) =

or
p+q—n n m—1
g(m—n)  m
ie.p+q—n—qgm+qgn > 0 or pm + gn — mn < 0. But since p > n the second
inequality cannot be satisfied. So if p + g+ gn > n + gm then ®' cannot have three
extremal points, and hence equation (12.55) has at most two roots.
Finally we get: If p < n then system (12.53) has no interior s.s.; if p > n and
n>morp+q+qn > n+ gm, then (12.53) has at most two interior s.s.
3% k ; = 0. The system (12.45) takes the form

<1,

nkox" — nk_sy"™ — qkszPy? = 0,
mki 2™ — (p+ q)ksxPy? = 0, (12.56)
r+y+z = L

This system (12.56) has no boundary s.s., i.e. all its s.s. are interior. Estimates of
their number will be made below, under the general assumption k£ 1, k 5 # 0, for
different concrete values of m, n, p, q.

We restrict our attention to mechanisms of type (12.41), for which m, n < 2,
p+q < 3. In view of Theorem 12.2 it is enough to analyze only the case p > n.

4> m=n=q=1, p=2. Consider the system

kot — k_oy — ksz’y = 0,

ki(1—2 —y) —k_yz — 3ksz’y = 0. (12.57)
Solving for y in the second equation, we get
ki —k_1x — kix
T Skt ke

Since y > 0 we must have
kl — k_l,f(f - klﬁ(f Z 0,
so that

0<z< =k <1

M
ki+k_q
and

0<l—z—y=
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(1 —2) (Bksz® + k1) — k(1 —z) + k2
3k3.fL'2 + kl
_ Bksr*(1—z) + kgz
N 3]€3.’L’2 + kl ’
for 0 <z < 1. So for 0 < z < k; the root of system (12.57) will be located inside
the triangle S. Substituting y into the first equation, we get
P = k3z®(3ks + ky + k_y) — kiksz® + z(kike + kik_o+k_1k_y) — kik_y =0,
P(O) =—kk_y < 0, (1258)
P(El) = kle/(kl + kfl) > 0.
Hence the polynomial P has at least one, but no more than three zeros in the
segment [0,k;].
The determination of the number of roots of a polynomial in an interval is based

on the Budan—Fourier theorem and the Hermite theorem. In order to apply the first
of these, we must calculate the two sequences:

1) P(O) = —kik_y < 0, 2) P(El) = Elkg > 0,
P'(0) = kika + kik_o+ P'(k1) = 9k2koks + KTk (ks + k_1)+
+k_1k_y > 0, —|—(/€1 + k_1)2(]€1]€2 + k_oky + k_lk_g) > 0,
PP (0) = —kyks < 0, P® (k1) = 18k2kqks+

+4]€1]€3(l€1 + k_1)2 > 0,
P(0) = k3(3ky + k1 + k1) > 0, P® (ky) = 6k3(3ky + ky + k1) > 0.
We see that the difference between the numbers of sign changes in the left and right
columns is equal to three. By the Budan—Fourier theorem it then follows that this
polynomial has either one or three zeros. Now we apply the Hermite theorem. To

this end we need to calculate the power sums sg, s1, sz, $3, s4 of the zeros of P by
means of the Newton formulas (2.1). We have

So = 3, S1 = —bl, SS9 = b% — 2b2, S3 = —bi’ + 3b1b2 - 3b3,

54 = bt — 462y + dbyby + 202,
Then we get
Ap=1, A; =3, Ay=2b]— 6by,
Az = b2b2 4 18bybyby — 4b3bs — 4b3 — 27b2.
Now, substituting the coefficients of the polynomial P (12.58) into these formulas,
we get (up to positive factors):

AO == 1, Al = 3,
AQ - k%k;), - 3(3k2 + kl + kfl)(klkg + k1k72 + kf]_ka),

Ay = kiks(kiky + kik_o +k 1k 2)* +
+18k1k3k o(3ky + ky + k1) (kiks + kik o + k 1k o) —
— Ak K3k o — 4(3ky + Ky + k1) (krko + kik o +k 1k o) —
—2Tk2k3k? ,(3ka + k1 + k_1)%.
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The polynomial (12.58) has three real zeros if Ay > 0 and Az > 0, and one real zero
if Ay < 0, As < 0, or Ay > 0, As < 0, i.e. if Az < 0. (The case Ay < 0, Az > 0 is
not possible since Az > 0 implies Ay > 0).

So together with the Budan—Fourier theorem this result shows that for Az > 0
the polynomial P has three zeros in the segment [0, k1], and for Az < 0 it has one
7€ero.

The domain of three s.s. is defined by the inequality

Q = kiks(kiko +kik o +k 1k o)® +
+18k1k2k_o(3ke + k1 + k_y) (kiky + kik_o + k_1k_) —
— Ak K3k 5 — 4(3ky + Ky + k1) (kiko + kik o +k 1k o) —
—27k?ksk? 5 (3ko + k1 + Kk 1)* > 0.
Let us analyze this domain in more detail. Fixing all the variables in @), except
kq, we get
Q = ki(ks(ky +k_s)® + 18ksk_o(ky + k_o) — 4k2k_g — 4(ky + k_5)® —
—2Tksk?,) + k3 (2ksk_1k_o (ko + k_p) + 18ksk_1k*, +
+18ksk o(3ko +k 1) (ko +k o) —12(kg + k )%k 1k 5 —
—4(3ky + k1) (ko + k 2)® — 5dksk®,(3ky + k1)) + k3 (ksk? [K*, +
+18ksk_1k% 5 (3ky + k_1) — 12(kq + k_2)k> k5 — 12(3ky +
k1) (kg + k_9)?k_1k_o — 2Tksk?,(3ky + k_1)?) — ki (4K> K2, +
+12(3ky + k_1) (ko + k_o)k* k%) — 4(3ky + k_1)k> K.
The constant term of this polynomial and the coefficient of k; are both negative.

It is easily checked that the coefficient of k? is also negative. By the Descartes
theorem it follows that () can have at most two positive zeros. If

ks(k2 4 20kok_o — 8Kk%,) — 4k2k_o — 4(ky + k_5)* > 0,

then () has one zero, so the intersection with the domain of three s.s. looks like

e

. * 1"

If on the other hand
ks(k3 + 20kok_y — 8Kk?,) — 4k3k_o — 4(ky + k_5) < 0

then either ) has no zeros or two zeros, and its qualitative structure has the form

e N

One can also investigate this domain by fixing the other k;. At any rate it is
clear that the domain of three s.s. is unbounded in k;, and that it has a conic form.
5. m=p=2,n=q=1. The system (12.46) take the form

kox — k_oy — ksz®y = 0,
0.

2k (1 —z —y)* — 2k 12% — 2k (2% — 3ks2’y = (12.59)
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Computing y from the first equation we obtain
kox

YT ks ks

Inserting this expression for y into the second equation of system (12.59), we have
P = 2k32%(ky — k_1) — kaz®(4ky + 3ko) + 2ksx* (k1ks + 2k kot
+2k1k o — 2k 1k o) — ksx®(4k ko + 8kik o + 3kok o)+
+222 (ky (kg + k_2)% + 2kskik o — k_1k%,)—
—4kik_o (ko + k_3) + 2k1k%, = 0.

Now we examine in what interval we should look for the zeros of P. If z > 0, y > 0,
and 1 —x —y > 0, then

>0, ifz>0.

—k3$3 + k3$2 — .Z'(kQ + k72) + k,Q

boemy= kst? + 5 >0
Py = —ksz® + ksz? — z(ky + k_g) + ko,
Pi(0) = k_y > 0, Py(1) = —ky <0,
P/(0)=—ky—k 5<0 P/(1) = —4k3 < 0,
PP(0) = 2k; > 0, PP(1) = —4k; < 0,
PP (0) = —6ks > 0, PP (1) = —6k; < 0.

By the Budan-Fourier theorem the polynomial P can have either one or three zeros
in the unit interval [0,1]. As in the previous example the condition for P; to have
three zeros is given by the inequality A3z > 0. Here

Az = k3(ko + k_5)? + 18ksk_o(ky + k_o) — 4k3k_o — 4(ky + k_2)°—

—2Tksk?, = ky(k3 + 20kok_o — 8k2,) — 4(ky + k_o)* — 4k3k_5 > 0.
So if Az > 0 and the zeros of P; are 1 < x5 < x3, then we must look for zeros of P

in the segments [0, z1] and [zs, z3]. If A3 < 0 then P; has one zero z;, and we must
seek for zeros of P in the interval [0, z;]. In any case P(z;) < 0, because

P(l‘l) == —219_1.'13'?(]935(13 + k_2)2 - 3]92]93.’13’12(193{1712 + k_z) < 0.

It is equally simple to show that P'(z;) < 0.

We conclude that the polynomial P has at least one zero, but no more than 5
zeros in the above intervals, i.e. the possible numbers of s.s. are 1,3 and 5.

Since the construction of plurality domains is cumbersome in general we consider
only the particular case k_ 5 = 0. In this case (12.59) has at most three roots in S.
Then we have

P = 2/932’5(}6 (kl - k_l) — k?2’$5(4/€1 + 3k2) + 2]€3$4(/€1/€3 + 2]€1k2) - k3$34]€1]€2 + 2$2]€1]€2,

so z = 0 is a zero of multiplicity 2. If we assign a small non-zero value to k_, then
this zero splits in two, whereby one of the zeros moves into the domain S, and the
second moves outside S. Let us investigate the polynomial

Q = 2k2x*(ky — k_1) — k22 (4ky + 3ky) +
+2k1k31}2(1€3 + 2k2) — 4k1k2k3$ + lekg
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in the interval (0,1). We have in this case
1—z—y=(—ksz® + ksx — kz)/ (ksz) > 0,

so that
—ksx? 4 ks — ko >0, ksx? —ksx 4+ ky <0

T1,2 = <k3 + \/kg — 4k2k3>/ (2k3)

Hence, if k3 > 4k, then the roots z; » will be real, and moreover,

1 / 1 /
O0<z = 2—]{:3 <k3 — k% — 4]€2]€3> < Iy = 2—]{:3 (kg + k% — 4]€2]€3> < 1.

For the polynomial ) in the segment [z, z5] we have

and

1) Q(z) <0, 2) Q(x) < 0,
Q' (z1) <0, Q' (x2) <0,
Q" (71) = 4kks + 24k_1kokz+ Q" (12) = 4k1kz + 24k_1koks—
+(12ksk _y + koks) X —(12k3k_1 + Ykoks) x
x\/k3 — dkoks — 16k koks— x\/k3 — dkoks — 16k1koks—
—Okok? — 12k_ k2, —Okok? — 12k_ k2,
QB (x1) = —4k_1ks — 3koks— QB () = —4k_1ks — 3koks—
—4(ky — k_1)\/k} — dkoks <0, —4(ky — k_1)\/k3 — 4koks < 0
QW (z1) >0, QW () > 0.

In order for ) to have zeros in the segment [z, z5] it is necessary that Q" (z1) > 0.
If Q©®(z5) < 0 then

4(]€1 — k_l)(kg — 4/€2k3) < (4k_1k3 + 3/92/93)\/ kg — 4/€2k3,
Q”(JJQ) < —(Skflkg + 6k2k3)\/ k% — 4koks + 4k,1(k§ — 4k2k3)+

+24]€_1]€2]€3 - 9]91]932’ - 12k_1l€?2’ == —(8]€_1]€3 + 6]92]93)\/ k% - 4]€2k3+
+8k_1koks — Okoks — 8k_ k3.
Since ko < k3/4 it follows that Q"(x1) < 0, and hence the right column 2) always
has one sign change, while the left column 1) has either one (if )”(z1) < 0) or three
sign changes (if Q" (z1) > 0). Therefore @) can have two roots in [z, z3]. there will
then also be two roots outside the segment [z, x5, for the leading coefficient of @
is positive and @ is a polynomial of fourth degree.
Now we form the power sums

so=4, s =—by, 8y3=0—2by, 3= —b>+ 3byby — 3bs,
s4 = bl — 4b2by + 4bybs — 4by + 203,
s5 = —b) + bbby — 5b2bs + 5b1by — 5byb3 + Hbobs,
56 = bS — 6b1by — 6b3b3 — 6b3by + 9b7b3 — 12bybybs + baby — 2b3 + 3b3.
Then we get
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Ay = 3b; — 8by = c(16k3 ks + T2k1koks + 27Tk3ks —
—64kTky + 32k k_1ks + 64kik_ok,).

Taking the condition k3 > 4k, into account, we see that Ay > 0.
Thus the polynomial @) has two zeros in the segment [z, z5] if

ks > 4k2, Q”(.Z'l) >0 and A3 > 0.

It follows that for small k_s the polynomial P may have three zeros.

Conclusions. For the system (12.45) a necessary condition for the existence of
several s.s. is the inequality p > n (Theorem 12.2). We have analyzed particular
cases corresponding to irreversibility of the adsorption stages (the first second stages)
and to different combinations of the stoichiometric coefficients m, n, p, ¢. We have
also distinguished the situations with one, three or five interior s.s.

Just as in the case of the parallel scheme above, it seems plausible that also the
sequential scheme can have no more than 5 s.s. for any values of

m, n, p, g.

And again the case of five s.s. appears to be quite exotic. At least it can occur only
in a very limited domain of parameters k;. Hence, if in an experiment more than
three s.s. (5 or more) with a nonzero reaction rate were discovered, then it would
be necessary to describe the process by more complicated schemes than (12.41),
containing for example a larger number of stages and reagents.

For a qualitative interpretation of three s.s. it could be sufficient to use of the
simple three-stage schemes considered here.

13. The search for all stationary solutions

In the previous section, where we estimated the number of s.s. for kinetic models
of short schemes, it was quite sufficient to use elementary mathematical methods.
For real transformation schemes whose corresponding systems consist of three or
more nonlinear equations it becomes necessary to use the complete arsenal of math-
ematical tools for analyzing nonlinear system.

In Chapter 2 we proposed an elimination algorithm based on multidimensional
logarithmic residues as an effective approach to this problem [11].

The classical Kronecker method [142] permitting to eliminate all variables except
one from a system of nonlinear algebraic equations is well known. This method
is useful for proving a number of theorems in theoretical mathematics, but it is
inconvenient for practical calculations if the number of equations exceeds 2. A
general procedure for solving two algebraic equations, based on the classical method
of resultants, is described in [159]. However, this approach is limited to the case of
2 equations, since it becomes too cumbersome for systems of three equations. The
elimination method based on multidimensional residue theory (see [11]) is more
efficient. It leads to fewer calculations, and in the case of 3 equations allows one
to eliminate the unknown quantities without the use of a computer. This modified
elimination algorithm provides the resultant in symbolic form, which is particularly
useful when the given system is to be repeatedly solved for different values of the
parameters.
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Consider the following (rather general) scheme of oxidation on a catalyst Z [96]:

1) O.+2Z = 270,

2) H,+2Z = 2ZH,

3) Ho+ZO = Z+H,0,

4) ZO+ZH = Z+ZOH,

5) ZOH+ZH — 2Z+H,0,
6) H,+2ZOH — 27-+2H.,0.

(13.1)

Our mechanism (13.1) is modified in comparison to [96]: The possibility of adsorp-
tion of a product (H20) on the catalyst (for example Pt) is taken into account, i.e.
stage 3 is reversible. This stage is monomolecular, in contrast to the bimolecular
stages 5 and 6.

Under the assumption of conservation of partial pressures in the gas phase (Ha,
O,, Hy0) the following steady state equation may be written for the mechanism
(13.1) (with intermediates Z, ZO, ZH, ZOH):

2k12% — 2k_12?% — kaxy + k_g2u — ksx + k_3z =
2ko2? — 2k_oy® — kaxy + k_42u — ksyu =
ksxy — k_szu — ksyu — 2kgu? =
r+y+z+tu =

(13.2)

o oo

Y

where z, y, z, u are the concentrations of the intermediates ZO, ZH, Z, ZOH respec-
tively, and the partial pressures Os, Hy, HoO enter as factors in the rate constants
k; of the respective stages. The system (13.2) consists of 4 algebraic equations of
the second order, the first 3 of which are nonlinear. Therefore, in general (13.2) may
have up to 8 solutions (according to the Bézout theorem). We are only interested
in non-negative solutions lying in the reaction simplex

S={(z,y,z,u): z,y,2,u>0, x+y+z+u=1} (13.3)

Those roots (x, y, z, u) € S which have some zero coordinates will be called boundary
s.s. (they are situated on the boundary of the simplex (13.3)), whereas interior s.s.
correspond to roots (z,y,z,u) € S with positive coordinates z,y, z,u > 0. Note
that if all k; > 0, then (13.2) has no boundary s.s.
By eliminating v = 1 — x — y — z and making the substitution z = ty, we can

write system (13.2) as

fi = a4 acxy + asy® + ayx + asy + ag = 0,

fg = b1$2 + bgﬁ(}y + b3y2 + b4.’.17 + b5y + b@ = 0, (134)

fs = ar+cy+c=0,
where

a; = 2k_1, a9 — k4 + k_4t, as — (k_4 - 2k1)t2 + k_4t,
a4 = k37 a5 = _(k3 + k74)t7 g = 07 bl - k67
b2 == 2]€6t + 2k6 - k5, b3 = (kG - kg)t2 + (2k6 - k5)t + ICG + k_z - k5,
b4 == 2k67 b5 = —2]€6t + k5 - 2k67 b6 = kG, C1 = k5 - k4 - k_4t,
Co = (2k2 — k4)t2 + (k5 — k,4)t + k5 — 2]?,2, C3 = k,4t — k5.
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The coefficients a;, b;, ¢; depend on the new variable t. Now we denote
X=car+rytec, Y=y,

so that
X — Y —
v = Co Cs y = Y.
C1

In the new variables X, Y system (13.4) can be written as

fi = AXPH+AXY +AY?2+AX +AY + A =0,

fo = BiX?+ By XY + B3Y? + ByX + BsY + Bg = 0, (13.5)

f3 = X = 0,
where

Ay = a1, Az =asxc; —2a;co,
2 2
As = a1c5 — azcicp + ascy, Ay = ager — 2a4c3,
A _ 2 2 A _ 2 2
5 = 2A1C2C3 — A2C1C3 — G4C1C2 + A5C7, 6 = Q1C3 — A4C1C3 + A6CY,
2
B1 = bl, B2 = b261 — 2b102, B3 = b102 — bgclcz + bgcl,
2
B4 = b4C1 — 2b163, B5 = 2b1CQC3 — b26163 — b461C2 + b5Cl,

B6 = blcg — b461C3 + bgC%.

We are not going to use the concrete form of the coefficients A;, B; and a;, b;, ¢;.
The resultant obtained for (13.4) and (13.5) (in symbolic form) will be suitable also
for more general systems than (13.2). Since there are only two nonlinear equations
in (13.5), one could in principle apply the classical elimination method in this case.
However, we shall here illustrate our modified approach which gives an alternative
way of obtaining the resultant explicitly.

Consider the first two equations from (13.5)

fl(X7 Y) = 07

F(X.Y) =0, (13.6)

where deg f; = deg fo = 2. Then, following our general elimination scheme from
Chapter 2, we write

P1 - A1X2 +A2XY+A3Y2, Ql - A4X+A5Y+A6,
P2 - B1X2 +B2XY+B§;Y2, Q2 - B4X+B5Y+B6

Using the results obtained when solving Example 8.3, we get from the system

an P +anP, = X37
a2 P + anlP;, = Y37
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the expressions

A Ay A
1
= 3 By By 0 X—B3g2g3y,
B, By Bs z 3
A Ay As
1 A A
aglzﬁBlBleX+BlBgB3Y,
L= 0 B; B
Ay A; 0
1
ar = = (| A A g [X4as| 2 BV
R B1 B2 _B3 2 3
A Ay As
1 A A
i = —A; Bl BZ‘XJF 0 A Ay |Y ],
b2 B, By Bs
where
A Ay A3 0
0 A Ay As
R= B, B, By 0 #0
0 B, B, Bs

1
a1 = E ((A3B22 + AlBg — A2B2B3 — A3BlBg)X - Bg(Ang - A3BQ)Y) )
1
G = (B1(A1Bs — A3B1)X + (A1Bj + A3 B} — A1B1Bs — A3 B1By)Y ),
1
ag1 = ﬁ ((A%B:g + AgBl — AQAgBQ — A1A3Bg)X - A3 (A2B3 - A3B2)Y) y
1
an = (A1(A2By — A1 B2) X + (AlB1 + A1 A3 By — A1 A3 B, — A3By)Y)
R - (AlBg - A3Bl)2 - (A1B2 - A2B1)(A2B3 — A3B2).
Furthermore,
A -D(fla f2)
| =
D(X, Y)
and
A, — a1 a12
2 A Qg |’
Ry = a11Q1 + a21Q2, Ry = a12Q1 + a22Q2.
If we write
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then
Ay
Ay

Ry

Ry

2X%d1y + 4XYdy3 + 2Y?dos + X (2dys — dag) + Y (dos — 2ds4) + dys,
ﬁ(—X2d12 + XYdys — Y?dys),
1

E(X2(d24d23 — dsady3) + XY (d3adas + dasdaz — dssdys) +
+Y 2dssdas + X (doedas — dssdiz) + Ydsedas),

1
E(—X2d14d12 + XY (d1adi3 — daadys — di5dia) +

+Y2(d15d13 — dosdi2) — Xdigdra + Y (digdis — dasdiz)).

Now, for the power sums S;, j =1,2,3,4, we have

S; = (XjAlAz > (- )“1+azR“1Ra2X3“1Y3“2> , (13.7)
ay+az<j
where the linear functional 9 is equal to 1 on the monomials X 301+2y3e1+2 x> y2o2

and 0 on the others (see [11, Sec. 26]). A computation shows that

S1
S2

Ss

Sa

1
Ed23(2d15 — day),
2
2 (dasdss — dagdg — d5y — dasdg) + 5 e,
3d da3
—%(2%4 + dys) + ﬁ(3d23d24d26 + 3dpad3, + 2d35d3s —
d3.d3
—6d14d34d35 — 3d14d25ds5 + 3dagdasdsy) — 2]3%3247
4d§9 1 2 12
"Rk TRm (2d33d56 — 16d23d15dsadze + dazdzadssdys —

—4dysdigdasdss — 4dazdisdasdss — dazdisdssdys + 8dazdagdzsdss +
+4d23d26d§4 + 4dazdasdasdss + 4dazdagdasdse + d15d24d§5 + 2di5d§5 -
—d3d3s — 6d15dasdzadss + Sdaadosdzadss — 6d1adsadig + diadasdag +
+-8d4d2 dss — 6d15d2,dss + 2dasd2, + 2d3, + ddosd,) —

Ad3,d3, d33d5,
R3 R4

(dosdag + d34 + dosdsy) +

Here the expressions for S; are given under the assumption di3 = 0, which causes
no loss of generality. For calculating S; we have used the relations

dijdyi & digkj = Edijke, 1#jFk # 1.

For example, d12d34 — d13d24 = d14d23.
The resultant of system (13.5) can be computed by means of the Newton recur-
sion formulas (2.1):

r =654 + SS9 + 6525, — 352 — St
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Inserting the expressions for S;, we have
. _24(d§6 — d35d56)

r =

R )
and after one more substitution this becomes
24
r = —E((A:),BG — A6B3)2 — (A3B5 — A5Bg)(A5BG — AGB5)) (138)

If we now assign an arbitrary value to di3 this expression will not change. The
resultant (13.8) is a rational function (a quotient of two polynomials) in one variable
t. After cancelling out common factors in numerator and denominator what is left
in the numerator will be the desired resultant in ¢ for (13.5).

For (13.4) we have

24R;
r=— ,
R;
where, in the notation
a; aj;
eij = b: b; = aibj — ajb,-,

the numerator and denominator have the form
R} = c‘f(eﬁﬁ — e35€56) + C%C2(€25€56 + €34€56 + €34€56 + €46€35—
—2egse36) + 6363(626635 — €35€45 — €23€56 — 2€34€36) + 0%63(636‘1‘
+2e16€36 — €15€56 — €24€56 — €a5€45) + C1C2C3(3€24€36 — €526 + Cazeast
+e13e56 + e3445 — 2e16€35) + 6303(623636 — 2e13€36 — €45€23—
—esae35 + €15635 + €34) + c105(e14656 — 2€16€56 + +e15€a6 + €24€46)+
+CIC§C3(3616625 — 2e14€36 — 634 — €12€56 — €24€45 — 2€13€46)+
+c1095(2€19€36 — €24€34 + €25€24 — 15625 + 3€13€45 — 2€36€16)+
+Clcg(2€13634 — €24€23 + €23€15 — €12€35) + 6303(2613616 — €12€45—
—e14€25) + 0202(612625 — e34€12 — 2e15€13 + €a3€14) + 03(633 — €12€24),
R; = 6%3 — €12€93.
If R} and R; have no common factors then the equation
Ri(t) =0 (13.9)

will not contain X or Y. Thus the method of elimination has been carried out
completely for the variables z, y, ¢ of system (13.4), and the resultant is written in
the symbolic form (13.9).

Let us indicate some simple generalizations of the just obtained result.

1. The elimination scheme described above may be applied to (13.4), where
f3 = (c1z + coy + ¢3). In this case the power sums (13.7) for the new system are
S; = Ss, Sy = S4, where S, Sy are the previously calculated sums (in 22, z*). The
power sums corresponding to z° and z® remain to be calculated. In order to simplify
the procedure a square should be cancelled in f3 = 0. The roots of (13.5) will have
double multiplicity compared to the roots of the new system.

2. All the above conclusions are valid for f3 = (c;x+cay+c3)™, n > 3. Hence, the
resultant (13.9) obtained for system (13.4) is accurate also for a system of 3 algebraic
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equations, one of which is a power of a linear function in two of the variables and
the other two are quadratic forms in these variables.

3. If there is a linear transformation of the quadratic forms in the initial system
of 3 algebraic equations which turns one of the functions, f3 say, into a perfect
square, then all the above results are valid for the transformed system.

4. The coefficients a;, b;, ¢; in (13.4) may contain any powers of the distinguished
variable ¢, because in calculating (13.9) the particular dependence of a;(t), b;(t),
¢;(t) was not used. Therefore the resultant R;(¢) is valid also for systems containing
greater powers. In this case the variable ¢ should be such that f;, fo and f3 =
c1Z + ¢y + c3 are quadratic forms with respect to x and y.

It is not quite clear whether a general system of 3 algebraic equations, each of
which is of the second order, could be transformed into (13.4) (even by a nonlinear
change of variables). It is however quite likely that a general system of 3 quadratic
equations always can be transformed into (13.4), with f3 = c1x + coy + ¢3 or f3 =
(c1m + coy + c3).

The polynomial Rj(¢) in (13.9) has been written for system (13.2) with arbitrary
coefficients a;, b;, ¢;, We can write the coefficients of Rj(¢) in terms of the rate
constants k;, substituting a;, b;, ¢; into R and making the necessary algebraic
transformations. The final result will not be given here. Quite simple expressions
are obtained if kg = 0, i.e. if step 6 is absent in the scheme (13.1). In this case we
have the factorization R;(t) = t*P(t), and

P(t) = Pot® + Pit® + ... + Pst + P, (13.10)
where
Py = k2k2,(2k_1 + ks),
P = kok_y(4koksk_y + 2koksks + koksky),
Py = 2k3kZk_y + k3ksk: + k3kskaks + kokskaksk_g — 4kok_1k_ok* , —
—2koksk ok?, — kokaksk sk 4,
Py = kokskyk? + koksksksk_g — Skoksk_1k_ok_y — 4koksksk_ok_g4 —
—2koksksk ok 4 — kokskZk 3 — kok2ksk s,
Py = 2k 1k k g+ kok2kZ 4 ksk® ,k? 4 kokskak? + kyksk_ok_sk_4 —
— 2k k2kE — dkok2k_yk_y — kskaksk_ok_y — 2koksksksk_o —
—2kokskik_y — k2k2k_s,
Ps = dksk_1k® k_g + 2ksksk® ok_g + kskak® k_g + kiksk_ok_5 +
+hak2k ok 3 — kakykZk o — ksksksk ok 4 — kakZk s,
Ps = k oks(2k 1k oks + kskyk o + ksksk o — k2ks — kskyks).
If t =0, so that z = 0, we get from (13.2) (still with kg = 0) the two simple roots

ry = (0,0,0,1) and
(ks 2k_y + ks
T2—<2k1,0,0, Zk_l >

The root r; is on the boundary of S, and the root ry is outside the simplex S. For
finding the other 6 roots of system (13.2) it is necessary first to solve the equation
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P(t) = 0. The remaining coordinates of the roots may then be found using (if
necessary) the method described in [4] (see also Ch. 2, Sec. 11).

Let us first consider the number of positive roots of system (13.2). We will have
to apply the Descartes theorem and the Budan—Fourier theorem. It is evident, that
a positive solution of system (13.2) corresponds to a root ¢ of the equation P(t) =0
precisely if ¢ > o, where to = \/k_2/ks is the only positive root of the equation

Q(t) = k_akat® + kokst® — k_ok_st — k_sks = 0. (13.11)

Equation (13.11) is obtained from the system (13.2) with kg = 0. It follows that the
number of positive solutions of system (13.2), counted with multiplicity, is equal to
the number of zeros of the polynomial P(t) to the right of #,. It is easy to see that
P(ty) < 0. Consequently, in the interval (¢y,00) the polynomial P(t) has an odd
number (at least 1) of zeros. On the other hand, the total number of zeros does not
exceed 3, since in the sequence P(ty), P'(ty), ..., P©(t;) the sign cannot change
more than three times.

Let us show that for k3 = 0 the system (13.2) has at most one positive root.
We have

P(tO) < 07
Pl(to) - kgk_gk_4 + k3l€5l€_2 + t() (kgk_gk_4 + k2k3k5 - 2]€1k4]€5 +
+hokaks),

P"(ty) = 8k 1k®,k*, + dksk®k*, + 8kokZk 1k o + dkokskik 5 +
+dkokskak o + Skakaksk_ok_4 + kokskak? + kokikZ —
—2k1k3kz + to(16koksk_1k_ok_g + Skoksksk_ok_4 +
+dkokskak_ok_g + 3kokskak? + 3kokskaksk_y),

PO (ty) >0, PW(ty) >0, PO(tg) >0, PO(t) >0,
where the equalities are to be understood up to some positive factors. If P'(tq) > 0,
then P"(ty) > 0 since P"(ty) — kaksP'(to) > 0. So there is only one sign change in
this sequence.
Next we show that in the interval (¢y,00) the equation P(¢) = 0 may have

three distinct positive roots. Letting k ; = k o = k 4 = 0, we have {, = 0 and
P(t) = tR(t), where

R(t) = kZks(ky + ks)t® + koky(ksks — ksk_s — kqk_3)t* +
tkaks(koks 4 koky — 2k1ky — kqk_s)t — k2ksk_s.

The boundary roots (0,0,0,1) and (0, 1,0,0) correspond to the solution ¢ = 0. The
polynomial R(t) has three positive zeros, if all its roots are real and if there are three
sign changes in its coefficient sequence. In order that all the roots of a polynomial
f(t) of degree n be simple and real, it is necessary and sufficient that the quadratic
form with matrix

Si Sy ... Snu

Sn Sn+1 s S2n72
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(where S; are the power sums of the zeros of the polynomial f(z)) be positive. In
our case (n = 3) the sums S; are easily calculated by the Newton formulas (2.1)
and the necessary and sufficient requirements for the polynomial R(t) to have three
distinct positive roots become

KKy — KsK 5 — KK 5 <0

KKy — 2K Ky + KoKy — KyK_3 > 0,

K2 — 3K,K5 >0,

K2K2 + 18K, K1 K3 — AKo K3 — 2TK2K2 — AK3K;5 > 0,

(13.12)

where Kj is the coefficient of ¢ in the polynomial R(¢). Some of the solutions to the
inequalities (13.12) may be found by considering the following equations

Kl = —KQ, KO = —K3, Kl = —O!Ko, (67 2 4. (1313)

Each solution of (13.13) satisfies (13.12). In particular, one may take k; = 0.444,
ke =391, ks =1, ky = 25, ks = 1 and k_3 = 0.636. In this case R(t) has three
positive zeros and the system (13.2) has the three positive solutions

71 = 0.0112, y, = 0.5177, z = 0.1922, wu; = 0.2788,
2o = 0.0287, yp = 0.1118, 2z, = 0.1431, wu, = 0.7164, (13.14)
73 = 0.0332, y3 = 0.0426, z3 = 0.0951, wus = 0.8301,

Moreover, (13.2) also has the boundary solution z = y = z = 0, u = 1 of multiplicity
2. If k_;, k¢ > 0 these last roots may produce two more solutions inside S.

As this example shows, the reversibility of the product building step can give
rise to multiple steady states.

Thus, in the case studied above there is only one interior s.s. for k_3 = 0, while
for k_3 # 0 three such steady states (13.14) are possible.

Let us consider the case k3 = k_3 = 0 separately. (Step 3 is then absent in
the scheme (13.1).) We will show that system (13.2) then has a unique positive
solution. A special feature of (13.2) in this aces is that the first three equations are
homogeneous with respect to the variables z, y, z, u. So, in order to analyze the
number of positive solutions we may set u = 1 in these equations. Instead of (13.2)
we then have the system

(2]91 — k2)22 — 2k_1$2 + k_2y2 - k@ = 0,
kot —k_oy? —ksy — ks = 0, (13.15)
k4.’l}'y - k_4Z - k5y - 2k6 = 0.

It may be easily shown that the equations obtained by solving for z in the third
equation and substituting it into the first two, give rise to two monotone curves,
one increasing and one decreasing, in the first quadrant of the (x,y)-plane. There is
hence a unique intersection between the curves, and therefore at most one positive
solution of system (13.15).

Let us examine two particular mechanisms which have been discussed in the
literature [96]:



136 CHAPTER 3.

0,427 — 270, 1) 0,427 — 270,
Hy+27 = 27H, 9) H,+2Z = 2ZH,
H2+ZO — Z+H20, 3) H2—|—ZO — Z—|—H20,

ZO+ZH — ZOH+Z, 4) ZO+ZH — ZOH+Z,
5) ZH+ZOH — 2Z+H,0; 5) H,+2ZOH — 2Z+2H,0.

Here the enumeration of the stages agrees with (13.1). The uniqueness for the
interior s.s. of the kinetic model corresponding to the first mechanism has already
been established above in a somewhat more general case. The same conclusion
is also valid for the second mechanism, with the corresponding stationary kinetic
model (13.2) satisfying k_y = k_3 = k_4 = k5 = 0. The elimination of variables
can in this particular case be done with elementary methods. Indeed, from the first
three equations of system (13.2) it is easy to obtain

B 2k1k_oy?
kiks + k4(k2 — k1)y’

= O DN =
o — — e —

X

2 _ z(ks + k4y) o ksxy

2k, ’ 2ke

Since there are no boundary s.s. in this case, so that only positive solutions are
available, we must have

z

k2k3 + k4(/€2 — kl)y > 0.
1o ol

Under this condition it is easily shown that z,, z;, u, > 0, and hence the interior s.s.
is unique.
Now we add one more stage in (13.1), namely
7) ZO+2ZH — 3Z+H50.

Taken together, the stages 1)-7) provide a fairly complete description of today’s
understanding of the mechanism for catalytic hydrogen oxidation. Steps 1)-3) and
7) represent one of the possible particular mechanisms. It may be shown here that
there is only one positive s.s. for k_3 = 0, even though the scheme is substantially
nonlinear. The occurrence of several s.s. is ensured by the reversibility of step 3).
The same phenomenon takes place in the more general case 1)-7). For simplicity
we consider irreversible steps 1)-7) having as corresponding system

2k12% — kyry — ksx — krxy? = 0,
0, (13.16)
kyry — ksyu — 2keu® = 0,
r+y+z+u = 1

2ky2? — kyry — ksyu — 2kyzy? =

We add the third equation to the first and second ones, then we divide the second
equation by 2, and subtract it from the first one. We thus obtain

(2k1 — k2)22 — kg.fL' — k6U2 = 0,

from which we see that system (13.6) has no positive roots for 2k; < ky. For 2k; > ko
there may exist a positive solution, apart from the boundary solution z = u =z = 0,
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y = 1. After simple transformations one obtains

r = u(ksy+ 2keu)/(ksy),
2k1ky2? = ulksy + 2keu)(kry® + kay + ks) /vy, (13.17)
ks ko(2ky — ko)y? + ka(2ky — ko)y — koks
2" Ty (ky — 21) 12 + ka(ky — b )y + kioks

These functions z, z, u of the variable y are monotonically increasing in the domain
of variation of y (recall that x, z, u are assumed to be positive). On the other hand,
the function z = 1 — z — y — u is decreasing, and hence the system (13.16) can only
have one positive solution.

Thus, in all considered cases the reversibility of step 3), the water producing
step, proves to be responsible for the plurality of s.s., which in turn may result in a
complex dynamical behavior of the reaction. Hence, in the multi-stage mechanism
at hand the reversibility constitutes a natural “feedback”. As seen in the above
examples, the full procedure for elimination of variables is sometimes not needed
for analyzing the number of possible solutions. For this it may be sufficient to
make some indirect considerations, for example, to establishment the monotony of
dependencies such as (13.17). However, in cases when several s.s. can occur, the
construction of the one-variable resultant may be effective for the determination of
their number, and also for a parametric analysis of the solutions. As we have shown
in this section, this may be done “manually” without the use of a computer. The
main appeal of our approach is that one sometimes manages to perform a qualitative
study of the obtained resultant with letter coefficients. As an example of this, we
have in this section been able to reveal the crucial role played by the reversibility of
the water producing step for the appearance of multiple steady states.

U

14. The kinetic polynomial. Single-route mechanisms

The concept of kinetic polynomials was introduced in the articles [111, 112,
155], and in [38, 39, 109, 113, 154, 156] it was further developed and applied
to the kinetics of catalytic reactions. The mathematical basis for the new approach
was presented in [37, 40, 99|, and here we provide the complete proofs of the fun-
damental assertions. On the basis of results from [98] we give a simplified algorithm
for the determination of the coefficients in the kinetic polynomial, and analyze in
detail its use for a typical transformation scheme of catalytic reactions.

In the stationary case the basic kinetic equation for catalytic reactions can be
written as

I'"w(z) =0, Az=a, (14.1)

where I' is a matrix of stoichiometric vectors for the stages of the initial mechanism of
the reaction, w(z) is the rate vector of the stages, z is the vector of concentrations of
the reagents, A is a matrix with entries proportional to the molecular weights of the
reagents, and a is a vector of balance quantities. The relations Az = a correspond
to the conservation laws I'A = 0. Moreover, the catalytic transformation scheme is
cyclic precisely if there is a linear dependence between the rows of I' arising from a
linear dependence of the columns of A, i.e. there exist non-zero vectors v such that
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v’ = 0. The vectors v are made up from stoichiometric numbers and correspond
to different routes in the original transformation scheme.
For a n-stage single-route catalytic reaction the system (14.1) takes the form

ws(z) =vsw, s=1,...,n, L(z)=1, (14.2)

where v, is the stoichiometric number for the s-th stage, w is the observable reaction
rate, n is the number of intermediates, and L(z) is a linear function. The equations
(14.2) are in general nonlinear with respect to z. For example, if w¥ are found
according to the mass-action law, then (14.1) and (14.2) are systems of algebraic
equations. By eliminating z from (14.2) one obtains a new representation for the
stationary equations in terms of the quantity w, which can be measured in experi-
ments. In [111, 155] this new representation was called the kinetic polynomial.

In the simplest linear case the kinetic polynomial, then having the form Byw +
By = 0, can be easily found by using methods from graph theory [70, 145, 146,
147, 148, 153]. For example, for a linear single-route mechanism [145]

By = ﬁbi - ﬁbj, B => D, (14.3)
i=1 i=1 T

where b are the weights of the forward and reverse reaction at the i-th stage, and
D, is the weight of the vertex z in the reaction graph (see e.g. [150]). The coefficient
By in (14.3) corresponds to the kinetic equation of a brutto-reaction (in the case of
a stage, one for which the mass-action law is valid). In equilibrium (when w = 0)
one has By = 0.

The equations (14.1) and (14.2) are in general nonlinear, and we shall apply the
special elimination method which we developed in Chapter 2. The kinetic polyno-
mial can be represented in the following form (wZ are found in accordance with the
mass-action law):

R(w) = Byw" + By 1w ™" + ... 4+ Byw® + Byw + By = 0. (14.4)

The degree of the polynomial R(w) is determined by the nonlinearity of system
(14.2) and its coefficients are certain functions of the rate constants. R(w) is the
resultant of system (14.2) with respect to w (see, for example, [137]).

We thus consider the system of equations

n n
b;rl_[ziaf —b;Hziﬂf =vew, s=1,...,n, z1+...+ 2z, =1, (14.5)
i—1 im1

where the constants b¥ correspond to the reaction weights of the forward and reverse
directions at the s-th stage, z; are concentrations, and «f, 37 are stoichiometric
coefficients (nonnegative integers). For convenience we rewrite (14.5) in vector form:

brz® —b;27 = vw, s=1,...,n, z1+...+z,=1, (14.6)

where

with
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being multi-indices of equal lengths
e’ =of +...+a; = [|8°]].
Moreover, the rank of the matrix
=1,..,
I'=((af = B]))iz1
is equal to » — 1. Introducing the determinants

Aj _ det((af . ﬁ;))szl,...,[j],...,n (147)

i=1,..,n—1
where the symbol [4] indicates that the number j is being omitted, we see that the
v; are proportional to (—1)77*A;, so that the components of (v1,...,1,) have no
factors in common. We note that in order to define this system of determinants, we
could have deleted any column from T instead of the last one, since the sum of the
columns of T is equal to 0, and the vector (v4,...,v,) would then be the same up
to a sign.

Our purpose is to construct of the resultant for the system (14.6), with respect
to w, and to determine its coefficients.

LEMMA 14.1. Consider the system
27" =, s=1,...,n, (14.8)
where
78 = (’Yf’ et 77;)7
the «y; are integers (not necessary positive) and
A =det((V))kje1,.mn #0, CL#0, ..., Cp#0.
Then: a) the number of roots z of the system (14.8) with nonzero coordinates i.e.
z € (C\{0})"
is equal to |Al, b) all such roots are simple, c¢) they all have the form
;= CA/AZm<mAIA> j g (14.9)
where . . .
Al = (A ... A))
15 the vector formed from the algebraic complements Ai to the elements 'yi in the

matriz ((v)); m = (my,... ,my) is a vector of integers; <a,b > denotes a scalar
product of the vectors a and b i.e.

<G,,b > =ab; ++anbn7
Cal/A = oA oA,

Proof. a). We make use of a result of Bernstein [20] to the following effect:
The number of roots of the system (14.8) lying in (C \ {0})" is equal to the mixed
volume of the system of sets Sj, where (in our case) S; is the segment [0,,] in
R™. This mixed volume is equal to the volume V,, of the set S; + ...+ S, since

Va(Siy + ...+ S;,) = 0 for k£ < n. The set Sy + ...+ S, consists of all vectors
x = (x1,... ,2,) of the form

T =<~yLt> ..., z,=<4"t> teR" 0<t <1, j=1,...,n
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Thus

S1+...+Sn

= |A|/ dty ...dt, = |Al,
JIn

where J, is the unit cube in R". It is also easy to check that the system (14.8) does
not belong to the class of systems for which the number of roots is less than the
mixed volume.

b). Let z be a root of (14.8) lying in (C \ {0})". Then the Jacobian of (14.8) is

given by

fyllzflz'Vl e fyéz;lz'Vl
J = = g7 tYIA £,
AT A P et 2
where I = (1,...,1), and we conclude that z is a simple root.
c). Let . .
C;=rie" and z;=p;e, j=1,...,n.
The system (14.8) gives rise to the following two linear systems of equations
<Ilnp,vy! >=1nr, <Lt >=t; + 2mym,
<Ilnp,4" >=1Inr,, <"t >=t,+ 2m,m.

Solving them we get
pi =1/ =< t, AT/A > 42m <m, AT /A >,

from which assertion c¢) follows. [

We remark that for w = 0 the system (14.6) has no roots in (C\ {0})". Indeed,
suppose that z is a root lying in (C\ {0})™ and A; # 0 i.e. v; # 0. Then for z we
have the system

2 P = bf by = O,

z* P =bt /b =C,,

or
2 2 2 2
0417,81 C'énfl_fgnfl . ﬂ27052
2 2" = Cazin ™,
(14.10)
Zfé'f* T Zazil_ﬂ:;—l — O, Phon
A o .
Moreover,
b+
al—ﬁl 1
Z = bT,
1

so applying Lemma 14.1 to (14.10) we obtain
2 = CAI/Azne2“<m’A1/A1>,

n—1 ; n—1
P CA /Azne27rz<m,A /A1>‘
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Here we used the identity

n

Z(ﬁg—ag)A;:Al, s=1,...,n—1.

j=2

Now substituting these solutions into the first equation L b /b] we have
lelalII—\\ﬂlllc<A1/A,a1—ﬁ1>62wi = b} /by

From here we arrive at a contradiction, since

01*,31 o
27\1\ =187 = 1,

and only the constants by, ..., b}, by,... b are contained in C. Therefore the last
equality is impossible if the constants b* are to be arbitrary.

From now we shall assume that for w = 0 the system (14.6) has no roots in C".

LEMMA 14.2. If w = 0 is not a root of system (14.6) and if v; # 0, then the
system

1 _ 1

biz® —bz° = nw,

ji—1 _ j—1
b;ilzaj — bjflzﬁ = vjw,

g+l L git
bz - bj+1zﬁ = W, (14.11)

+,a" —08"

btz — bz = v,w,

2+ ... .4+z, = 1

has only isolated roots in C™, and it has no roots in the hyperplane at infinity

CP" \ C" (for almost all b;t)

Proof. We can assume that 14 # 0. For the proof of Lemma 14.2 it is sufficient,
by Lemma 8.1, to show that the system

biz® — b,z = 0,

b b — 0 (14.12)
z“21+...+z, = 0

has only the root z = (0,...,0). First we show that (14.12) has no roots in (C\

{0})™. Indeed, if z were such a root, then from the system

2

2P = bl by = O,

z*" P =brb, = C,,
we would by Lemma 14.1 get

1 . 1
2 = anA /A1627rz<m,A /A1>,

n—1 P n—1
Zpo1 = anA /A162m<m,A /A1>.
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Substituting these solutions into the last equation of (14.12) we would have

2 (1 4+ CA/Ar2mi<m A /A CA"*I/A1627ri<m,A"*1/A1>) _0

Since here the coefficient of z, is not identically equal to zero, this means that z, = 0.

But this would imply that z; =0, 7 =1,... ,n, and we reach a contradiction.
Suppose now that (14.12) has a root z such that z; #0,..., 2, # 0 and 2z =

0,...,2, =0. Inserting this root into (14.12) we get (after re-labelling the variables)

bz — b;z’62 = 0,
bz — bs_zﬁ‘; : b, (14.13)
“214+...+2z, = 0.

We see that the form of system (14.12) is retained, since if z°* = 0 then z* = 0 too,
otherwise some other coordinate, except zx.1,...,2,, would also have to be zero.
Let us prove that s = k in (14.13).

a). Let s < k and consider the system

biz® —byzP = 0,
s s ) 14.14
biz® — b 2% = 0, ( )

“2t+...+z, = 1,
where 2z = ... = 2z, = 0. We claim that this system has roots, which then
means that the system (14.6) with w = 0 also has roots. Indeed, setting z; =
0,...,21=0,2, = 1,244y = ... = z, = 0 in (14.14) we find that (14.14) must

contain a monomial z{*,... , zJ*, unless we just obtain the trivial system. Therefore

at least one equation in (14.14) has the form

+, o] 80 _

from which we get 2z, = cz_;. Substituting this solution into (14.14) we are left
with

Birzal — Elfzﬁ1 = 0,
B:—1Zas_l - B;—1ZB871 = 0,
214 ...+2z,1(1+¢) = L

This system has the same form as (14.14), and we apply the same method to it.
Finally we obtain the system

crzy —czy =0, 3z +azm =1, (14.15)

where ¢y, ¢y are products of b, and ¢z, ¢4 are sums of such products. From (14.15)
we have z3 = ¢521 and 21 (c3 + c4¢5) = 1. Moreover, ¢z + c4c5 Z 0 since it is obvious
that c3+c4c5 is a non-constant polynomial in bsi. We thus found the claimed solution
to the system (14.14), and thereby produced a contradiction.

b). Let now s > k. In this case A; = 0, since this determinant must contain a
s X (n — k — 1) minor consisting of zeros, and s +n—k —1>n — 1.
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Thus, system (14.13) takes the form
biz® — bz = 0,
. ) 14.16
b,‘:zo‘k — b;zﬁk = 0, ( )
21+...+2z = 0.

This means that the matrix

is equal to
2 2 2 2
(1’1 - 1 .. (l’k - ﬁk 0 .. 0
A— o — gk af — 3r 0 ... 0
= k+1 _ gh+l k41 _ gkl k1 _ gktl
(o A .oy e R ¢ 4 By
n n n n n n
(1’1 - 1 ... (l’k - /Bk ... ... (l’n - ﬁn
Since

Ay = det((f = B5))j=tmos # 0,
it follows by the Laplace formula that one of the determinants of order £ — 1 in the
left corner, say

det((af = B0 % 1
must be non-zero. To (14.16) we may then apply the same reasoning that we used
in the beginning of Lemma 14.2. The proof of Lemma 14.2 is thereby completed.
O

For 11 # 0 we can, in view of Lemma 14.2, compute the resultant of (14.6) with
respect to w by the formula

R(w)  By+ Byw+ ...+ Byw"

Qw) Q(w)
= H(bfZ?};(W) — by 2, (w) — ), (14.17)

where z(;)(w) are roots of the system

bz — b;zﬁ2 = 1w,
n n ' 14.18
biz®" — bz = yw, ( )
21+ ...+ 2z, = 1
for fixed w.
Since w = 0 is not a root of system (14.6), we have By # 0. Our first purpose is
now to find those terms in By which may vanish for b, ... b by ,... b, # 0. We

shall write that By ~ B if By/B # 0, for b, ... bt # 0.
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THEOREM 14.1. If the system (14.6) (for w = 0) does not have any roots, then
the constant term By satisfies

By~ (B5)" o (6)" — (7)™ ... (5. (14.19)
(we are assuming that none of the rational fractions By, ... , By is reducible).
Proof -
M
By~ ] (bfzg; - b;z@l)) , (14.20)
j=1

where z(;) are roots of system (14.18) for w =0 (i.e. z(;) = 2(;)(0)).

LEMMA 14.3. Suppose vgy1 = ... = v, =0, 11 #0, ..., vy # 0. Then in
formula (14.20) it suffices to take into account only those roots zjy that have at
least k non-zero coordinates.

Proof. Consider a root z for which z; #0,... 2,1 #0and 2z, = ... =z, = 0.
There are three possible cases: a) z* # 0, z? =0, b) z¢' =0, zP' # 0 and c)
2% £ 0, 2P # 0. Let us show that case c¢) does not occur. Indeed, the system

(14.18) will, for w = 0 and 2z, = ... = 2, = 0, contain exactly k equations and
hence the matrix I' will have the form
ai_ﬂ% o . O[,{;_l—ﬂ]}:_l 0 o . 0
= a’f_l— f_l a’,ﬁj— Ik“:ll 0o ... 0
of =67 ... oot —=Bpy .. ... ap—=[f
Therefore if the last column is deleted at least n — k + 1 of the determinants of
order n — 1 are equal to zero, and hence besides 14,1 = ... = v, = 0 one more v; is
equal to zero, which is impossible (as before we use the relation ||a?|| = ||8]]). O

Let us return to the proof of Theorem 14.1. First we consider the roots z;) for
which none of the coordinates vanishes. Finding these roots by means of Lemmas

14.1 and 14.2, we get
7, = anAl/A1627ri<m,Al/A>,

n—1 ; n—1
Tyl = ZnCA /A1627rz<m,A /A>,

where
C:(CQ,...,Cn)l ngbf/bg,,cn:b:/b;
Hence
+
+_al - Bt bl al-pt
125 - b)) ~ 11 <Ez(j> - 1) ~
j J

—As /Ay —1H)"1AL /A
H @ @ / . @ ( ) / 627ri(—m2A2+...+mnAn(—1)"’1)/A1 _ 1 —
by \by b,
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va /1 vn/v1
ST (B () () e )
... b— :

Assuming v; > 0 we get that the set of roots z(;) may be divided into v, classes,
according to the remainders after division of msvs+...+my,v, by ;. These remain-

ders are all distinct, because the numbers vy, ... , 1, being relatively prime, one can
find mq,...,m, such that mv; +... +m,v, =1, i.e.
Mols + ...+ My, 1
= — —my.
41 41
Now it is sufficient just to multiply mq,...,m, by 7, to obtain any remainder

vi—1 12Y2% vn/v
G e
i \\br/ \by by

vj

) 1 AN
H (bfzf’]‘-) — bl_z(ﬁj)> ~ (H (bi_> — 1) ,
j

j J

It follows that

where the product is taken over all roots in (C \ {0})".

Let now 1, = 0. Consider the roots (if any) for which one coordinate vanishes,
say z1 #0,...,2,1 # 0 and 2z, = 0. If z, is contained in z® or in z° then this
root gives no contribution to By. If z, occurs neither in z®' nor in z°' then, setting
z equal to zero, we get a system of (n — 1) equations of the same form as (14.18) but
with (n —1) unknowns. Moreover, from the form of the matrix I' it is clear that the
determinants of order (n — 2) in this new system are proportional to vq,... v, 1.
Applying the previous reasoning to this system, we then get

o o bj vj p
H(blz(j)—blz(j)>~ H = -1,

J J J
etc. 0
The original proof of the formula for the constant term B, in the kinetic poly-
nomial was given by Lazman in [111] under some additional assumptions. In our
proof these restrictions have been removed. Moreover, it enables us to determine
the degree p of the cycle characteristic of By.

COROLLARY 14.1. Ifv; #0, ... v, # 0 then the exponent p in formula (14.19)
18 equal to
Ay

141

Proof. Since vy # 0, ... ,v, # 0, then in By we only have to account for the
roots with z; # 0, ..., 2, # 0, and their number is equal to |A;| by Lemma 14.1.
U
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How can we find p in the general case, for instance if v, = 07 Apart from the
roots in (C \ {0})” we must take into account also the roots having one coordinate
equal to zero (if such roots exist). Choose such a z;, say z,, which is not contained
in z*' and in z°'. Then set w and z, equal to zero in (14.18). If there remain exactly
(n — 1) equations consisting of two monomials, then there exist roots with z, = 0

and z; #0, ..., z,_1 # 0. Assume that it was the last equation that disappeared.
Then the number of such roots is equal to
Ay
o — B

Hence the exponent p increases by
A
vl (o = Br)
etc.
COROLLARY 14.2. Ifp> 1 and if v,... ,v, # 0, then the factor
Bo = ((b0)" - (b)) = ()" (0,)™)
(Bc is the cycle characteristic of the rate of the catalytic reaction [150]) is contained

in the coefficients By of the resultant with an exponent at least equal to p — s, s =
0,1,...,p—1, but is not contained in the leading coefficient By .

Proof. Let v; # 0. Then the roots of system (14.6) are not isolated or their
number is less than usual, precisely if By = 0 and

b-i— s2 bt Sn
1+ <—2_> e 4+ (—”) el = ().
by by,

This latter surface intersects the surface

+v1 +vn _ =1 —VUn
b b =0 b,

transversally, and it follows that By # 0 for b ... b " = by ... b "
Furthermore,

R(w) = [ J(wi (2 (w)) - v1w),
J
By = R'(w)lu=o = Y _(w}(2m(0)) — 1) | | wn(2(5(0)).
m j#Em
Since the set of roots z(;)(0) is divided into classes I',, and since

H w1 (2¢;)(0)) ~ (H b;'Vi _ Hbl_yl> :

j€la

it follows that if we delete one root, then

p—1
[ 1 w1z (0) ~ (H b - H@-‘”") -

j#m i i
For the second derivatives the exponent decreases by two units, for the third by three
and so on. (Here we may safely differentiate the product R(w), for vy #0,...v, #0
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we only have to consider roots with non-zero coordinates in this product, and such
roots are simple by Lemma 14.1). O

LEMMA 14.4. The function R(w) given by formula (14.17) is a polynomial in
w (i.e. Q(w) =1).

Proof. General arguments (see e.g. Ch. 2 and [11]) show that R(w) is a rational
function. In order to prove that R(w) is a polynomial it is sufficient to show that
for k=0,1,..., M; the integrals

Z/ b 2? — )iz — b 2P )AL ANd(s 4+ )
(b3z®® —b;2P" —vw) ... (s + 22+ ... 2 — 1)

(14.21)

are polynomials in w. Here

Iy(w) = {z:

is a cycle corresponding to the j-th root of system (14.18), and M; is the number
of roots of system (14.18). Since these integrals are equal to the sums of the values
of the function

—bEzﬁz—ww‘:el: sl =1 = e}

k
(bfz"‘1 - bl_zﬁ1 - 1/111))

in the roots of (14.18), we see from the Newton recursion formulas (2.1) that R(w)
is a polynomial in these sums.
We now introduce the notation

w;(z) = b;“zo‘j - bj’zﬁj, j=1,...,n,

Wny1(Z) =21+ ...+ 2, — 1,
and we let I'; be a cycle of the form

Ui ={z:|wa(2)| = b2, ..., [wny1(2)] = Onya} = T'5(0)
corresponding to the j-th root of system (14.18) with w = 0. For sufficiently small
|w|,e and ¢, the cycle I'; is homological to I';(w), since w = 0 is not a root of R(w)
(we can suppose that |w;| > |vjw|, j = 2,...,n, on I';). Therefore the integral
(14.21) is equal to
My

Z/ (wy(z) — riw)fdwy A ... A dw,iy

(wg — ow) ... (W, — VW) Wyiy

1
J= T,

Expanding the integrand in a geometric series we get a series in w, and in order that
this series should terminate it is necessary that integrals of the form

Z/ 1dw2 VANPIAN dwn+1 (14 22)

. wf;n W1

should vanish for sufficiently large ||s|| =s1+...+s, (0 < s < k). Passing to
homogeneous coordinates
61 o gn

ey Ry = —
&7 &

1 =
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we obtain the integrand

wiF () dwi A L. A dw)

*89 * l
Wy . wrErwy 1 &y

)

where
n

L=led]lk+ o]+ + o]+ 1= s5lled|l.
j=1
For sufficiently large ||s|| we clearly have [ < 0. Hence the integrand has no singular-
ities on the hyperplane at infinity CP" \ C™ (recall that system (14.8) has no roots
at infinity). It therefore follows from the theorem on the complete sum of residues
[80], that the integrals (14.22) vanish for sufficiently large ||s||. O
Let us now write

R(w) = Byw" + ...+ Byw + By = By(w — wy) ... (w — wy),

with By # 0. Then for sufficiently small |w| we may talk about the logarithm
In R(w). Introducing the notation

& — d*In R(w)
T dwk

we have dj, = (k — 1)!s, where
1
S = Z -
i o)

The numbers 1/ wf’j) are zeros of the polynomial
1
P(w) =w"R (—) = Bow"™ + ...+ By,
w

and hence the s;, are the power sums of the zeros of P(w). Therefore the Newton
formula and the Waring formula (Theorems 2.1 and 2.2) are valid for them:

SkBO + Sk—lBl + ...+ SlBk;_l + kBk = 0, k S N,

S1 1 0o ... O
Bk . (_1)k So S1 2 RN 0
By k!

St Sk—1 Ca S1

Substituting the expressions for dj into these formulas we get relations between By,
and dj,.

LEMMA 14.5. The coefficients of R(w) and dj are connected by the following
formulas:

k
1 d;
By=—Y Bij—, 1<k<N
* B G-y o r e
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dy -1 0O ... O

B, 1 do dy -2 ... 0
A . 14.23
B, k'| -- ( )

dg dg—1 d

-1 (k—2)! S 1

Observe that the determinant in (14.23) is a polynomial in dy, ... , dj with posi-
tive coefficients. From here it is obvious that in order to find the coefficients of R(w)
we must find di. We get

1
d, = —
1 Z w; )
=1
N
1
do = — —
=Ty
=1
N
1
ds = —(s—1)! —.
wy
=1
In particular, Lemmas 14.5 and 14.2 imply that
B, 2B, By — B?
di=—, dy=—"—FF5——".
1 BO ) 2 Bg
It is clear from this that in order to find By,..., By one must first find the corre-
sponding derivatives of In R(w) or, equivalently, the sums
AN
wi

We can also apply Theorem 2.3.
THEOREM 14.2. Suppose that the system (14.6) satisfies the conditions of The-

orem 14.1. Then
N n M;

— = lz; ZVJ ; w, (ng)>

where M; is the number of roots of system (14.11) and z(s) are the roots of system
(14.11) for w = 0.

Theorem 9.1 (and Corollary 9.1) imply formula (14.24).

Thus, knowing all the roots of the subsystems (14.11) we can calculate one of
the coefficients of the resultant R(w) (namely B;/By). Let us next show how to find
the second derivative d?In R/dw2 for w = 0:

d>InR vsydw(l]
- ( Z / In Wy — 7 WawW 1]
w=0 = 1<s<l

dw2
oy ol [ ) -

s>1

(14.24)
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Z Z I/Sl/ldW Z/ s 2dW ])
= (s;él /
Here we used the formula

21nw1dw3 _ 4 <lnw1> N dw, ‘

3 2 2
w; w? W W2

Now, using Theorem 5.3 to pass to the global residue Fl~, we get

R

s,l=1 j=1

s+l 1

d>InR

v VldW[ ]
dw? '

(14.25)

THEOREM 14.3. If all the roots of system (14.11), corresponding to non-zero v,
are simple for w =0, then

—2% <—> Z 112 iZ +ysyl )( ) ) (14.26)

ol
s,l=1 j=1 Z=2 5y

where J; is the Jacobian of the system (14.11) for j = s.

Proof. In formula (14.24) we make the transformation
dwls] J,Jidz  J,dw]l]

wWywW Jywyw Jywyw

(since the roots are simple we have J; # 0 on Fé) This gives us the logarithmic
residue of the function Js/(Jw;).
In general, to find
d’ln R
dw?

we must calculate integrals of the form

w=0
My

51,,8 :
1 /T w11w22 .’U)Z"wn+1

Jj= J

They can be rather easily computed if all roots of all subsystems are simple. In this

case, introducing new variables in neighborhoods of the roots ws, ... ,w, 1, we get
that
dW[l] 832+...—|—3n—n+1 1
/ 1 = Ca s2—1 s —1 TSt (Z(j)),
Wi .. Whg wy? T L Owgn wy

and these derivatives can be found by using the implicit function theorem. Thanks
to Theorem 5.3 one can decrease the order of derivation by one (for the case of
multiple roots see [11], where such integrals are computed). In just the same way
as (14.24), formula (14.26) can be derived directly from Theorem 9.1.

In the proofs of Theorems 14.2 and 14.3 obtained by Kytmanov methods from
multidimensional residue theory play an essential role. Another proof of these as-
sertions was given by Lazman (see [40]), using traditional methods of mathematical
analysis and the Euler-Jacobi formula (see [14]).
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Theorems 14.1-14.3 thus enable us to write down explicitly the first coefficients
Bs, By, By of the kinetic polynomial. For finding the other coefficients one can use
the algorithm described above. Examples indicate that the expressions for the coef-
ficients By,..., By are rather unwieldy, and here the tools from computer algebra
can be useful. The explicit form of By, ..., By can simplify the asymptotic analysis
of the dependence of w on different parameters. The simple structure of B, allows
one to deduce a number of substantial results [38, 39, 109, 111, 112, 113, 154,
155, 156].

Originally the form of the constant term in the kinetic polynomial was obtained
[111], and the algorithm based on multidimensional logarithmic residues for finding
the other coefficients was given later. By using the modified transformation formulas
for the Grothendieck residue given in [98], we shall now provide simpler formulas
for B;, j <1, and also give various applications of the new algorithm.

Consider the system (14.5), and write as before

wy = b7z b2 =1, 0, wep =24 b2 L (14.27)

By Lemma 14.1 and the Hilbert Nullstellensatz (or by the Macaulay theorem)
there exists a set of homogeneous polynomials a;i(z), j,k = 1,n, such that

2t = Zajkwk j=1,...,n. (14.28)

Moreover, the degree L can be chosen so that L < ry+...4+ 7, —n (the polynomials
ajx(z) can be found by using e.g. the method of indeterminate coefficients).
Denote by A the matrix
((ajx(2)))f k=1

and by J; the Jacobian of the subsystem obtained from (14.5) by deleting the s-th
equation (w is fixed).

In our earlier formulas for the coefficients of the resultant, the coefficients were
calculated in terms of the roots of subsystems. Here we shall give formulas for
computing these coefficients directly from the coefficients of the initial system. The
difference comes from the fact that the resultant is now calculated with respect to
the linear equation of (14.5).

THEOREM 14.4. If system (14.5) has no roots for w = 0, then

o Z n+3 1 (Zl+...+Zn)T871J3detA (14 29)
By, 2. 2L ’ '
g— 1 1 ... n
where M is the linear functional assigning to a Laurent polynomial
Pz, 2)
Q - Ly L
zt 2k
its constant term. (In other words, in the polynomial P(zy,... , z,) we must take

the coefficient of the monomial z"* ... zE».)

The proof is carried out with the use of multidimensional residues theory (see
[98] and also Ch. 2, Sec. 9). First we give a formula for computing d.
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THEOREM 14.5. Under the conditions of Theorem 14.4 we have
g —oB (B)
By By

- Zn: DMy uMm [(zl + oo 2) T gy g det A
S

14.30)
L 21 1 (
priiot 2.2 . zh
For the calculation of the other coefficients of the resultant we obtain the follow-

ing formulas.

THEOREM 14.6 (Kytmanov [98]). Under the conditions of Theorem 14.4 we
have

n

G=d X Ut Y G MQGE), (143

=1 lal|=s J1yeeeJs—1=1
ar1=...=a;_1=0, oy >0
where
Q(Z) _ (21 +...+ Zn)zal:_"'—l_’""j"l_lahl R ajsfanl det A,
AR -y 7 S 7
a=(a,...,qp...,q), al=al. . .oyl v¥=uv". 00,
and if the set ji, ..., js_1 contains B, ones, Bs twos and so on, then

Cirojoor = Bl Bl

An alternative version of formula (14.31)is given by:

==Y ,Z ChaMQi@),  (1432)

-+ TnOén
llee||= ~js=1
where
riap+...+rpa
O (2) = (214 ...+ 2)"™ nn g O dngr det A
1 - St Ll L L ’
J1 t Js 1+ %n

Formula (14.32) was obtained by considering the resultant of the system (14.6)
with respect to the last equation (i.e. the balance equation). It is somewhat simpler
than the expression (14.31) since there is no summation over [. However, the degree
of the numerator is greater. In particular, starting from (14.32) we can write:

14 21+ ...+ zn)’"’alinH det A
Sy S [ ],
i=1 :

B

(21 4+ .o+ 20)" T g aps Ty det A]

L+l L41,1 L
2z R 2y

Formulas (14.29)—(14.32) are nothing but Corollaries of Theorem 9.1. We now give
some applications of these formulas.
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ExAMPLE 14.1. The linear transformation scheme. Assuming that the system
(14.5) is linear, we can write it in the form
bjzj —b_jzjq1 = w, j=1,...,n,
24 ...tz = 1 (Zna1 = 21).
Since r; = 1 we have L = 0 so that
zi =aji(bizr —b_122) + ...+ ajn(bnzn —b_p21), 5=1,... n,

with a;i,(z) = const.
Writing z = Aw we then have w = A~'z, where

by —b_y o ... 0
Al — 0 by —bo ... O
b, 0 0 ... b,

From here we get
det A =1/det A~ =1/(by...b, —b 1...b ),
and further B
J, = (=1)"**7,,
Je=0br...[s]...bp+br...[8]...bp1bp+...+bg...[s]...b_,.

As usual, [s] means that the term with number s should be omitted. This yields

B & - J
21 _1 n+s—1 A — 5
BO Z( ) VSJSdet Zbl...bn—bfl---bfn,

s=1 s=1

and hence

R(w) = (znjj) w—(by...by—b_1...b_p),

in complete accordance with (14.3).
EXAMPLE 14.2. A two stage nonlinear mechanism. The system

2 2
bizi —b_125 = w,
b222 — b,QZl = 2w,
21 t2z9 = 1

corresponds to the tranformations scheme
271 = 275, AR=AR
It is easy to check that for the system
wy = blzf - b,lzg, Wy = bozy — b_921

the entries of the matrix A have the form

Gy — @ Qoo — bfl(bfgzl + b222)
11 — B7 12 B )
b2,2 bl (b,221 + b222)

Qo1 = Q22 =

‘B’ B ’
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B - blbg - b—lb%m

Furthermore,

b 921 + byzo
A — 2T 2
det B ,
Ji = —(bz +b_s), Jo = 2(byzy + b_12).

Using Theorems 14.4 and 14.5 we therefore get

B 1
B = Wbt by + (b +00)°),
B, (B\*_ 1
’By (El)) = =53 (b2 b-2)" +16(b2 + b_2)(brb> + b_1b_o)+

+32b1bob 1b o + 8b2b3 + 8b% |b%, + 8byb2b 1 + 8bib_1b%,).
In conclusion we have
R(U}) == 4(b1 - b_l)w2 — (4b_1b_2 + 4b1b2 + (bQ + b_2)2)w + B.

(See also Example 9.2).
ExAMPLE 14.3. Consider the system

b2l —b_12d = w,
byzy —b_oz1 = puw,
21+ 22 = 1

corresponding to the transformation scheme
pZy S pZs, Zy & 7.

In this case we find

a = @ a = bil((b2zg_1) + e + (b,221)p_1)
11 B’ 12 B )
B S (% S RO (e
21 — B ) 22 — B )

where B = bib5 — b_1b",. We also obtain

1
det A = E((ngg)pil + ...+ (b72z1)p71),

Jl = —(b2 + bfg), J2 = pblszl + pb,lzgfl,

and hence by Theorem 14.4
By 1

B, B ((b2 +b_o)? +p? (515571 + bflb’lgl)) .
EXAMPLE 14.4. Three stage mechanism. The system
bizi —b 2 = w,
bozy —b 223 = 2w,
bszozs — b_3zf = 2w,

21 t29+23 = 1
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corresponds to the transformation scheme
27, 227y, Iy = Ty, Lo+ Zs =27,

To find the entries of the matrix A we solve a linear system of equations
gives us

a . begb,Q,Zg
11 — B )
BZ% + b2b3b71b72b732122 + b3b71b272b,32223
a2 = )
b, B
(b%b;}b,lZQ + b71b272b,323) b,2
aiz = )
b, B
o —BZQ + b1b3b2_2b_323
a1 = b B )
(b22122 + b722223)b%b§
92 = )
b.1B
a - (b,1b7322 + blbgzg)b1b32
23 — b_lB )
bébgz;),
asy = @,
1
ass = 5= —b_QBZ2 + b3b3b_1b_32123—
b3B ( oo
—b2Bz1z3 + b§b3b71b72b732223) s
(b%b322 + b2_2b_323) b%b_l
ass = )

b?,B
where
B = byb2b2 — b_1b% b2 ,.
The determinant of the matrix A has the form
det A = (b_12s (b3bs2]zs + b3b2b_327 23 + 21 2223b3b3b_o+
+2923b3bsb” 5 + 23b% 5b_5 + 2125090° )b_3) + 27 23 b1 b3bsb? 5+
1

2(zb b_5)b1bsb3 ) ———————
+ 25 (2102 + 23b_2)b1 b3 _2) bob 102, B’

and the Jacobians Ji, Jo, J3 are equal to
Ji = 2b_ob_ 321 — babsza + 23b3(be + b_3),
Jo = 2bibszizs — 22125(2b_1b_3 + bibs) — 2bsb_1 23,
Js = 2bib_sz1 + 2b_1by2s.
Applying Theorem 14.4 we get

B
El = (bobb_1b® b + b2b3b_1 (by + b_)? + 2b_1b* ,b% ;—
0

—b1b3b3b% 5 + babsb 167 5b_5(by + b ) + b3bsbi b 5b 53—

155

. This
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—4b1b3b3b_1b_g + b? b ,b% 5 + 4bybsb_1b ,b_3 + 4byb_1b* Lb_5+

1
b b2B

ExXAMPLE 14.5. Schemes without interactions between different intermediates.
Consider the system of equations

+8D1b3bsb_1b 5 + 4bi1babsb_1b°, + 4b3% b ,bs)

b1zt —b_125" = 1w,
(14.33)
bpzom —b_ 21" = vw,
z21+...+z, = 1,

corresponding to a single-route transformation scheme with no interactions between
different intermediates. It is known [152] that this rather wide class of nonlinear
mechanisms has the following quasi-thermodynamic properties: The steady state is
unique and stable for fixed values of balances. As will now be shown this result can
be obtained within the framework of the approach developed here [36].

For (14.33) we have the matrix

(6751 — Qg 0 e 0
I — 0 (6%)] —Qa ... 0 :
—a, 0 0 ... a,

and the algebraic complement A; to the j-th entry of the last column is equal to

Aj == H Q.
i#]
Therefore we can take them as v;.

It is obvious that for w = 0 the system (14.33) has no roots, so the theory devel-
oped here applies to it. We consider first the equation determining the coefficients
of the resultant R(w).

We assume that

R(w) = By + By + ...+ Byw",

with By # 0, and we write L+ 1 =« ... a,. We must find polynomials a;(z) such
that

zjl-—‘“ = aj1(2)(b127" —b_125") + ...+ ajn(2) (bpze™ —b_pzi™), j=1,...,n.

These polynomials can be chosen of the form
aji(2) = cjp((bpzp* ) + (brz®)™ 2 (bowzhy) + -+ (0ok2if)™ ),
with the convention that £ + 1 =1 for £k = n. Indeed, we then have
ajpwy + ...+ ajpwy = cip (b 2T =02t + o+
i (B 22 — b 2P = ZJ'LH;

where wy, = byzp" — b_rz%,. So if we write zf“ = w; and
!

Vi Vi
bjwj —b7wj11 = wj
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we find that the matrix C = ((c;i,)) satisfies the condition

Cuw' = w,
Then w’' = C~!w, and hence
b b, 0 ... 0
ca_ | 0w oy 0
B R R 2

From this we obtain the expression

157

(det C) ' =det C ' =¥ .. b — b ... 0" = B

for the cycle characteristic.

LEMMA 14.6. The adjoint of the matriz

ay —bl 0 Ce 0

T — 0 a9 —b2 e 0

-b, O 0 Qn,

s given by
as...04ay blag...an bl---bn—l

bgbn aias...ay albg...bn,]_
T = a2b3...bn blbgbn alag...bn,1
Q203 . .. bn b1a3 Ca an,lbn e 102 Q-

Knowing C~! we can now easily find the matrix C with the help of Lemma 14.6.

Using the form of a;; we find that

n

1 vj— —ay vj— —aj
detA:—H(b-’ A ARy S Al )

J J Jj o cj+1

B

j=1
To find the Jacobians J, we first note that

Js — (_1)n+sysjs,

where
blzf‘l_l —b,12§1_1 0 Ce 0
0 bgzgzil _b_223271 e 0
Js = 1 1 1 1 1 <
—b_p 2t 0 0 oo bpzonTt

st line
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LEmMmA 14.7. If

~
I

1 1 1 1 1« s line

-b, O 0o ... a,
then
Je=0by...[s]...bp +b1...[s]ags1bsia.. . by + ... +aiay...[s]...a,.

Notice that the J, are polynomials with positive coefficients. From here we get
that

L+1—o¢j

(214 20) %7 (bal{lflszH_aj +o b )

By
By
R H1
2 =
— 1N

B;Vs b2k

Moreover, theorem 14.6 (formula (14.32)) implies that
dp, = ——, Cr > 0.

We claim that system (14.33) has only one root with positive coordinates z1, . .. ,
zp. To prove this we need a result from [132] (see also Theorem 11.4):

Let f = (f1,..., fn) be a system of polynomials in R™ and D a bounded domain
with piecewise smooth boundary 0D. The degree Q(f, D) of the mapping f in D is

then equal to
1 X 8(f1,7fn)
Qf, D) = - (w1, .- )
(f7 ) AL ;Slgna({ljla-.- 71’.”),
0
where

Lo=dDN{z: |fol =e,... |fn] =}

Recall that if the Jacobian 0f /0x preserves the sign in D then €2 is the number
of roots of the system f in D.

LEMMA 14.8. The matriz

ay —bl 0 TN 0 —U
0 as _b2 TN 0 —Us
A, = o
—b, O 0 ... a, —-Uu,
1 1 1 1 1 0

satisfies the relation
An == V1J1—|—...+l/an,

where J, are the determinants from Lemma 14.6.
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Since the Jacobian of system (14.33) is equal to

blalz?l_l —b,1a1231_1 0 Ce 0 —1
0 bgalzg‘z*l —b_g(l’gzgzil e 0 —Uls
J = . . . ,
—b_pay 2t 0 0 cor bpagzinTt —py,
1 1 1 1 1 0
we see from Lemmas 14.7 and 14.8 that J > 0if z; = z; and either z; > 0, ..., z, >
0,orzy =0,20>0, ..., z, >0,0orzy >0, 2, 1 >0, z, =0.
Consider now the cube
Dp={(x,w): 0<z;<R,...,0<2z, <R, ~-R<w< R} CR""
and the set
Iy ={x€dD}: |lwa|=¢, ..., |wps1] =€}
Then '} lies entirely in the sides {z; =0}, ..., {z, = 0}, since the hyperplanes
1 +...+z,=1=xc¢
do not intersect the sides {z; = R}, ..., {z, = R}, and |ws| = &€ does not meet

{w = £R} (for sufficiently large R).
By the Tarkhanov Theorem 11.4 the number of roots of (14.33) with positive

coordinates zy, ... ,x, is equal to the number of points in ' divided by 2"
So we must consider [}, on the sides 27 = 0, ..., z, = 0. If z3 = 0 then
't N {z3 = 0} = 0 since the equations
bory® = wew te,
—bsxy® = wmwte

have no solutions. Similarly we have {z; =0} NT% =0, for j > 3. If 21 = 0 then
we obtain

boxy? — b 225 = vyw t ¢,

by = vaw te, (14.34)

n
To+ ...+, =1=xc¢.
This system has practically the same form as (14.33) (if we assume b_,, = 0),
but in (n — 1) variables. Applying our previous arguments we reduce it to a system
of the form
byxin = v,w =t 0,

v, — 144 (14.35)

The system (14.35) has four roots, and hence (by induction over n) the system
(14.34) has 2" roots. The case

{ra =0} NI #0

is handled analogously. We thus find that '} consists of 2" points, and hence the
system (14.33) has only one positive solution z; > 0, ..., z, > 0. The following
theorem is thereby proved.
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THEOREM 14.7. The system (14.33) has only one root in the set
z1>0,...,2, >0, weR.
EXAMPLE 14.6. For n = 2 the system (14.33) takes the form
b1 2] —b_125 = Pw,
b2z§ — b,2z1ﬂ = aw,
z1+ 29 =1.

We then have
Jl = —/B(bgzgil + b QZlﬂil),

J2 = O[(blz?il + b_ 123 1),
B=0W -, L+1=ap,
det A =

— ;((b 207 (b 2®)P 2 (by28) + ..+ (b_lzg‘)ﬂ_l)((bgzg)a_l +...+ (b_gzlﬁ)o‘_l),

R o (vt
—b%, by ) ey o)

Furthermore,
bOé
an(z) = Eg ((blzf‘)ﬂfl +.ooo+ (b125 )ﬂ 1) ,
v’ - o
aia() = = (0a2) 7 + o+ (b22)" )
be _ oG
agl(Z) = §2 ((blzf‘)ﬂ ! 4+ ...+ (b_122 )’3 1) 5
bﬁ
ana(2) = 2 ((bo)"™ .+ (baf)o 7).
It follows that
B _
By
1 2 a—1 B-1 B-1
= —Eim [((5 (21 + 22)" “(bazy ~ A+ bogz] )+

+a? (21 + 22)7 (b2t bz h) x
X (b1 (0 a25) ) ()™

sty | () -

B—1 a(k+1)

o1 L0 DD DR W o

k=0 Bs=ak

+a Za: Z Cly bt by 5

s=1 ak=0£(s—1)
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ExAMPLE 14.7. Consider the system

bizf —b_125 = w,
@ (67 —
bnflznfl - bf(nfl)zn = w,
bpzn — b_pnz1 = aw,
“21t... 4z, = 1,

corresponding to a mechanism without interactions between different intermediates,
in which one stage is linear and the others are nonlinear and of equal order. In this
case we get

L+1= a, B = bl ce bn—lbg - b_1 Ce b,(n,l)bgn,

det A = % ((bnzn)o‘_l + (bnzn)o‘_2 (b_nzl) 4+ ...+ (b_nzl)a_l) y

Jio= (D" 2 (b . b2y 2

by b2 3] 2 by b 20T,

Jo = @ by boonzs 20+
by 20 M2l 2 by by 222,

We thus have

B _
By
= —éﬂﬁ [((z1 4o+ 20) (@2 + .+ Q™) %
X ((bnzn)* ™+ o4 (bon21)® ) /(0720 =
an—2

=-— (@®(br .. b1 by b L+

+bo ... by 1 (b +b_1)%).

As before we restrict ourselves to finding the two first coefficients of the kinetic
polynomial.

Formulas (14.30)—(14.32) permit us to write the other coefficients in symbol-
ic form. Experience shows however that the expressions one obtains are rather
cumbersome. But there does exist a finite algorithm for finding all the coefficients
B; (j > 1) of the kinetic polynomial in symbolic form. The methods and software
of computer algebra can become decisive for this approach. The basic steps of the
algorithm are the determination of the expressions for a;x(z) in (14.28) and the re-
duction of similar terms in the product of polynomials appearing in (14.29)—(14.32).
All of these operations can result in rather unwieldy analytic transformations for B;
(only the structure of By is simple), and therefore along with the construction of
the kinetic polynomial it is necessary also to develop methods to simplify it, in view
for instance of the sensitivity of its coefficients to variations of the parameters bF.
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The results of this section (Theorem 14.7) show that, by using our new ap-
proach, we have succeeded not only to simplify the algorithm for finding the ki-
netic polynomial but also to obtain some meaningful conclusions concerning quasi-
thermodynamic properties of systems without interacting substances.

It seems promising to apply this approach also on many-route schemes. Further-
more, it is quite reasonable to ask for a way of writing the equations of chemical
kinetics in terms of the observed reaction rates also in the nonstationary case. Here
the initial system of equations

x = I''w(x)
can be written (after an elimination procedure), for example, in the form F(w) =
R(w), where F' is a linear differential operator and R(w) is the kinetic polynomial.

15. Construction of the kinetic polynomial in the general case

The general case differs from the single-route mechanism (see Sec. 14) in that
the stationary equation (14.1) (analogous to (14.2)) is of the form

p
ws(z) = Zl/gi)w(i), s=1,...,n, Az = a, (15.1)
i=1

where v{" is the stoichiometric number at the s-th stage in the i-th route, w® is the
reaction rate of the ¢-th route, p is the number of routes. In general there can be
several linear conservation laws Az = a. The many-routeness of the reaction means
that for the stoichiometric matrix T' there exists p vectors @ of stoichiometric
numbers corresponding to linear dependencies among the rows, i.e. v®T' = 0. It is
these last relations that allow one to write the stationary equations 7w = 0 in the
form (15.1).

In the linear case all necessary quantities can be written explicitly. For this
purpose the language of graph theory is the most natural [152]. To each chemical
transformation scheme one associates its reaction graph. For example, a two-route
linear scheme can be represented by the following graphs

OO

in which the two cycles correspond to the two routes. The difference between the two
graphs (15.2) is that the first has one common vertex (a substance), while the second
has two common vertices (an entire stage). The general form of the stationary kinetic
equations for a complex catalytic reaction with a many-route linear mechanism was
presented and investigated in the papers [70, 145, 146, 147, 148, 153]. The
equations look like

(15.2)

L)
> B P
2

e 72 Dm_ ,

w®)

(15.3)



APPLICATIONS IN MATHEMATICAL KINETICS 163

where B(Cf) is the cycle characteristic for the i-th route, and P; is a conjugation
parameter of the i-th cycle. The expressions Bg) are analogous to By for each cycle,

i.e. _ .
R U |
J J

The conjugation characteristic P; corresponds to structural singularities of the re-
action graph.

From our experience with the construction of the kinetic polynomial for a single-
route mechanism we expect that also in the general case the structural singularities
of the initial system should appear in the final result of the elimination of variables
from the stationary equations.

The problem of constructing the kinetic polynomial for a many-route nonlinear
reaction can be formulated as an elimination problem for the system (15.1) with
respect to

wh, i=1,...,p.
After elimination from (15.1) we obtain one kinetic polynomial equation
Ri(w?) =0 (15.4)

for the determination of each w®. This problem fits quite well into the general
scheme of elimination that we developed in Ch. 2. Here we try to trace the specific
character of the structure of the reaction graph in the final result, and also to indicate
those cases where the methods we used to construct the kinetic polynomial for a
single-route mechanism are applicable in a more general setting.

In Sec. 9 (system (9.12), Theorem 9.3, Example 9.5) we already encountered
a system of nonlinear algebraic equations corresponding to a certain many-route
scheme. Such schemes arise when only one rate w for some route and only one
linear conservation law are singles out in the initial stationary equations

" (w(z)) = 0.

In this way the problem of constructing the kinetic polynomial can be viewed as
several elimination problems for each route.
In system (9.12) it is the homogeneity assumption on the polynomials

P, j=1,...,n+1,

that restricts the generality. The scheme for elimination of variables developed in
Ch. 2 can be extended also to the general case but it becomes quite awkward.

We now consider some particular cases of two-route mechanisms, for which we
can apply the construction methods for the kinetic polynomial of a single-route
transformation scheme. The elimination problem for the system (15.1) can be for-
mulated as follows: Eliminate all variables z; from (15.1), i.e. find a system of
polynomials in w®) for which the zeros are the projections of the roots of the sys-
tem (15.1) on the axes w®. This procedure can indeed be carried out by using the
classical method of reducing the system to “triangular” form. But in general the
number of equations may increase and the system for the variables w® can contain a
greater number of equations than the number of variables w®). For general systems
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it is easy to construct such examples. Let us show that this situation is common

also in the case of system (15.1).
ExaMPLE 15.1. We consider the following system of equations for a two-route

mechanism

b 22 —b_yz2 = w®,
b2 —b_y22 = wW,
bszs —b_gzd = w®,
b4z§’ - b,4zg = w(2),
21+ 29+23 = 1.
Suppose
b_;j =0 and b; =1, j=1,2,3,4.
Then we get
2 = w,
22 = w,
2 = w?®, (15.5)
2 = w?,
z1+2+23 = L

The following vectors are the roots of system (15.5) (21, 22, 23, wMw®?):

1) 17171717i7

333 9 27

1 V31 V3 V31 V3 /3
2) ’3’626’29 )

2 62 "6
1 V3 31 3 A3

3) _|_£__|_ i,—'i,——i-ii,ii ,

2762 6 36 6 9
4 (-1, 1,1, 1, 1),

1 V3 1 3. 1 3
5 (L3 LoV L VB

s T Ty Ty T Ty

1 V3 1 3. 1 3
o) (Lo 1 V8L VEa)

2 T2 e Ty Ty

Assume that the coordinates w™ and w® of these roots are the roots of the
system

Pl(w(l),w(2)) = 0,

P2(w(1),w(2)) = 0,

and moreover, that (15.6) has no other roots (including infinite roots). Then by the
Bézout theorem the degrees of P; and P; can be either 1 and 6, or 2 and 3. Let us

(15.6)
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show that there exists no polynomial P; of degree two, whose zero set contains the
six points (w®,w®). Indeed, assume

P = alw(m + agw(l)w(z) + a3w(2)2 + a4w(1) + a5w(2) + ag.

Substituting the six pairs (w™®,w®) into the equation P, = 0, we get six linear
equations with respect to a;. It is not difficult to check that the determinant of this
system is not equal to zero, and hence the only solution is

a;=0, j=1,...,6.

Therefore, after the elimination of all variables z; from the system (15.5) the
number of equations in w®, w® will be greater than 2.

Now we consider some particular cases of two-route mechanisms.

1. One route is arbitrary and the second is linear:

blzo‘1 — b,lzﬁ1 = ),
bkzo‘k — b,kzﬁk = W,
bk-l—lzk - b—(k-l—l)zk-i-l = w(2), (157)
bni1Zn —b_minze = w?,

Z]_+...—|—Zn = 1,

where

ol =(af,...,ad), B =(6...,8].
Eliminating all variables except z; from the system

Drs12k — b gy 21 = 0P,

brnzp — b—(n—l—l)zk = w(2),

we have
Zk+1 = Cg+1Z2k,
Zn = CpRg,
w® = €02k,

where all constants c¢; # 0, and are expressed through b; and b_;, j > k + 1.
Inserting these expressions for z; into the last equation of system (15.7) arrive
at

blzo‘1 — b,lz’61 = 1w,
bpz® — b_kzﬁk = W, (15.8)
At .otz ten = 1,
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where ¢ = 1 4+ ¢x41 + ... + ¢,. In order to exactly get the system of a single-route
mechanism, we must make the change cz; — 2. We then have

; _al / L
Viz® —b_ 2P =nw,

1 ak ! k
biz® —V 2% = yw,

Zl+...+Zk:1,
where
b, =bjc b =b_jc Pk

It is interesting that this transformation does not influence the form of the con-

stant term of the kinetic polynomial (in w). Indeed, the constant term is given
by

ap ~ (bllyl e b;{:yk - bl_lyl Ce bl_kyk)s =
= (br - bprem Ee gy e R

~ (b =y e A )
but since I' is a singular matrix

> vy (of = ) ~ det T = det (o — 5)),, =0,
and hence

ap ~ (blljl c. kak — b,1V1 c. bika) .

It is clear that a similar procedure can be applied to a many-route mechanism if all
its stages except one are linear.
2. Consider now the system

blzo‘l — b,lzﬁl = I/l’w(l),
bez® — b_kzﬁk = W,
byt — bf(k+1)tﬁk+l = vpw®?, (15.9)
bn+1tanrl - b—(n+1)tﬁwrl Vn+1w(2)7
2+t 2z, = 1,
where z = (2z1,...,2), t = (Zk,... ,%,). Assuming that all monomials t* and

tﬁj, j > k + 1, are of the same degree, and eliminating t from the last equations,
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we get the system

bz — b,lz’61 = 1w,
b;.cz"‘lc — b_kzﬁk = W,
Pii(z) = 0, (15.10)
Pria (Z) = 0,
Z1+...+t2z2, = 1,

and

ﬁk+1

brart® ™ —b g t? T = v w®, (15.11)

(if vx41 # 0). The system (15.10) together with equation (15.11) is equivalent
to system (15.9). But for (15.10) the Theorem 9.3 is valid (Pyy1,...,P,41 are
homogeneous). Therefore, using Theorem 9.3 we can find the coefficients of the
logarithmic derivative of the resultant R(w®) of system (15.9).

Thus, if in a two-route mechanism all the equations corresponding to one route
are of the same degrees, then Theorem 9.3 can be applied to the system (see also
Example 9.5). The same goes also for many-route mechanism.

In the general the picture is not yet as clear as it is with single-route mechanisms.
It can be conjectured that the structure of the initial reaction graph entirely deter-
mines the structure of the kinetic polynomials for each route. In addition, the most
transparent results are obtained for mechanisms for which the cycles in the reaction
graph have only common vertices (as for example in the first scheme of (15.2)). The
experience from the analysis of linear schemes shows that the expressions for the
reaction rate essentially depend on the character of the “linkage” among the cycles.
For “soft linkage” (common vertices) the cycle characteristics are summed with cer-
tain positive weights, but for “rigid linkage” there appears one more conjugation
characteristic of cycles. In terms of systems of equations these two cases correspond
to initial systems having subsystems with intersections in one or several variables.

Now we show that the approaches that we have developed in Ch. 2 and 3 can
be used in the more general case when the kinetic equations are not algebraic. For
example, nonisothermal systems are transcendental with respect to the temperature
variable. Moreover, the multidimensional logarithmic residue permits us to give a
generalized interpretation of the kinetic polynomial.

Recall that the kinetic polynomial P is the polynomial in the rates w(z) corre-
sponding to the mass-action law. For more complicated kinetic laws at the individual
stages, or in the nonisothermal case we have no longer a polynomial, and here the
elimination procedure does end up. But then the integral form for representing the
kinetic equations can be useful. We assume that it is written in the form

filz)=0, i=1,...,n, (15.12)

where f; are quite arbitrary (but holomorphic) functions, and z = (21, ... , 2,), with
n being the number of independent variables. Introducing the additional variable w
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we consider the system
Fi(z,w) =0, i=1,...,n+1, (15.13)

instead of (15.12).
In (15.13) we may now try to eliminate all variables except w, i.e. reduce (15.13)
to a single equation

®(w) = 0. (15.14)

For the function ® we then have the following relations (by a Theorem due to
Yuzhakov ([11, p.55], or Sec. 9)):

In®=>"InF,.(zp(w),w) = (15.15)
J
1 dF (z,w)[n+ 1]
= Ta_ o 1 Fn ) )
(2mi) EJ:/F] n Pz, 0)—p—"F

where the surfaces I'; are given by
Fj = {Z . |F1(Z,0)| — €1y, |Fn(z, 0)| = gn},

z(;j)(w) are the roots (for fixed w) of the system (15.13) without the last equation,
and
Flkl|=dFy N...NdFy_1 NdFy 1 A ... \NdF,.
It can be shown that (15.15) implies the formulas (as in Theorem 9.1)
n+1

' (w) o Fk (z,w)dFk]
O(w)  (2mi)™ Z/ Z - Fi...F, (15.16)
Ui k=1
and
1 d*In ®(w)
— 2 7\ = 15.1
k' dwt |, (15.17)
n+1 nl— o —
Zi Z (—1)nti-t El, (ar—1) E[z]
e a! . \ F; F
J e |=k !
ar1=...=a;_1=0
a; >0 w=0

where («) denotes a derivative of order « in w.

Formulas (15.17) give expressions for the coefficients in the power series expan-
sion in w of the logarithm of the resultant ®. The coefficients in the series expansion
of the resultant ® itself can then be found by means of the Newton recursion for-
mulas, starting from (15.17).

If the F; are polynomials then the integrals in (15.16), (15.17) may be calcu-
lated in closed form and the resultant ® is a polynomial in w. If the F; are more
complicated functions then we must resort to approximate computations of these
integrals.
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A more general situation, in comparison with the mass-action-law is the kinetics
of Marselen de Donde. In this case the kinetic law of an elementary stage is given

by
w; = exp (Z aijm(z)> :

where p;(z) is the chemical potential of the i-th substance. For ideal kinetics p; =
p1f +1n z; and w;" has the usual polynomial form

+_ 7 aij
w; —kJHzi .
i

If the chemical potentials contain correction terms, so that u; = p? +Inz; + f;(2),
then
w;.“ = ]g;f Hziaijeaijfi(zi).
i

Introducing the notation z; = zefi®), we can represent the kinetic law of the
individual stage in the typical form for the mass-action-law

+ gt aij
wi =k [ [,
[

From here on the procedure for obtaining the kinetic polynomial remains without
changes. When p; is a more complicated function of z, for example if f; depends
also on the other concentrations, the algorithm for obtaining the resultant ®(w)
becomes substantially more complicated. The kinetic polynomial for the simplest
case of Marselen de Donde kinetics is of the same form as the polynomial P(w)
obtained for the same reaction mechanism with ideal kinetics.

It is interesting that the structure of P(w) in the analyzed non-ideal case only
depends on the stoichiometrics. The form of the correction term f;(z) in no way
influences the final result. According to (15.12)—(15.17) the standard reduction
of the chemical kinetic equations (CKE) to the kinetic polynomial (KP) can be
schematically represented by the diagram

CKE(z) = CKE(z, w) = (w) = exp/ %dw —~ KP(w), (15.18)

where the expression for ®'/® is given by formula (15.16).

In the standard procedure (15.18) the last passage from the integral representa-
tion of the kinetic equations to the kinetic polynomial is relatively simple to carry
out in the case of the mass-action law. An analogue of the kinetic polynomial for
more complicated kinetic laws can be obtained, if the integrals in (15.16) can be
calculated in closed form. In the general case the elimination procedure terminates
at the stage were In ® is obtained:

In ®(w) = / (g((:j))dw. (15.19)

The representation (15.19) can be interpreted as an integral representation of
the kinetic equations. The left hand side in the identity (15.19) depends in general
on the measured value w in a complex fashion, while on the right hand side we
have a function which is calculated by the formulas (15.16) and (15.17), on the basis
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of theoretical considerations regarding the reaction mechanism, such as the kinetic
law of each individual stage, the steady state equation, the conservation laws, etc.
The integral formula (15.19) has a well defined physical and chemical sense. If the
integrand ®'dw/® represents the sense of the local reaction order (which is quite
natural) then relation (15.19) shows that the integral of the local reaction order is
the global brutto-order In ®(w) of the reaction. As shown by formulas (15.16) the
local reaction order can be calculated from theoretical representations which are put
into the initial kinetic model. In this context we remark that some of the kinetic
details will be reflected in the final result ®(w). They are cancelled in the process
of elimination of the concentrations z;.

We consider the non-isothermal case separately. The equations of non-isothermal
kinetics can be written in the form

fiz,T)=0, i=1,...,n, (15.20)

G(z,T) =0. (15.21)

where the equations (15.20) correspond to the stationary concentration conditions,
and (15.21) expresses the thermal balance. In simplest case T occurs as an expo-
nential function of the rate constants of the isolated stages in the detailed reaction
mechanism, and therefore the system (15.20) and (15.21) is already non-algebraic.

Proceeding by analogy with the case of linear dependence in z (monomolecular
reactions), we find from (15.20) a relation z = (7). After substituting ¢ into
(15.21) we get the temperature equation

G(o(T),T) = 0. (15.22)

However, in the general case such an elimination method for z becomes compli-
cated, since for nonlinear transformation mechanisms the function ¢(7') in (15.22)
can be many-valued.

For a complex reaction the thermal discharge is determined by the brutto-
reaction, and then the equations of mass and thermal balances can be written in
the form

Fyz,w,T)=0, i=1,...,n+1, (15.23)

G(w,T) = 0. (15.24)

Regarding T' as a parameter in (15.23), we can, by analogy with the isothermal
case, construct the resultant ®(w,T), and together with (15.24) get equations for
the steady states w,T"

O(w,T) = 0,
G(w,T) = 0.

Systems of type (15.25) are obtained in the quasi-stationary case with respect to all
or some of the concentrations z. Hence the method of elimination of unknowns that
we have developed in Ch. 2, 3 can be readily adapted to the non-isothermal case.
Thus, the concept of the kinetic polynomial, originally developed for single-route
reactions with ideal kinetics, can be extended to more general types of kinetics and
also to the non-isothermal case. For the interpretation of complicated experimentally

(15.25)
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observed data of kinetic dependencies the integral version (15.19) of the chemical
kinetic equations can be useful.
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CHAPTER 4

COMPUTER REALIZATIONS

16. Analytic manipulations on the computer

16.1. SPECIAL FEATURES, FIELD OF APPLICATIONS

Over the last three decades a new part of computational mathematics has been
formed. It is called computer algebra. By definition [28] this is the part of com-
puter science which deals with development, analysis, realization and applications
of algebraic algorithms. Computer algebra has the following special features:

1) The algorithms work with data represented in symbolic form.

2) The solution is carried out on the basis of an algebraization of the given
problem.

3) There exist algebraic analogues of the analytic operations.

In the systems for analytic calculations (CA) that have been developed, solutions
to most of the classical algebraic problems are realized: Calculation and simplifi-
cation of polynomial expressions, determination of the greatest common divisor of
polynomials, matrix algebra, etc. [28, 122]. Although the word “algebra” is part of
the title of this discipline, the analytic transformations that are performed include
most of the operations from mathematical analysis: The determination of limits,
differentiation, integration (and integrability checking), the solving of differential
equations, expansion in series [67].

The use of CA requires (as a rule) a larger computer capacity than is needed
for numerical analysis. So a pure replacement of “approximate” numerical methods
by “exact” analytic ones is usually not motivated. Computer algebra has its own
specific class of problems, some of which are related to mathematical modelling.

Firstly, there are problems where numerical results are uninformative or repre-
sented by a lot of data (for example, the problem of computing the number of real
roots of a polynomial). Moreover, the round-off errors in numerical methods can
lead to a false solution (for example, in calculating the rank of a matrix).

Secondly, there are problems connected with unwieldy mathematical models and
the development of numerical methods of solution (for example, generation of dif-
ferential equations of chemical kinetics [69]). Here analytic manipulations can be
used to handle the computer programs [83].

Thirdly, there exist promising systems, where a combination of symbolic and
numerical methods is used. For example, in [58] the problem of decomposing the
parameter space for a linearized dynamical model into suitable domains was solved
via analytic solutions of the linear algebra problems followed by an application of
numerical methods.

The basic mathematical problems which can be solved with the help of CA are:

173
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Various (canonical) simplifications of expressions, i.e. the construction of a sim-
pler object being equivalent to the given one, or the determination of a unique
representation for equivalent objects (for example, the simplification of expressions
with radicals);

Analysis of algebraic structures (for example, groups); Integration of functions
and summation of series (this problem is considered in detail in [62]); Solution
procedures in algebra, in particular, the method of elimination of quantors. This
type of problems (Sec. 17) has stimulated a lot of research in computer algebra:
The determination of resultants of polynomials in several variables, the localization
of roots of polynomials, the calculations of greatest common divisors (GCD) for
polynomials, and of the sequence of polynomial remainders.

The capabilities of modern systems of CA have been widely exploited in differ-
ent branches of science. One of the most developed systems — MACSYMA — has
for instance been applied in acoustics, econometrics, elementary particle physics,
robotechnology, thermodynamics, genetics, control theory, theory of aerials, defor-
mation theory, sky mechanics, fluid mechanics, solid physics, theory of relativity,
chemistry and chemical technology [123]. The application of CA systems to physics
have been particularly successful [76]. On the other hand (as was pointed out in
[28]) “the striking feature of the most important applications is that they are based
on simple and rather straightforward computational methods” (for instance, the
arithmetic of polynomials, calculation of determinants of matrices with symbolic
elements).

A typical example is the evolution of computer algebra applications in chemical
kinetics. In 1967 Silvestri and Zahner [131] simply used the Cramer rule to derive the
kinetic equation for catalytic reactions with a linear mechanism. (Cristiansen, Way
and Preter were pioneers in applying determinants to chemical kinetics). The more
recent PL-program for deriving the equations of fermentative reactions is based on an
analogous transfer [74]. At the same time ideas based on graph theoretical methods
were developed: First for fermentative [93], and later for heterogeneous catalytic
reactions [150, 152]. It was exactly this approach that was used by Semenov [71] to
create the system ARAP for analysis of the kinetics of complex reactions with linear
mechanisms. In contrast to previous developments he used more complicated and
effective mathematical tools, namely nontrivial representations of graphs [56]. This
system was realized with the help of the specialized language YARMO for analytic
transformations. Problems which were closely related to computer algebra were
solved through the creation of a system for automatic kinetic calculations [121].
Here the values of the target function and its derivatives, which are necessary for
solving data processing problems of kinetic experiments, are determined on the basis
of the concept of numerical graphs. The expressions are represented in the form of a
graph with the nodes being algebraic operators, while the edges represent variables
and the expressions are decomposed into blocks of the type

Y= Zai:vi, dxyi/dxs, exp(x)

i=1

etc.
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Another direction for computer algebra applications in chemical kinetics is the
analysis of the dynamics of complex reactions. Procedures for analyzing conditions
for (non)-uniqueness of steady states and their stability, were realized in a program
of Ivanova and Tarnopolsky [91] which calculates the characteristic equation in
symbolic form, and which permits to distinguish structural fragments of the reaction
graph, thereby predicting the type of dynamic behavior. Clarke created a system (in
the language APL) for qualitative analysis of the dynamics and stability of reaction
systems [60]. This allows one (on the basis of the theory in [60]) to determine the
basic dynamical features of the given reaction: In particular it generates all reactions
which are possible for a given collection of substances. It also checks the validity,
uniqueness and global attraction of stationary manifolds, as well as the stability of
the steady states in terms of properties of the reaction graph etc.

Thus the level of a computer algebra application is largely determined by the
theoretical level of the branch where it is applied. On the other hand, the methods
of computer algebra also allow one to formulate applied problems in a new way.

16.2. THE SYSTEM MAPLE

There exist a lot of computer algebra systems. In Russia alone more than 40
different systems have been elaborated [83]. The best known Russian systems are
ANALITIK, Algebra 0.5, SIRIUS, and SRM. Their capabilities and applications are
described in [67, 76]. Widespread western systems such as ALTMAN, FORMAS,
MACSYMA, muMATH, REDUCE, SAC etc. are classified in [28]. Lately, the sys-
tems Axiom, Maple [54, 55| and Mathematica [144] have gained wide recognition.

In the Russian edition of our book we used the system REDUCE [84]. Earlier
in [108] we used a system from [126]. For the English edition we have chosen the
system Maple. This system was given to us by Sergei Znamenskii (Krasnoyarsk
EmNet Center, DOS — 5203 — 429023 — 1). We use the Manual of the authors
(54, 55].

Maple is a mathematical manipulation language. A basic feature of such a
language is the ability to perform simplification of expressions and other transfor-
mations involving unevaluated elements.

In Maple, statements are normally evaluated as far as possible in the current
environment. For example, the statement

a := 1; assigns the value 1 to the name a. If this statement is later
followed by the statement
x := a+b; then the value 1+b is assigned to the name x.

As each complete statement is entered by the user, it is evaluated and the results
are printed on the output device. The printing of expressions is normally presented
in a two-dimensional, multi-line format designed to be as readable as possible on
standard computer terminals.

There is an on-line help facility in the Maple system. To start using it, enter the
command ? and some information about the help facility will be displayed at the
terminal. For example,

?index
7gcd.
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A Maple session is typically initiated by the command maple. When a session
is initiated, the maple leaf logo is displayed and a prompt character, such as ’>’,
appears.

The capabilities of Maple include:

algebraic transformations, simplification, ordering of polynomial and rational
functions,

a developed apparatus of substitutions,

calculation with symbolic matrices,

integer and real arithmetic of arbitrary exactness,

introduction of new functions and extension of syntactical program,

analytic differentiation and integration,

factorization of polynomials.

Maple supports univariate and multivariate polynomials in both expanded and
unexpanded form.
> (x+1) “4*x(x+2) "2;

(z + 1)*(z + 2)%,
> expand (") ;

25 + 82° + 262* + 442% + 4122 + 202 + 4,
> factor(");

(z+ 1Dz +2)%

The double-quote symbol ‘"’ refers to the latest expression. (Similarly the """’
command refers to the second last expression and so on.)

Notice that every Maple statement ends with a semicolon. The exponential
operator is ‘*’, multiplication is denoted by ‘*’, and division by ‘/’. The assignment
operator is :=’ as in Pascal.

Maple does not automatically transform rational expressions into a standard
form

> ((xxy/2-y~2/3) *(x-y) % (3*x+y) ) / (X" 3-x"2%y-x*y+y~2) ;

((zy/2 —y?/3)(x —y)(3z +y)
(23 — 2%y — 2y + y?)
However, facilities are available for simplification on demand
> normal(");

(9% — 3zy — 2%y
2 —y
There are explicit functions for greatest common divisor and least common mul-
tiple computations with polynomials. Ending a command with ‘:" causes Maple to
compute the result without printing it
> ged(x™3 + 1, x72 + 3%x + 2);

1/6

x+1,



COMPUTER REALIZATIONS 177

> p = BbkxT2%y + 4dxxky - 1bxxky~2 - 12%y~2:
> q = TT*x"2%y — 22%x72 - 21*x*y~2 + 6*x*y:
> gcd(p, q);

11z — 3y,
> 1lem(15% (x-5)*y, 9*%(x"2 - 10*x + 25));

4522y — 450zy + 1125y.

Maple knows how to factor polynomials over various domains, including the
integers, finite fields and algebraic number fields
> factor(x~4-2);

zt—2,

> factor (x~4-2, sqrt(2));

($2 . 21/2)(1'2 . 21/2).

The degree and 1degree functions are used to determine the highest degree and
lowest degree of the polynomial a in the intermediate(s) x, which is most commonly
a single name but may be any intermediate or list or set of such.

The polynomial @ may have negative integer exponents in z. Thus degree and
ldegree functions may return a negative or positive integer. If a is not a polynomial
in z in this sense, then FAIL is returned.

The polynomial @ must be in collected form in order for degree/ldegree to re-
turn an accurate result. Applying the function collect or expand to the polynomial
before calling degree avoids this problem.

If z is a set of intermediates, the total degree/ldegree is computed. If z is a list
of intermediates, then the vector degree/ldegree is computed. Examples:

> degree(2/x"2+5+7*x+x"3); — 3
> ldegree(2/x"2+5+7*x+x"3); — -2
> degree(x*sin(x), x); —  FAIL
> degree(x*sin(x), sin(x)); — 1
> degree(xxy~3+x~2, [x,yl); — 2
> degree(xxy~3+x~2, {x,y}); — 4.

Of course, Maple can also do arithmetic. However, unlike your calculator, ratio-
nal arithmetic is exact

>1/2 + 1/3 + 2/7;

47

42’
and calculations are performed using as many digits as necessary. Constants in
Maple may be approximated by floating-point numbers with the user control over
the number of digits carried via the global variable Digits (its default value is
10). The evalf function causes evaluation to floating-point number. Floating-point

arithmetic takes place automatically when floating-point numbers are present
>1/2.0 + 1/3.0 +2/7.0
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1.119047619.

Trigonometric functions use radians
>h := tan(3*%Pi/7):
> evalf (h);

4.381286277
> Digits := 40:
> evalf(h);

4.381286267534823072404689085032695444160
> Digits := 10:

We will not consider examples from calculus since we will use only polynomial
computer algebra.

Maple is a programming language as well as a mathematical system. As such it
supports a variety of data structures such as arrays and tables, as well as mathemati-
cal objects like polynomials and series. Sets and lists are two other basic structures.
They are constructed from sequences, i.e. expressions separated by commas. Se-
quences can also be generated using the seq command

> seq(i~2, i=1..10);

1,4,9,16, 25, 36, 49, 64, 81, 100.

Sets are represented using braces and set operators are union, intersect,
minus (for set difference) and member (for set membership). Note that the order
of elements in a set is arbitrary and the Maple system chooses a specific ordering
based on the internal addresses of the expressions.

Lists, unlike sets, retain the user-specified order and multiplicity. They are
represented using square brackets. Selection of elements from sets and lists (and
more generally, selection of operands from any expression) is accomplished using
the op function: op(i,expr) yields ¢—th operand. Also, nops(expr) yields the
number of operand in expr.

Maple has the standard array data structure found in most programming lan-
guages. Arrays are created using the array command which defines the dimensions
of the array. The syntax for selecting an element is similar to other programming
languages.

Maple has a solve function which can solve many kinds of equations, including
single equations involving elementary transcendental functions and systems of linear
or polynomial equations. Maple attempts to find all solutions for a polynomial
equation

> poly := 2%x"5 - 3%x"4 + 38*x"3 - H7*x"2 - 300*x + 450:
> solve(poly = 0,x);

3/2,6Y2%,—6'2, 51, —51.
Maple includes algorithms for solving systems of polynomial equations
>eqgns :={x"2 +y"2 =1, x"2 + x =y"2}:
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> solve(egns, {x, y});

{y:(),x:—l},{y:(),x: _]-}7

{z=1/2,y=1/23Y%} {y = —-1/23Y% z =1/2}.

An important component is the Maple programming language which may be used
to write procedures. The following procedure computes the Fibonacci numbers. The
purpose of option remember is to tell the system to store computed values as it
proceeds

> F := proc(n) option remember; F(n) := F(n-1) + F(n-2) end:

> F(0) := 0:
>F(1) := 1:
> F(101);

573147844013817084101,
> seq(F(i), i=1..10);

1,1,2,3,5,8,13, 21, 34, 55.

One can access the Maple library by using the command interface with
verboseproc= 2.

The linear algebra package 1inalg allows standard matrix manipulations as well
as many other functions. To use a function in the linalg package one could write
linalg[functionname]. To avoid using the long names for linalg functions we
first tell Maple we want to use the linear algebra package

> with(linalg):
Warning: new definition for norm
Warning: mnew definition for trace.

The with function sets up definitions of the functions in a package such as
linalg. After the with we can use det instead of linalg[det]. Had we ended
the with command with ‘;” instead of > we would have seen a complete list of all
the functions in the linalg package, which is too long to be included realize here.
Naming conflicts are always reported to ensure the user is informed.

Matrices are represented as two dimensional arrays. The elements of a matrix
can be specified row-by-row in the matrix function and they are displayed in a
two-dimensional format. Note the use of the doubly nested lists

>a := matrix([[x,y,z],[ly,x,yl,[z,y,x]1]):
> det(a);

7% — 2zy® + 22y° — 2w

> factor(");

(z — 2)(2® + zz — 29°).
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17. Basic problems in computer algebra of polynomials

17.1. APPLIED PROBLEMS AND POLYNOMIAL ALGEBRA

In many parts of mathematics and its applications to the natural sciences, there
arise problems connected with the study of systems of polynomial equations and
inequalities. This is for example the case in algebra, algebraic geometry, qualitative
theory of differential equations, optimization theory, approximation theory, pertur-
bation theory, analysis and synthesis of multidimensional electric chains, digital
filtration, and kinetics of complex reactions.

Let a dynamic system be described by the equation

x = f(x,p), (17.1)

where f(x,p) are polynomials in the coordinates x and the parameters p. In order
to make a qualitative analysis of this system, we must first of all analyze the steady
states (s.s.), i.e. the solutions to the system

f(x,p) =0 (17.2)

of algebraic equations.

The following problems then have to be handled:

1) Estimation of the total number of s.s. in whole, or the number of s.s.in a
certain domain (for example, in a real polyhedron);

2) calculation of the s.s.;

3) classification of different types of coordinate dependencies in terms of the
parameters, and calculation of bifurcation boundaries in the parameter space;

4) analysis of the asymptotics of s.s. (if the system (17.2) has small parameters).

Then we should carry out an analysis of the stability of the s.s. (in the Lyapunov
seance). Among the problems involved here we mention the following:

5) Calculation of stability conditions for s.s., and localization of domains with
different types of s.s. (nodes, saddles, foci etc.) in the parameter space;

6) investigation of cycle bifurcations (Hopf bifurcation);

7) classification of bifurcation diagrams.

Let us look at the algebraic meaning of these problems. The estimation of the
number of s.s. is reduced to estimating the number of solution of system (17.2). If
f are polynomials in x then it is always possible to eliminate unknowns from this
system and to arrive at one (or more) equation in one unknown P(z;) = 0. A natural
requirement is that the elimination method should preserve the multiplicity of the
solutions. It is exactly such methods that are presented in this book. Other methods
with these properties have been considered in [28, 104, 105, 106, 107]. In the
typical case the degree of the polynomial P(z) is equal to the number of solutions of
(17.2) (see, e.g. [11]). Yet another method for solving this problem makes use of the
resultant from [21]: The number of solutions of a system of polynomial equations

Pi(zy,...,2,) =0, ..., Py(z1,...,2,) =0

without zero coordinates z; is equal to the Minkowski mixed volume of the convex
hulls of the supports of the polynomials P; multiplied by n! We remark that the first
of these methods gives an algorithm for determining all solutions simultaneously
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with estimates of their number. The second method, based on the geometry of
Newton polyhedra, is an effective method for obtaining the bifurcation conditions
of the s.s. [114].

The determination of the number of s.s. in a given domain of real space can,
after elimination of unknowns, in principle be reduced to the problem of determining
the number of solutions of the single equation P(z;) = 0 in a domain defined by

conditions of the type ®(zy,...,x,) = 0, 1(x) > 0 or > 0. Several elimination
procedures, such as the method of Grobner bases which we shall consider below,
typically allows one to solve for zs,...,z, in the equations ®(zq,...,z,) = 0.

Therefore our problem can be reduced to counting the roots of the polynomial
P(z1) in a domain defined by polynomial inequalities of the form ¢ (z;) > 0 or > 0.
An algorithm for solving this problem was obtained in [19]. In its simplest form
this is the classical problem of determining the number of roots of a polynomial
on a segment of the real axis, which can be settled by the Sturm method or its
modifications (for example, by means of inners [92]).

In general case there arises the problem of investigating the solvability of a system
of polynomial equations and inequalities. The solution to this problem for real fields
is given by the Tarski theorem [133].

A subset in R"” is called semialgebraic if it is a finite union of finite intersections
of sets, given by algebraic equations or inequalities.

THEOREM 17.1 (Tarski, Seidenberg [129, 133]). If a set A is semialgebraic set
in R"™ = R" @ R™, then its projection A’ to R™ is also semialgebraic.

A proof of this theorem, including a simple constructive solution procedure, is
given in [88] (see also [61]). It is based on the following elementary lemma:

Let pq,...,ps be polynomials in one variable of degree not greater than m.
Suppose the degree of the polynomial p; is exactly equal to m > 0 and that none of
the polynomials vanishing identically. If g1, ... , gs are the remainders obtained after
division of ps by p1,...,ps—1 and p), then the set SGN(p1,... ,Ps—1,05 91, ,9s)
determines the set SGN(py, ... ,ps). (SGN(p1,... ,ps) is a certain set which encodes
the information on the zeros and sign changes of the polynomials py, . .. , ps, see [88]).

The solvability theory has already found practical applications e.g. in the theory
of multidimensional systems occurring in (radio) electronics, [25]. Here we content
ourselves with an example.

Consider the polynomials

filz) =2+ iz + g,  folz) = 2° + Bz + Bo.

We want to find the domains in the {«y, a1, B0, 51} space, corresponding to different
configurations of the real roots of the system f;(z) =0, fa(z) = 0. By repeatedly
applying the lemma we obtain conditions for «y, iy, By, f1 corresponding to 9 cases
(e is a root of fi(x) =0 and o is a root of fo(z) = 0):

1) O[0>Oé%/4, /80>/812/4,

2) PPN Bo > P74, ay < ai/4;
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3) —eo-eoo0-o0— Lo<pBi/4 ar>p+/Dg
Dﬂ :/812 _4507
Bo+ (cn — B1) (B + +/Dp) /2 < ag < 2 /4;

4) o0 e—0— 50<512/4, ay > [,

Bo + (o1 — 1) (B — /Dp) /2 < o < fo+
+(ar — B1)(Br + /Dg)/2;

5 —e—0—0-eo— Bo < Bi/4, ar > p,
ag < fo+ (o1 — 1) (B — /Dp)/2
or
ap < Bla

ag < By + (1 — B1) (B + @)/2;

6) o0 eoo-e— Oo<pi/4
Bo — \/D7ﬂ <o <
Bo— (B — 1) (B + /Dp)/2 < ap < Bo+
+(Br — ar) (=B + )/2
or
ay < By — \/—Dia
Bo— (B — 1) (B + /D) /2 < g < fo+
+(61 — 1) (=B + /Dg)/2;

5

N —oo-eoe— Po<pBi/4, a<p—/Dg,
Bo— (b1 — a1)(y/Ds — f1)/2 < g < a{4;

8 —o0—o0— Bo<Bi/4 a>ai/h

9) o e e-0— Bo < Bi/4, [ <ar <P+ Deg,
50+(a1—51)(ﬁ1+@)/2<a0<a%/4
or
Bi—/Ds < o < f,

Bo+ (B1 — ar) (=B + +/Dp) /2 < ap < & /4.

It is essential that the boundaries of the domains 1)-9) are found without actually
computing the roots of fi(z), fo(z). The simplicity of this particular example allows
here us to explicitly find the inequalities for the parameters «yg, a1, By, 1. In general
case the result of the reduction procedure is formulated in terms of zeros of certain
polynomials, for which the explicit boundaries can still be indicated.

The scheme of finding the conditions 1)-9) is the following:

1) 'descent’, i.e. successively applying the lemma we decrease the degree in z of
the polynomials down to 0;
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2) ’ascent’, i.e. for the obtained expressions in the parameters of f;, fo we gen-
erate all possible cases (> 0, =0, < 0) and lift up. We recover the location of the
roots of fi, f> for these cases,

3) finally we gather the data corresponding to each case and analyze the obtained
inequalities.

In the process of the computation the discriminants and resultants of the poly-
nomials are automatically determined (in fact by the Euclid algorithm). In spite of
the fact that every step of the algorithm is elementary, it requires inspection of a lot
of cases. Here it would be useful to have general criteria like the well-known criteria
based on ’the number of sign changes’ (of Sturm, Descartes, etc.). We present one
result in this direction known for us [68].

THEOREM 17.2 (Dubovitskii). Let f(t), g(t) be polynomials (it is assumed that
[ has no multiple zeros and that g is relatively prime to f) and let s be a number such
that deg f2*T1 > deg(gf)’. If for the pair of polynomials (f**', f'g) we construct
the Sturm series Xy = f*', X; = f'g, Xs, ..., X,, then the number of sign
changes at the point t = a, minus the number of signs changes at the point t = b is
equal to ng(flg > 0) — naw(flg < 0), where ngy(flg < 0) is the number of roots of
f(t) =0 into the domain g(t) S0, a <t <b.

Then ng(flg > 0) = (naw(f) + na(flg))/2 where ng(flg) = na(flg > 0) —
na(fg <0).

The problem of calculating the s.s. for algebraic systems, can after elimination
of unknowns be reduced to finding the zeros of a single one—variable polynomial.
This is a classical problem of computational mathematics and various algorithms
for solving it are to be found in any package of scientific programs (see e.g. [159],
where the solution of a system of two algebraic equations are calculated by means
of resultant). We must remark, however, that situations similar to the well-known
example of Forsight may occur, where the calculation of the roots leads to ’catas-
trophes’. Another difficulty is the high degrees of the obtained polynomials (the
standard algorithms work if the degree is not more than 30-36).

The classification of different types of coordinate dependencies with respect to
the parameter A in the models, and the calculation of bifurcation boundaries require
an analysis of bifurcations of high codimensions. The method for solving this prob-
lem in the case when the system is reduced to one equation F'(z, A, p) = 0 (see e.g.
[17, 138]) requires a compatibility check of the conditions

F=0, 0 /02 0z =0

in the given domain. If F' is a polynomial then the methods of solvability theory
can be used here. The same can be said about the method of Newton polyhedra
[114]: Tt is to analyze the compatibility of the obtained system of conditions.

The analysis of the asymptotics of s.s. (which is of interest for applications)
requires in general the use of methods from the theory of multi-valued solutions to
non-linear equations [139], which are based on Newton diagrams. A computer con-
struction of the Newton diagram was realized in [18]. In the multidimensional case
a necessary step in the construction of asymptotics is the elimination of unknowns
([139] particularly describes the classical procedure of Kronecker elimination).
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The problems of stability 5)-7) can also in principle be approached by algebraic
methods. As pointed out in [13] the problem of Lyapunov stability is algebraically
solvable up to codimension 2 inclusively, and in some cases the algebraic investigation
of the local problem can be extended to situations of higher codimensions.

One more aspect of the analysis of dynamical systems where polynomial algebra
can be used is that of singular perturbed systems. In the method of integral varieties
[77] the initial qualitative analysis problem is split into two parts: 1) The study of
the form and singularities of the integral variety; 2) the study of a non-rigid system
of lower dimension on the integral variety. In the case of polynomial systems the
problem 1) is tackled with methods from elimination theory and solvability theory.
Here it is important that the analytic classification of the dynamics of the system
can be carried sufficiently far (see e.g. [130]).

We can thus distinguish two major groups of algorithms which are necessary for
the qualitative analysis of systems of algebraic and differential equations: 1) The
algorithms of elimination theory; 2) the algorithms of solvability theory.

17.2. METHODS AND ALGORITHMS

The problems of solvability theory are the one of the most general and impor-
tant for applications. Among the subproblems that are encountered here we have
the elimination of unknowns, the analysis of polynomial remainder sequences, the
calculation of resultants and discriminants, the factorization of polynomials, the lo-
calization of real roots, and calculations with algebraic numbers. These problems
are undoubtedly of great independent significance.

17.2.1. The Resultant of Two Polynomials
The resultant R of the polynomials

fl) = fax™+ ...+ fo,
g(x) = gnx"+---+gg, (17:3)

is the determinant of the (m +n) x (m + n) matrix

fn fn—l fo 0 0
m lines
10 0 S A T ()
Rifo)=\|, o a0 (17.4)
n lines
0 0 9nm 9m-1 --- 9o

(see Ch. 1). R(f,g) = 0 if and only if f(x) and g(x) have a common zero or if
fn =0 and g, = 0 [142]. If the coefficients f;, g; are polynomials in the unknown
variable y, then the calculation of the resultant permits one to eliminate x from
the system f(z) = 0, g(z) = 0 and to reduce it to a single equation with respect
to y. In the general case the calculation of the resultant is one of the steps in the
classical Kronecker elimination procedure [142]. The resultants, with the discrim-
inants (R(f, f')) as a special case, are of great significance for the localization of
polynomial roots in various given domains [92].

The simplest method for obtaining the resultant consists in computing the de-
terminant (17.4) with symbolic coefficients. This is rather efficient (as the examples
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in Sec. 18 show) for small dimensions m and n. The efficiency here is determined
on the one hand by the method of calculation (which must allow for zero entries in
the determinant), and on the other hand by the complexity of the expressions for
the coefficients f;, ¢;. But in order to obtain the resultant it is not necessary to
actually calculate the determinant (17.4).

One of the first method,proposed by Collins [64],for calculating resultants, is
based on sequences of polynomials remainders (see also [28]) and makes use of the
following properties of a resultant:

R(f.g) = fi""'R(f,9//f) (17.6)
(for m > n g//f is a remainder after division of g by f),
R(f,9) = gm " (=1)"™R(f//9.9) m=n, (17.7)

R(f.9) = [, degf(z)=0.

For calculations with polynomials in several variables methods such as module
arithmetic, Chinese remainder theorem and interpolation are used in [64]. The
computational complexity of the algorithm is ~ (n + m)?log(n + m).

A modification of this polynomial approach leads to an algorithm with the com-
plexity ~ (n +m)log?(n 4+ m) [128]. Other approaches are based on methods from
linear algebra. In [23] an algorithm for finding the resultant is suggested, which
requires the calculation of a determinant of order min(m,n):

R(f,g) = (=1)™" det C,

where for m < n the entries in the matrix

Cn—m+1n—m+2 -+ Cn—miin+1
C(m x m) =
Cn,n—m+2 s Cnyn+1
are given by the relations
Cij = Ci—1,j-1 — Ji—ntm-1Cnj—1, t=0,...,n, j=2,... ,n+1;

Ci1 = fz (fOI' 1= 0, ce ,n), Ci—1,j-1 = 0, 1—1< 0,

Gi—n+m—-1 = 0
fori<n—m-+1.

17.2.2. Algorithms for Elimination of Unknowns

1°. The classical elimination scheme was considered in Ch. 1. This method is
not suitable for computer realizations due to the fast growth of the dimension of the
Sylvester matrix, whose determinant is calculated in the process of elimination, and
also because of the risk of obtaining superfluous solutions (these correspond to the
vanishing of f,, and g¢,, (see Sec. 17.2.1)).

2% One of the first realizations of the elimination algorithm [118] looks very
much like the Gauss method for system of linear equations. The algorithm for
eliminating the unknowns z; from the polynomial equations

Pi(zy,...,2,) =0, i=1,...,n,
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has the form
fori:=1 step1l untiln—1 do

for j:=7+1 step 1 until n do,

P' = divisor P; and P; in variable ;
Pj = eliminant P; and P; in variable ;

The divisor and the eliminant for a pair of polynomials

R = ZRT(:QH, o, my)T =0, R, S,#0,
k=0

S
S = ZSk(xi+1,... JT)Zh =0, 0<s<r,
k=0

are obtained by a method similar to the algorithm for division of polynomials:
— Q=S;R—R,Sx]”°

q = degree @ by z;
qz=s
no
r=gq
«— R=Q
qg>0
no
r==s
R=S
§=4q
— S=0Q
divisor = S +—

eliminant = @)

Any common zero of the polynomials P; and P; is also a common zero of the
eliminant and of the divisor of P; and P;. This follows from the fact that the divisor
is proportional to the remainder after division of P; by P;, while the eliminant is
proportional to the resultant of P; and P; in the variable z;.

In the reduced system every polynomial P; is independent of z; for j < 7. Usually
such a reduced system has the following form: The equations

P=0, i=1,...,n—1,

are linear in z; and the equation P, = 0 is a polynomial in z,, and its degree
reflects the number of solutions of the system. The simple algorithm [118] has,
on the other hand, essential draw-backs: 1) Among the zeros of the polynomial P,
there may be superfluous solutions so therefore it is necessary to check the solutions
by substitution into the equations; 2) if P; and P; have common zeros then their
eliminant is identically equal to zero; 3) there is a fast growth in intermediate results
(in floating point arithmetic this problem is not stable). This is why the author of
the algorithm recommends it for small systems.
We now present a couple of examples.
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1. The system

2 _ .2 _
22—+ 22 f y _yl ; 8’ (17.8)
is reduced to
2 _
9yt — 6y3x— ng ++2z 1 } _ 8? (17.9)
2. The system
y+3yz—4 = 0,
=32+ 2 +1 = 0, (17.10)

Q-2 —1 =
reduces to the form
?y+3yz—4 = 0,
-2 -1 = 0, (17.11)
362% — 9627 +4225 +102* +622+2 = 0.

3°. In 1965 Buchberger suggested a method for simplification of polynomial
ideals, which in honor of his scientific advisor be named the method of ’Grobner
bases’ [27, 143, 1]. This method provides a tool for obtaining algorithmic solu-
tions to problems such as finding exact solutions of algebraic equations, finding
polynomial solutions to systems of homogeneous linear equations, multidimensional
interpolation [117], and many other problems in the theory of polynomial ideals.

We briefly describe the basic concepts and the structure of the algorithm.

A polynomial g is reduced to A modulo the ideal F', written

(71);

if there exists a polynomial f € F', and a monomial u such that h = g — buf, where

cf(g, u-1pp(f)) #0, b=cf(g, w-lpp(f))/lc(f).

Here cf(g, r) is the coefficient of the monomial 7 in the polynomial g, lpp(f), is the
leading monomial in f(xq,...,z,), and lc(f) is its coefficient. It is supposed that a
linear ordering <, of the monomials z%' ...z has been fixed, for example by total
degree

(1 <p 21 <p Ty <p T3 <p T1Ty <p...)

or by pure lexicographic ordering
(1< 2y <p 23 <gp ... <gpT1Ty <p...)

etc. The reduction can be considered as one of the steps in a generalized division
algorithm.

The polynomial A is the normal form of the polynomial g modulo F' (written
h = NF(F, g)) if there exists a sequence of reductions

g:k:()? k-l? ? k., =h
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and if there is no polynomial A’ such that h = h'.
The algorithm for determining the normal form looks like
h:=g,
while {3f € F,b,u : h? } do;

< choose f € F,b,u with leading product u Ipp(f) with respect to the ordering >
such that
h? : h:=h-buf >.

A set F is called Grobner basis if for arbitrary polynomials g, hy, hy with h; =
NF(F,g) and hy = NF(F,g), one always has h; = hs.
The S-polynomial corresponding to f; and fs is defined to be the polynomial

(i) =i~ (2 ) waf

2

where ¢; = lc(f;), and the product of the powers of u; is such that the degree of S;u;
is equal to the least common multiple of the degrees of Sy and Sy, where S; = Ipp(f;).
The simplest algorithm for finding a Grébner basis has the form:

G:=F;

The set of pairs of polynomials B = {(f1, f2)| f1,f2 € G, fi1 # f2}:

while B #0 do;

< (f1, f2) is a pair from B;

B := B\ {(f1, f2)};

h ::SP(fla f2)?

h' :=NF(G, h);

if b’ # 0 then <

B = B{(g, W)|g € G}

G :=G{N} >>.

A Grobner basis F' is said to be reduced if each polynomial f € F is represented
in normal form modulo F\ {f} and lc(f) = 1. Every Grébner basis can be put in re-
duced form by means of repeated reduction of all polynomials from the basis modulo
the other polynomials, combined with normalization of the leading coefficients.

In [27] an improved version of the algorithm was presented (which is the one we
have implemented in the system REDUCE (see Sec. 18.3)). This modified algorithm
for calculating a Grobner basis G for the ideal F' has the form:

R:=F; P:=0, G:=0, B:=0;

'Reduce everything’ (R, P,G, B)

'New bases’ (P, G, B)

while B # 0 do <

(f1, f2) := pair from B with minimal

least common multiple LCM(lpp(f1),lpp(f2)) with respect to >r;

B:=B\{fi, i}

if (not ’Criterion 1’ (fy, f2, G, B)

and not ’Criterion 2’ (f1, f2)) then <
h = NF(G,SP(f]_, f2)),
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if h # 0 then <

Go := {g € G| Ipp(h) is a divisor of Ipp(g);
R:=Gy; P:={h}; G :=G\ Go;
B:=B\{(f1, )| f1 € Go or [ € Go};
'Reduce everything’ (R, P, G, B);

'New bases’ (P, G, B); >>

algorithm "Reduce everything’ (R, P, G, B);
while R # 0 do <

h := element from R; R := R\ {h};

h :==NF(G, P, h);

if h # 0 then <

Gy :={f € G| Ipp(h) is a divisor of Ipp(g)};
Py := {p € P|lpp(h) is a divisor of Ipp(p)};
G := G\ Gy;

P := P\ Py;

R:=RU GO U P();

B:=B\{(f1,f2) € B| fi € Gy or f2 € Go};
P:=PU{h} >>;

algorithm "New basis’ (P, G, B);

G:GUP;
B:=Bn{(g,p)lg€G,pe Pg+#p};
H: =G, K:=0;

while H # 0 do <

h := element from H; H := H \ {h};

k :=NF(G \ {h},h); K := K{k};

G:=K

algorithm ’Criterion 1’ (f1, f2, G, B);

checking: exist p € G with f; #p, f2 # p,

such that Ipp(p) is a divisor of LCM(Ipp(f1), lpp(f2)),

(fl;p) S Ba (pa f?) S B’
algorithm ’Criterion 2’ (f1, f2);

checking: LCM(Ipp(f1,1pp(f2)) = Ipp(f1) - Ipp(f2)-

The modification of the algorithm consists of the following steps: 1) The pair
with minimal LCM of the leading products is chosen from the set B. Experiments
have shown that this essentially accelerates the calculations, since it decreases the
degrees of the polynomials with which the algorithm works; 2) the algorithm 'Reduce
everything’” and the corresponding part of basic algorithm uses the following fact:
When a new polynomial is added to the basis all other polynomials can be reduced
using this polynomial. The algorithm 'New basis’ takes into account the set of pairs
B, and performs the iterated reduction of the basis polynomials with respect to the
others, which is required for the construction of a reduced Grébner basis; 3) the
criteria 1 and 2 in many cases (but not always) prevent superfluous calculations of
normal forms that are already known to vanish.

The determination of a Grobner basis makes it easy to settle questions of solv-
ability and to find exact solutions of systems of algebraic equations. The solvability
criterion for a system of equations is simply given by the condition: 1 ¢ G. The
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system of equations
F(x)=0

has a finite number of solutions if and only if for all i € [1,n] a power of the form
x{’ occurs as leading monomial of some polynomial from G. Finding a basis with
respect to the pure lexicographical ordering reduces the system to ’triangular’ form
in the sense that G contains a polynomial in a single ’lowest’ variable and the other
z; can be found successively from the corresponding basis polynomials (usually of
low degrees) in z;. For the above examples (17.8) and (17.9) from [118], the Grébner

basis calculated by the program described in Sec. 18.3 has the form

GB(1) = -3y +y+x+1,

GB(2) = L(9y*—6y°—6y°+2y+1) (17.12)

(with ordering y >, x);
1
GB(1) = 5(1gz6 —482° + 212" + 527 + 2y + 2),
1
GB(2) = 6(1827 — 482° + 32° 4+ 482" +22° — 482° + 19z + 627), (17.13)

GB(3) = %8(1&8 — 482" +212° + 52* + 427 + 1)
(with ordering y >, x >, 2).

In the first example the algorithms from [118] and [27] both transform system
(17.8) to the same reduced form, but in the second example the reduced forms are
substantially different from each other: In case (17.11) z? and y are expressed as
rational functions in z, whereas in case (17.13) polynomial dependencies are obtained
for them. The solution to system (17.10) can be found by calculating the roots of
the equation GB(3) = 0 (see (17.13)). The coordinates x and y are then found from
GB(1) = 0 and GB(2) = 0. In Sec. 19 we shall use Grobner bases in an algorithm
for computing the coefficients in kinetic polynomial.

Algorithms for Grébner bases have been implemented in various computer alge-
bra systems: The author of the Grobner method realized it himself in the system
SAC [27]. Pankratyev implemented it on REFAL [116], and Alekseev worked out a
realization for solving problems from the qualitative theory of differential equations
on FORTRAN [12]. Finally there is also a realization in the system SRM [126)].

The complexity questions related to the method of Grobner bases constitute a
subject of active investigations. As pointed out in the book [67] of Davenport et al.
one has in practice encountered both problems which have been very easily solved
with the use of this algorithm, but also problems which one has not succeeded to
solve even with the use of several megabytes of memory. The known estimates
for needed memory capacity are not consoling, they depends exponentially on the
number of variables [83]. During our work on the Russian edition of this book our
computing means were restricted to the system REDUCE 3.2. for IBM PC, which
does not include the algorithms of Grobner bases. Our interest in polynomial com-
puter algebra was so great that we ventured to implement this algorithm ourselves
and to use it for our problems. Moreover, our limited personal computer resources
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forced us (after many brine and bums) to develop an effective and economized real-
ization (in the sense of memory).

The results of these experiments are reflected in this book (e.g. in the work with
'"dummy’ polynomials described below). At a later stage we had the opportunity
to work with the system REDUCE 3.3 which includes the package GROEBNER.
Solving the examples from this book by means of this GROEBNER package we
found that our program works somewhat slower. On the other hand, GROEBNER
was unable (due to insufficient memory) to handle certain examples which were
solved by our program. Therefore we cannot say that our activity was completely
useless. Moreover, the package GROEBNER, would not allow us to solve the problem
of computing the coefficients in kinetic polynomials, since this, apart from finding
the basis, also requires a calculation of a linear basis representation in terms of the
polynomials of the initial systems. This is the reason why we have decided to keep
this program in REDUCE code in Sec. 18.

During the work at the English text of this book we have also used the package
Grobner in Maple [55], which of course is more efficient than our program.

4°, Other algorithms for elimination of unknowns, and also for the more general
problem of decomposing the algebraic varieties of all roots of polynomial systems into
irreducible components, have been formulated in articles of Lazard [104, 105, 106,
107] and by the Grigoryev group [57, 82]. The connection between the algorithms
from [104, 105, 106] and the method of Grébner bases is analyzed in [106].

Elimination algorithms based on multidimensional complex analysis have been

considered in this book (Ch. 2-3).

17.2.3. The Algorithms of Solvability Theory
Let there be given a formula of the first order

A1 3N WX VX0, BN B, (3 (17.14)

for real closed fields, where ) is a formula without quantifies containing k& atom-
ic subformulas of the form (f; > 0), 1 < i < k, with f; being polynomials in
Xi1,...,Xqs,- The first order solvability theory for real closed fields tells us that
there exists an algorithm which checks the truth for every formula of the form
(17.14), see [81]. In terms of this theory one can formulate many important and diffi-
cult mathematical problems, such as the solvability of systems of algebraic equations
and inequalities, and problems in nonlinear optimization. The decision procedure
was discovered by Tarski [133]. His procedure for eliminating quantifies associates
to any given formula F' a quantifier-free formula F’ and the transfer F' <> F”' is
carried out via a sequence of axioms in the theory.

The algorithms in [129, 133] are characterized by exponential dependence on the
number of polynomials including in formula, and on the maximal degree of these
polynomials for a fixed number of variables. Collins [63] suggested an algorithm
with a working time of order L2O(n), where L is the size of initial formula, and n
is the number of variables it involves. In [19] an elimination procedure with the
same working time for a wide class of real closed fields is described. The main
ingredience in the method of [63] is an algorithm for finding a ’'cylindrical algebraic
decomposition’ of r-dimensional real space into a finite number of distinct connected
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sets (called cells), associated to a given finite set of polynomial of r variables. In
these cells none of the polynomials changes its sign. Hence the sign of a polynomial
in a cell can be found calculating its sign at any point inside the cell.

In [63] algorithms are used for constructing decompositions (not containing
squares) adapted to the real roots. An improvement of the algorithm from [63]
is described in [65].

In [15] it is shown that the elimination of quantifies can be used for obtaining
a new version of the algorithms of cylindrical algebraic decomposition. The idea of
[15] consists of formulating existence conditions for polynomials of given degree and
with given root multiplicities.

In [81] an algorithm is constructed for solvability in first order theory for a wide
class of real closed fields. Its working time is L) ™ where a < n is a number
quantifier alterations in formula (17.14). For small numbers a the working time
of the algorithm in [81] is less than for previously known ones. The algorithm in
[81] is a generalization of an algorithm in [141] for solving systems of polynomial
inequalities. The latter finds the solutions (if any) to a system of inequalities

f1>07"‘7fk1>07 fk1+1207"'7fk207 (1715)

where f1, ..., fr are polynomials in Xy, ..., X, with coefficients from ordered
rings. The set V of all points satisfying (17.15) is represented as the union of a
finite number of connected components V;, each of which is a semialgebraic set. A
finite set T is called a system of representatives for the set V if V; NT # ( for
all 7. The algorithm in [141] associates to the system (17.15) a certain system of

representatives T, with a number of elements bounded by P (kd’ﬂ) (here P(-) is

a polynomial, and d > degy, x, (fi)) in the time < P (L1°g2L>. For each point

(&1, ..., &) € T the algorithm constructs an irreducible polynomial ®, and also
certain expressions

&=&0)=> ol
J

where

Furthermore,

for suitable positive integers
1 <\ < deg(®).

The output of the algorithm is a family of polynomials of the form ® together
with the expressions ; (). Moreover, every constructed ® has a root 6, such that
the point (&£1(6y), ..., &.(0)) satisfies the system (17.15).

The scheme of the algorithm is the following: 1) Some estimate R of the solutions
to the inequalities (17.15) is established; 2) By using system (17.15) a polynomial g
is constructed

2
g=((R+1°*-X3— X7 —...— X2,1) +9i,
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where

g1 = H (fi+5)_5k+17 Jev1 = Xopafroo frn — 1,

1<i<k+1

and an algorithm, which finds a system of representatives for the variety of zeros of
the given polynomial, is applied to it. One considers an infinitesimal ’perturbation’
of the initial polynomial, whose zero variety is a smooth hypersurface. The algorithm
looks for points on this surface with some fixed directions of the gradient, solving
a suitable system of algebraic equations by the methods of [57, 82]. Among the
points of obtained system of representatives the algorithm then isolates the points
that satisfy (17.15). Finally, by a method from [19] the compatibility of the system

(1)0(9) =0, fl(e) >0, ..., fk+l(9) >0

is checked, where f;(#) are obtained by substituting the expressions for &0 into
(17.15).

18. Realization of the elimination method

18.1. CALCULATION OF THE RESULTANT OF TWO POLYNOMIALS

A simple Maple-procedure which computes the resultant of two polynomials P1
and P2 is given in Application F;. (Here and below we use the version of Maple for
personal computers IBM PC with operative system MS DOS). With the help of the
function degree (see Sec. 16.2) the degrees N and M of the polynomials P1 and P2
are defined. In a working file called FOROUT the operator RES:=matrix (...)
is generated, in which the Sylvester matrix (17.4) for 'dummy’ of the polynomials
P1 and P2 is written (in place of the proper coefficients of P1 and P2 indefinite
coefficients A(J) and B(J) are written, and the commands for...do...od insert
zeros in the place of zero coefficients of P1 and P2). This operator is entered
into the program by the command read, and then the determinant det (RES) is
calculated. The last two commands for...do...od finally plug in the true values
of the coefficients of P1 and P2.

As an example we consider the determination of the kinetic polynomial for a
three-stage parallel adsorption reaction mechanism

1) Ay +2Z 22AZ,
2) B+Z&BZ, (18.1)
3) AZ+ BZ &= AB+ 27,

where Z, AZ, BZ are intermediate, A5, B, are reagents and AB is the reaction
product (the same symbols are used for the concentrations). The equations describ-
ing the stationary reaction rate

b1Z2—b_1AZ2 - VV,

bQZ_b_2BZ - QW,
b AZ - BZ —b 7% — 2W, (18.2)
Z+AZ+BZ = 1
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are reduced to the system [110, 112]

d()lZ2 + d11Z + d21 - 0,
dppZ? + diaZ +dyy = 0,
where d;; are polynomials in the kinetic parameters by; (the so-called reaction
weights) and the stationary reaction rate W, for which the expressions are given

in Application F;. The kinetic polynomial is obtained as the resultant of the poly-
nomials (18.3) in the variable Z, and it has the form

KP(W) =Ko+ KiW + KoW? + K, W3 + K,WH, (18.4)

(18.3)

The expressions for the coefficients K; are given in Application Fj. (They were
divided by the common factor b%,).

To illustrate how our next program works, we consider an example of elimination
of unknowns from the equations describing the quasi-stationary reaction mode with
a two-route mechanism obtained from (18.1) by adding the stage

4) B+ AZ =2 7 + AB. (18.5)
Its system of equations is given by

2W1—W3—W4 - 0,
Wa— Wi = 0. (18.6)

where

W1 = b122 — b,1$2, W2 = ng — bfgy,

W3 = bgﬁ(fy - b_3Z, W4 = b4.’L’ - b_4Z,

z+1—x—y,

with x, y, z denoting the concentrations of AZ, BZ, Z. Application F3 performs
the calculation of the resultant of the polynomial (18.6) in the variable y, by means
of a standard routine called resultant(...). As a result of the elimination the
equations (18.6) are reduced to a polynomial of degree 4 in z.

For obtaining the kinetic polynomial corresponding to the model (18.6) we must
transform it to the form

(b 3(b o+ bg)® —bg(b 4 +by —by)(bg +b 5 — b 4))z>+
+(—(by 4+ b_g — b_4)(baby + b_b_4 + b_3bs) + by (W + b_y — bs) x
X(bg + bfg — b,4) — 2(),3 (bfg + W) (bfg + b4))l’+

+(by 4 b_g — b_g(W(by +b_3) +b_sb_y) + b_g(b_y + W)* =0, (18.7)

(2b1 (b_g 4 by)? — 2b_1 (by + b_g — b_4)?) 2>+
+(—4by(b_y + W) (b_g + by))x + 2by(b_y + W)>—
~W(by+b 5 —b 4)* =0,
where
W =2W; = Ws+ Wy
is the formation rate of the reaction product (18.1)+(18.5). The resultant of the

polynomials (18.7) in the variable z is the kinetic polynomial for this reaction. It
has the form (18.4), and the expression for Ky, ..., K, are given in Application F3
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(where BN1=b_;1, ..., BN4= b_4, respectively). One reason for the awkwardness
is the presence of the factor
(by +b_g —b_y)*
in the resultant of the polynomials (18.7).
In Sec. 14 we proved that the constant term of the kinetic polynomial for a
single-route reaction mechanism must contain the factor

(H =11 b) .

i=1 i=1

As an example, for the mechanism (18.1) this factor is equal to
(b1b2b2 — b_1b% b2 ,).

In the case of a multi-route mechanism the situation is more complicated. For
instance, for the double-route mechanism (18.1)+(18.5) the expression for K(0)
becomes

K(0) = 4b% 5 (b_1 (b1b3b3 — b_1b% 5b% 3) 4 2b_1b1 (b_y + bs + by) X
X (b4b_2b_3 — b_4b2b3) + 2b_1(b2 + b_2 — b_4)(b4b3b2b1 — (188)

—b_y4b_3b_sb_1) + (byb] — b_16> ;) (b_1(by +b_y — b_4)*—
—by (b_z + b3 + by)?).
Notice that along with the terms

((byb202 — b_1b%,b%5) and (byb3 — b_1b%,))

corresponding to the two basic routes, the expression (18.8) contains two more sum-
mands, corresponding to linear combinations of the routes (one of them corresponds
to the brutto-equation of the reaction 0 & 0). But taking into account the thermo-
dynamic restrictions on the kinetic parameters (see [150]) which in this case have
the form

ks koks

ky  kook g’
we get byb ob 3 = b _4byb3 for arbitrary concentrations A,, B, AB. Hence the
constant term will have the form

K(0) = K(0)' (kik3k3[A2)[B)? — k_1k? ,k* [AB)?)
just as for the single-route reaction mechanism.

18.2. CONDITIONS FOR NON-UNIQUENESS OF STEADY-STATES

For applications, particularly to chemical kinetics, it is important to find criteria
for non-uniqueness of solutions to systems of algebraic equations in a given domain,
and also to calculate the bifurcation boundaries.

In the situation where the elimination of unknowns has been done and a poly-
nomial in one variable has been obtained, the problem of finding the bifurcation
boundaries is reduced to calculating conditions for multiple zeros of the polynomial.

For example, the conditions for a double zero are: P(z) = 0 and P'(z) = 0;
for a triple zero: P(z) = 0, P'(z) = 0 and P"(z) = 0 etc. The condition for
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multiple zeros corresponds to the vanishing of the discriminant of the polynomial
[97, 142]. The late is proportional to the resultant of P(x) and P’(x), so for finding
the bifurcation boundaries it is sufficient to calculate the resultant of the polynomial
and its derivative and to solve the obtained equation with respect to the appropriate
parameters. Let us consider this procedure on the example of the kinetic model for
the oxidation reaction: CO in CO,. We assume that its mechanism is (18.1)+(18.5),
where k_3 = k_4 = 0 and the substances As, B and AB correspond to Oy, CO, and
COs respectively. The result of the elimination of unknowns in this case is given in
Application Fy. The bifurcation boundaries for this model were calculated in [52]
with respect to the coordinates {po,,pco} (p; are the partial pressures), whereby
the equations for the boundaries were obtained in parametric form. We determine
these boundaries by computing the resultant of the polynomial from Application F,
and its derivatives in x. The values b;, b_; are given by the expressions

by = k1po,, b_1=k_1, by=kopco, k_o=0_5 bz = ks,
by = kapco;  with the values of ky; from [52]:
ki =202-10% Kk ;= 16-10" exp(—50000/(RT)), ko — 45-10°
k_o = 10" exp(—35500/(RT)), ks =4-10*exp(—11000/(RT)),
ks =45-10°% temperature T = 450 K, R = 1, 987.
The obtained expressions have the form

D(pco,po,) = a12pco + - - - + a1pco + ao, (18.9)
where ag, ..., ajs are polynomials in pco (see Application Fy). In the calculations

we factored out the leading coefficient. To avoid loss of exactness we used the routine
ON BIG FLOAT.

The roots of the equation D(pco, po,) = 0 were calculated with the help of the
system Eureka, using its function ’poly’. It finds all zeros of a given polynomial for
IBM PC, and makes it possible to find the roots of nonlinear equations and systems,
and to solve problems in nonlinear programming etc. Among the 12 zeros of the
polynomial (18.9) only two (9 and 10) correspond to the boundary of plurality do-
main for zeros 0 < x < 1 with physical sense. The other zeros determine bifurcation
points outside the physical domain. In Table 1 we give, for some values of pg,, the
calculated bifurcation values pq, péo having physical sense, and the zeros of the
polynomial from Application F» corresponding to these points (the columns [ZO]~,
[ZO]™). As can be seen we obtained a fairly good approximation to the boundary
of double zeros (two of the zeros agree up to 4-6 significant digits). We could not
calculate the discriminant for this example in symbolic form on the personal com-
puter because of limited memory. It was instead calculated on a EC 1055 computer
with the help of the system SRM [126].

Let us compute, in symbolic form, the conditions of plurality of s.s. in the case
of the mechanism (18.1) with k_; = k_3 = 0. The s.s. belonging to the domain
0 < AZ < 1 are in this case determined by the equation

fg = GJ3£L'3 + a/2$2 +a1x +ag = 0, (1810)

where
as =2, ay=4dec+b—2, a; =22 +e(b(b+c)— 4e),
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TABLE 1. The boundaries of a domain of plurality of s.s. on

the plane of (po, — Pco)

197

PO, - 108 Pao - 108 [ZO]~ p&o - 108 [ZO]*

d 0.43885000 0.00338500 1.0292460 0.20768334
0.00338500 0.20768334
0.64457984 0.00014564

1.3423528 1.5781903
10 0.61383330 0.00332790 1.5070777 0.22191424
0.00332790 0.22191424
0.69038373 0.00012298

1.2966631 1.5352948
50 1.2959491 0.00325413 3.3133996 0.26778907
0.00325413 0.26778907
0.76778193 0.00009482

1.2194124 1.4580296
100 1.7622513 0.00323683 4.5007380 0.27992977
0.00323683 0.27992977
0.79115760 0.00008824

1.1960713 1.4337558
200 3.4754019 0.00321401 8.6919485 0.29995268
0.00321401 0.29995268
0.82897289 0.00007905

1.1583032 1.3936507

Qg = —2€2C2, .’I,':AZ, €:b1/b3, b+b2/b1, C:b,Q/bl.

In [149] the conditions for plurality were obtained in terms a;. Let us find the
Sturm system for the polynomial (18.10) in the segment [0,1]. By [92] this amounts
to finding the sequence of central determinants (or inners) of the matrix

Qs (05} ai Qo 0

0 as (05} ai Qo

R = 0 0 3&3 2&2 a1
0 30,3 2&2 ai 0

3as 2a, aq 0 O

(18.11)

The last term of Sturm system is f; = det R. The preceding terms are given by
the inners of the matrix R in which the last column is replaced by the sum of the
columns situated to the right of it, and this column multiplied by z* (see (18.11)).
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Then
as (45)] aq
f2 (0) = det 0 3&3 ai R
3&3 20,2 0

as ao a; + ag
fa(l)=det | 0 3as 2a2+a; |, (18.12)
3CL3 2&2 ai
fl(O) = daq, fl(l) = 3@3 + 2a2 +aq.
The values f3, f2(0), fa(1) were obtained with the use of a system from [126]. The

analysis of the obtained Sturm system gives the following necessary and sufficient
conditions for plurality of solutions of (18.10) in [0,1]:

5 <1/8, (18.13a)

b<b, =2(2—0%)(1+0%)? (18.13b)
6b(14 — b — 48)/(86% + 26%(3b + 12) + §(b* — 2b + 24)+
+2(2 = b)?) < ¢ < b(2 — byd)/(86% + 26(3b + 8)+
+(2 — b)(4 — b)), (18.13¢)
—320%¢% + 46%¢ (¢*b — 8be' — 24¢ — 8b)+
+45(°b(b+2) — *(b? — 2b + 24) + 4¢'b(5 — b) — 2b°)+

+c (b —2)*(b(1 +¢')* — 8¢) > 0, (18.13d)
where ) )
5= 2 =2
b C T by

The boundary of non-uniqueness is defined by the vanishing of the left hand side

in (18.13d). For b = b, and ¢’ = ¢, = (1 — 26"/%)(1 + 26/3) a triple zero z = §/°

occurs. In limiting cases the conditions (18.13) are simplified.
If b3 — oo then § — 0 and (18.13) yields the inequalities

2

by o (ot o)

2 8b_o

that were obtained in [112]. From (18.13d) one can get more precise expressions for

bifurcation boundaries (18.14):

by > b,Q, (1814)

bg/bl 22—4\/1)2/[)_2—1\/()_2/1)3 (1815)
(these correspond to the boundary b; = by/2),

b2 1 b2 2 (b2 + b72)3

—~— 1+ — — 18.16

bl 8 < + b2> + 8 (b2 - b72) b3 ( )

(these correspond to the boundary b; = (by + b 3)*/(8b_5)). Observe that the
boundary (18.15) is more sensitive for small values of the parameter b_5/b3 than the
boundary (18.16).
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For b_5 = 0 we deduce from (18.13) the condition

b2<2b1(1+\/M),

which was obtained in [149].
If ¢ <1 then (18.13) implies the inequalities

§ < 1/8, & <b< &, (18.17)

12 = (200 + 1 — 852 F (1 — 80)*/2)/(49).

The conditions (18.17) are applied in the domain b 5, b3 < b;. Hence the
plurality of s.s. can take place for arbitrary small values of b3. For example, for
by = 1200, by =1, b_5 =107% b3 = 1.25- 1073 there exist three s.s.

AZ, =0.5141, BZ, = 0.4854,
AZ, = 0.2811, BZ, = 0.7185,
AZy = 4.427-102, BZ5 = 0.9555.

We have thus seen the use of analytic manipulations on the computer allows
us to reduce the stationary kinetic model to one equation, and to investigate the
number of solutions. The obtained symbolic expressions make it possible to analyze
also the limiting cases.

Moreover, we obtain explicit expressions for the stationary solutions and the
bifurcation boundaries. In the general situation we need to apply methods from
solvability theory (see Sec. 17).

18.3. REALIZATION OF THE METHOD OF GROBNER BASES

The REDUCE program which realize the modified method of Grobner basis
described in 17.2 is contained in Application F.

For given polynomial the procedure LM finds the leading monomial with respect
to the used ordering (in our case the lexicographical one). The names of the variables
(their number is NVBL) and the chosen ordering are defined by an array

AN(AN(1) >, AN(2) >, ... >, AN(NVBL)).

The output of the procedure is: The leading coefficient (LCLP(O)), the leading
product of powers (LCLP(1)), its exponents (array DEGO0), and the leading mono-
mial LM=LCLP(0)LCP(1). The calculations are carried out by iterated application
of the functions REDUCE DEG and LCOF.

The procedure ORM picks out the leading one or two monomials (in the sense
of given lexicographical ordering), whose exponents are given in the arrays D1, D2.

The procedure NF realizes the algorithm described in Sec. 17.2 for finding the
normal form of a polynomial GNF modulo polynomials given as values of the opera-
tor FNF(i), (i =1,...,N). If N =0 then GNF is returned. Otherwise the leading
monomial of the polynomial GNF is found, and it is checked if it is smaller than the
smallest of the leading monomials of the polynomials FNF(¢). If the reply is 'yes’
then program stops, otherwise an attempt is made to find a polynomial FNF (L)
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whose leading monomial is a factor of LM(GNF). If such a polynomial has been
found then the reduction

GNF —
FNF(L)
is realized, otherwise we go to the next monomial (in order) of the polynomial GNF.
Before addressing the procedure NF it is necessary to give the following global
variables: The array D1 containing the exponents of the minimal among the leading
monomials of the polynomials FNF(7); the operator DEG1(JR, K) whose value
is the degree of the variable AN(K) in the leading monomial of the polynomial
FNF(JR); the operator LMF(L) whose values are the leading monomials of the
polynomials FNF. The calculation of these variables has been broken out of the
procedure NF in order to avoid superfluous calculations during the basic algorithm.
If the value of the global variable NORM is equal to 1 then the output will be in
normalized form with the leading coefficient 1. After execution of NF one has found
the leading monomial, the leading coefficient and the leading product of powers
of AN(j) among the global variables, and the values of the operator DEG NF(K)
are the exponents of powers AN(K) in LPPNF for the calculated normal form
HNF=NF(N, GNF).
The procedure SP calculates the S-polynomial for a given pair of polynomials
(F1, F2) with the leading products LPP1, LPP2 and the leading coefficients LC1,
LC2 and

LCM(LPP1, LPP2)=LCM.
The procedure REDALL realizes algorithm 'Reduce everything’ (see Sec. 17.2).
To the sets R, P, G of the algorithm there correspond the operators RB, PB, GB.

Here the structure of data is the following: RB(j, 1) is j-th polynomial of the set
R while

RB(j, 2), RB(j, 3), RB(j, 4)

are its leading monomial, leading coefficient and leading product of powers respec-
tively; RB(j, 4 + K) is the exponents of the variables AN(K) in the leading

monomial (k =1, ..., NVBL). The operator BB corresponds to the set B of the
algorithm; the values BB(L, 1), BB(L, 2) are the numbers of polynomials of the
L-th pair (f1, f2) in the set B; the values BB(L, K +2), K =1, ..., NVBL, are

the exponents of the variables AN(K) in
LCM(LPP(f,), LPP(fy)).

First an element of the set R is chosen (in our program we choose the last element),
and then the set GU P and the sets GO, PO are formed. The values of the operators
G0, PO are the numbers of such polynomials from the set G, P which can be reduced
modulo the polynomial H =NF (R, G U P), which is being added to the basis. Then
the operation

R:=RUGOU PO

is realized: From the set B all pairs (f;, f2) in which f; or f, belongs to GO
are removed, and from the set G the elements of the set GO are removed. Using
the values accumulated in the operator PER, the values BB(J, 1), BB(J, 2) are
replaced by new ones, which are obtained by a renumbering of the elements of the
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set GG. Further the set PO is removed from the set P, and after this procedure the
operation P := P U H is executed.

The procedure NEWBAS realizes the algorithm 'New basis’. First the operation
G := GUP is performed, and then this set is enlarged with all pairs (g, p) such that

geG, peP g#p

( first the polynomials g from ’old’ set G are taken and the pairs (g, p) are formed,
then the pairs (p;,p;), j > i, are formed). Further, all polynomials h € G are
reduced modulo G \ h with the aim of obtaining a reduced basis.

The procedures CRIT1 and CRIT2 realize the algorithms ’Criterion 1" and ’Cri-
terion 2’, which serve to avoid superfluous calculations of normal form.

The procedure PRITT(II) provides a detailed printout of the results of the work
of the algorithm. The elements of the sets R (if II=1), P, G are printed.

First initial input data are entered into basic algorithm. They must either be
written in the file KP.INP, or contain the sentence IN with a reference to the file
with the initial data.

The initial data contain:

the number of variables in polynomials— NVBL:=
of the initial system

the names of these variables (the other— AN(1):=
names are interpreted by the program ... ..

as symbolic parameters) AN(NVBL):=
the indicator of normalization (is exe-— NORM:=
cuted if set equal to 1)

the indication of printing (if equal to 1— IPRL:=

a detailed printout of intermediate re-

sults is executed)

the polynomials of the initial system — RB(1,1):=

RB(NR,1):=

After this the global variables are initialized, and the procedures REDALL,
NEWBAS are addressed. If the set B is not empty then a pair from B is found, and
Criterion 1 and 2 are checked. If CRIT1=0 and CRIT2=0 then the S-polynomial
of this pair is calculated. This S-polynomial is then in normal form, and if it is
not equal to 0 then the set GO is formed. From set K the polynomials occurring
in GO are deleted. The calculated normal form is included in the set B, and from
set, B all pairs containing elements from GO are deleted. Finally,the pairs in B are
renumbered, and the procedures REDALL, NEWBAS are addressed over again.

We now consider some examples. (They are all taken from [27]. We obtained the
same results as in [27], except for some misprints in [27].) The model corresponding
to the nonlinear shock reaction mechanism

1) A+ 222242,

9) B+ AZ=Z + AB, (18.18)
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has the form
fi = b Z?°—b ,AZ* —WR=0,
fo = BAZ—b_sZ —2WR=0, (18.19)
fs = Z4+AZ—-1=0,

where W R is the stationary reaction rate. Let us now produce its kinetic polynomial.
We fix the ordering
AZ >, Z >, WR

and use the described program. The work of the program starts with the algorithm
REDALL. It chooses the polynomial f;3 and calculates its normal form. Since the
sets G and P are empty so far, the result of the reduction is f3 itself. The algorithm
inserts fs in the set P: P(1) = f5 and in the set R := R(1) = f1, R(2) = fo. The
following step is a calculation of the normal form of the polynomial fo modulo fs.
This result is:

f__ZmrMZ—U@+2WR

! b_y + by

which is inserted in the set P: P(2) = f4. Then the polynomial R(1) = f; is reduced
modulo f3 and f;. The result here is:

h W R2(4b_y — 4by) + WR(4b_1b_y + b* 5 + 2b_yby + 4byby + b3) + b_1b% 5 — by b2
b1 — 4b, '

This too is inserted in the set P: P(3) = f5. Since the set R has now been ex-
hausted the algorithm REDALL stops. Instead the procedure NEWBAS starts
working. First it forms the set G: G(i) = P(i), i = 1,2,3, and the set of pairs B:
(1,2), (1,3), (2,3). Then the normal forms of polynomials G (i) modulo the other
polynomials are calculated. The calculation of the normal form G(1) = f;3 modulo
G(2), G(3) gives the polynomial
by = (bo+b)AZ —b o —2WR
- b+ by ’
which becomes the value of G(1). The polynomials G(2) and G(3) remain unchanged
by the algorithm NF'.
At this step the calculations of the procedure NEWBAS are finished, and the
main algorithm begins to work. For the sequence

GG (2,3), (1,3), (L,2)

of pairs of indices of the polynomials G; the algorithm checks Criterion 1 and 2. In
our case all basis polynomials satisfy that the LCM of the leading products is equal
to their product, and hence Criterion 2 comes into play and prevents superfluous
calculations of normal forms of S-polynomials, which would here be equal to zero.
Therefore the algorithm finishes its work and the desired reduced Groébner basis
consists of the polynomials

G(l)=fe, G2)=fs, GB)=/fs
The polynomial G(3) is the kinetic polynomial obtained in [154] for the mechanism
(18.18). Its solutions are the possible values of the stationary reaction rate (one of

Y
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them lacking physical sense). Knowing them it is a simple task to find AZ and Z
from equations GB(1) = 0 and GB(2) = 0, which are linear in Z and AZ

In the case of system (18.19) the main algorithm never comes to work, and the
basis is calculated already in the procedures REDALL and NEWBAS. The same
happens for many other ’simple’ systems.

Application Fg contains the initial data and the results of Grobner basis cal-
culation are contained for the model corresponding to the reaction mechanism of
hydrogen para—ortho conversion.

1) HP +27 =27H,

18.20
2) 2ZH =27 + H, (18.20)

where Z and ZH are intermediates, H;p ) and H;O) are para and ortho forms of
hydrogen. The basis GB(1), GB(2), GB(3) was calculated for the ordering

ZH >, Z >, WR.

The polynomial GB(3) is the kinetic polynomial for the reaction (18.20).
The initial data and the results of a calculation for the model (18.2) with b_; =
b o =0b_3 =0 are contained in Application F;. (This corresponds to an irreversible
adsorption mechanism in the reaction (18.1)). The kinetic polynomial for this case
is given by
4WR?*b, — WRb3
N 4 b, '

On the other hand, substituting the values b ;1 = b 5 = b_5 = 0 for the coeffi-
cients of the polynomial (18.4) (see Application F}) we get the expression

b2 (WR (12 —4b WR))* =0, (18.22)

which indicates that the roots of (18.22) WR; = 0 and W Ry = b2/(4b;) are double.
The meaning of this fact is easy to understand by considering the other polynomials
of the basis. The equation GB(3) = 0 is quadratic in BZ, and therefore to each
of the root W Ry, W Ry there correspond two roots of the equation GB(3) = 0. If
we keep in mind that the equations GB(1) = 0 and GB(2) = 0 are linear in Z and
AZ, then we find that to each value W R; there corresponds a family of solutions
BZiu2), AZia2), Ziaz)- The existence of double roots of (18.22) reflects this fact.
From the example it is seen that different methods of elimination of unknowns can
lead to different reductions of the initial system and to different representations of
its solutions.

Of course, the method of Grobner bases works also for the systems of linear equa-
tions. Application Fg contains the initial data and results for a model corresponding
to the linear single-route reaction mechanism

1) A+Z12 272

GB(4)

(18.21)

2)  Z2e 73, (18.23)
3)  Z3=Z1+B.
From the obtained basis G(1), ..., G(4) one finds the solutions in all variables

immediately from the independent linear equations G(1) =0, ..., G(4) = 0. In
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the linear case the method of Grobner bases works in fact like the Gauss method
[27], which variables being eliminated in every step.

Consider now the more complicated model of a catalytic reactor of an ideal mix-
ture (RIM) in which the reaction proceeds according to mechanism (18.1)+(18.4).
It has the form

Ny, — Nay —a(W1+ Ny, - R) =0,

Ny — Ng—a(W2+ W4+ Ng-R) =0, (18.24)
2W1—W3 - W4 =0,
W2 - W3 =0,

W1l= NA2Z2 — r_1x2, W2 =ryNgz —r_sy,
W3 =rszy, Wad=r4Npx, z=1—-x—y, R=W3-W1-W2,

where Ny,, Np are the molar parts of the gaseous substances Ay, B; x, y are the
surface concentrations of adsorbates, and

0 0
a, T_1, T'—2, I3, Ty, NA27 NB

are parameters of the model.
Application Fy contains the results of a Grobner basis calculation for the model
(18.24) with parameter values

Ny, =05, Np =025, a=r_j=r,=r3=r4=1.

Notice that for the chosen ordering the Grobner basis contains a linear expression,
relating the concentrations A, and B in the gas. In general case it has the form
[108]:
Np+p—2 2 — NY
NA2: Bpp ) pzl_Nng

The degree of the polynomial GB(4) with respect to Ny, is equal to 10 and the
variables z, y are expressed through N4, in the form of polynomials of degree 9.
Of the 10 roots of equation GB(4) = 0 only one (N4, =0.47779941) has physical
meaning. The corresponding values are N = 0.17229794, = = 0.34460068, y =
0.074444287. We wish to point out that we could not to solve this example on PC
AT with the package GROEBNER including in the system REDUCE 3.3.

The program allows for models of fairly high dimension. In Application Fj, we
give the initial data and computation results for a system of 6 algebraic equation,
which arises when quasichemical approximation is used to describe the elementary
processes on the surface of a catalyst [161]. The initial system is reduced to a
polynomial G(8) of degree 8 with respect to unknown PAO. The other unknowns
are expressed through PAO in the form of polynomials of degree 7. With the pa-
rameter values indicated in the sentence LET, the equation G(6) = 0 has the fol-
lowing real solutions: PAO;=0.10909942, PAO,=0.9733262692, PAO5=0.12452337,
PAOg=1.2328531, PAO;=2.1624142, PAOg=5.2100331. There is a unique PAO so-
lution with a physical sense, and the corresponding values of the other variables
are PO0O=0.28516341, PAA=0.0054376081, PAB=0.064601414, PBO=0.40514981,
PBB=0.1151244.

(18.25)
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We have also considered some examples from [11], which uses results from multi-
dimensional complex analysis. Unfortunately we found some mistakes and misprints
in the general examples.

Our experience in applying the method of Grobner bases has showed that there
can arise numerical difficulties while working with polynomials with symbolic coef-
ficients. In the process of calculations there occur very unwieldy expressions, which
often contain nontrivial symbolic common factors. Moreover, the algorithm does not
always discern the situations in which a normal form of a S-polynomial vanishes. In
this case hard calculations, needing large computer resources, are carried out, only
to finally end up with a vanishing S-polynomial. Finally, the initial version of the
algorithm is not well adapted for real arithmetic. Transformation of floating point
data to exact rational form (especially in situations with sharply distinct parameter)
leads to unwieldy integer coefficients which can occupy several lines of display. As
a result the calculations are slowed down and an emergency stop can occur due to
exhaustion of available memory.

A modification of the algorithm allows one to circumvent these difficulties. The
idea is the following: Each time a new polynomial is formed in the process of the
algorithm (e.g. when S-polynomials and normal forms are being computed) it is
replaced by its own ’'dummy’. The ’dummy’ is a polynomial with indefinite coeffi-
cients in which all monomials from the basis polynomials are present. For example,
the ’dummy’ of the polynomial

br?y — (a — b)x?yz + cd
f

is given by
A2y + A(2)z%yz + A(3).

The expressions for these indefinite coefficients are then accumulated as the
algorithm goes along. In the procedure NF there is a check that next monomial
to be reduced really is contained in the polynomial. To this end the value for the
coefficient of this monomial is computed for some values of the parameters. In case
these values do not belong to an exceptional set (the union of a finite number of
hypersurfaces in the parameter space of the initial system) then the coefficient being
non-zero for these parameter values means that it also does not vanish in the generic
situation.

The key moment of the modification consist in the following: For the checking we
take not any real values for the coefficients (symbolic or numerical) but only integer
or rational values. The best way to obtain these is to use a generator of random
numbers. Having calculated the normal form (or the S-polynomial) we then check
that its leading coefficient is not trivial by means of the same substitution. If it
is equal to zero then next coefficient is considered etc. In this way the algorithms
NF and SP produce either polynomial with nontrivial leading coefficient or the zero
polynomial. The substitution can be done so that repeated calculations with the
same 'dummy’ coefficient are avoided.

The modified algorithm gives as output a basis of polynomials with indefinite co-
efficients and recursion formulas for them. By checking the consecutive calculations
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against these formulas we can get the expressions for the true basis polynomials
(with symbolic or numerical coefficients).

Thus, checking (once) the calculations with (preferably small) integer or rational
numbers we get expressions with symbolic coefficients or, using real arithmetic,
expressions with real coefficients. In order to make sure that the test point, in
which all checks are conducted, does not belong to the exceptional set, we can
perform the calculations with other values of parameters.

Let us consider some examples. The basis for the model (18.19) calculated with
the modified algorithm has the form (for ordering AZ >, Z >, WR)

G(1)=(AZ-AM(3,3) + WR-AM(3,2) + AM(3,1))/AM (3, 3),
G2)=(Z-AM(1,3)+ WR-AM(1,2) + AM(1,1))/AM(1,3),
G(3)=(WR?-AM(2,3) + WR- AM(2,2) + AM(2,1))/AM (3,3).
The expressions for the coefficients AM (i, j) are accumulated in the operator
MAK:
MAK(1,1) = bs,
MAK(1,2) = -2,
MAK(1,3) = —by — b_o,
MAK(2,1) = (=b_1- AM(1,3)> —=2b ;- AM(1,1) - AM(1,3)+
(b — by) - AM(1,1)%)/AM(L, 3),
MAK(2,2) = (—AM(1,3)2 —2-b_y- AM(1,2) - AM(1,3)+
+(20y —2b_q) - AM(1,1) - AM(1,2))/AM (1, 3)?,
MAK(2,3) = ((by — b_1) - AM(1,2)?)/AM (1, 3)?,
MAK(3,1) = (-AM(1,3) — AM(1,1))/AM(1,3),
MAK(3,2) = —AM(1,2)/AM(1,3),
MAK(3,3) = 1.

The substitution of the expressions MAK into the operator AM is produced by

the single command

forall i,j let AM(i,j) = MAK(i, j) (18.26)

When this has been executed one obtains expressions which coincide with those
written above for the same example.

Consider now the case of the kinetic model (18.2) for the three-route adsorption
reaction mechanism (18.1). The results of the calculations for this example are
given in Application Fi;. Using these data and writing the operators by := 1, by :=
8/10, bs := 1000, b_y := 1/10, b_5 := 1/100, b_3 := 1/10, on float, as well as the
operator (18.26), we obtain the Grébner basis for these values of parameters b;:

1.839673647 - W R® + 0.5297823406 - W R? — 2.594329737 - W R+

+Z —1.2325350731- 1072 = 0 (18.27)

—0.8 - AZ +119.210523 - W R® + 34.32989567 - W R*—
—8.112566972 - W R + 1.3172726443 - 10 > = 0,
—64663.93507 - BZ — 9516842.982 - W R® — 2740624.87 - W R*+
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+487978.5602 - W R* — 63760.45435 = 0,
28.11179393 - W R* — 6.828539245 - W R — 0.1142106 - W R*+
+7.6913707646 - 10 2 - W R — 1.249410287 - 10 ° = 0.
The solutions of the equations (18.27) have the form {WR,Z, AZ, BZ}:

1) 0.00016248271, 0.012746870, 3.4524894 - 108, 0.9872531

2) 0.15386307, 0.39225384, 5.3209078 - 107°,  0.60769295
3) 0.18498457, 0.46246234, 0.53746478, 7.2888333 - 107°
4) —0.096103560, —0.24025909, 1.240741, —1.5032708 - 107°

The solutions 1)-3) have a physical sense and correspond to three s.s. of the
model.

The considered examples show that the modified algorithm works well both with
symbolic and with real data.

In the case of symbolic data it is necessary in process of substitution to watch
out for any common symbolic factors and to delete them (for this we can use the
command ON GCP and the function FACTORIZE). In the case of unwieldy expres-
sions the calculations of the coefficients AM (i, j) can be carried out step by step in
separate session of the system REDUCE.

On the other hand, our experience from working with the method of Grobner
bases has shown that in spite of its generality it is probably not the best elimination
method for systems of algebraic equations with symbolic parameters. The best way
is to make use of the specific character of system, which is exactly what we shall do
in the case considered below.

19. The construction of the resultant

19.1. SYSTEMS OF TYPE (8.2.)
In Sec. 8 (Corollary 8.1) we considered the following system of equations
kj .
fi(z) = 2 + Q;(z) =0, j=1,...,n, (19.1)
where z = (21,...,2,) € C" and ();(z) are polynomials whose degrees are strictly
less than k;, j =1,...,n.

If R(z) is an arbitrary polynomial of degree K, then the formula (8.9) for finding
the power sum Sy of the polynomial R is valid:

L
Se =3 R(2") =
I=1

K aq Qn
=M |RA=z S (1)l (%) (%) , (19.2)
PARRI-HaL llafl=0 2z Zn
where a = (avy, . . . , ) multi-index of length ||a|| = a1 +. . .+ ay,, A is the Jacobian
of system (19.1), 90t is the linear functional assigning to a Laurent polynomial its
constant term, and z) are the roots of system (19.1),1 =1, 2, ..., L =Fky---k,.
Consecutively choosing for R(z) in (19.2) the polynomials z, 22, ..., zE, we

obtain the power sums of the first coordinates of the roots zY. Then, by the Newton
formulas we can construct a one-variable polynomial in z;, whose roots are the first
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coordinates of the roots z¥) (see Sec. 8). This polynomial is the resultant of system
(19.1) in the first coordinate.
Consider now the more complicated system of equations (see Theorem 8.2)

-1

fiz) = 27+ mp(z) + Qi(z) =0, j=1,....n, (19.3)
1

.

TT

where ¢, are homogeneous polynomials of degree k; — 1 and @); are the same as in
system (19.1).

The formula (19.2) for the calculation of power sums remains the same but of
(); have to be replaced by the polynomials R; = f; — z;-cj, and the set of indeces
(over which summation in (19.2) is performed) is substantially extended. Indeed, if
the degree of polynomial R in z; is equal to m; and the total degree of R is K, then
the summation in (19.2) is performed over all indeces a from the parallelepiped

oc={a=(a1,...,00,) : 0<; < K,0< ap < kg (|m]|| + 1) = my —
2,...,0 S a; S k1k3_1(||m||+1) —kg"'kj_l(m1+1) —
koo kja(me+1) — - —kjy(mjo+1) — (mj_1 +1),5=3,...,n},
iml| = my 4+ m,
(see Theorem 8.2).
The calculations of power sums will be substantially simplified by considering
(19.1) and (19.3) as systems with parameters. For example, in system (19.1) we

isolate the last equation and view the remaining equations as equations of (n — 1)
variables, with z, as parameter. As the polynomial R we take the polynomial f,

in the last equation in (19.1) with respect to the variables z1,... ,z,_;. Applying
formula (19.2) for the polynomials

R, R*, ..., RMhna
we get the expressions for S1(z,,), ... , Skyk,_,(2n). Using the Newton formulas (2.1)

we then evaluate the resultant. More precisely, these expressions are considered as
power sums of the roots of a polynomial in w, with z, as parameter :

Q(w) = Pt kn-1 + lekl"'k"*1_1 + ...+ le"'kn—l'
For finding the coefficients G; = G;(2,) we can use the Newton formulas
]G] = —SJ - Sj,1G1 . Slijla j - 1, ce e ,kl et knfl. (194)

Then desired resultant will then be equal to Gy, ...k, _,-

Now we describe the contents of a MAPLE procedure which calculates the resultant
of system (19.1) using formula (19.2) (see Appl. Fi» and [42, 43, 44, 45, 120]).
At the beginning of the procedure the dimension n of the system is introduced from
the input file inp1 . The program then creates four arrays z, k, f and ¢ for storage
of the variables z[1], 2[2], ... , z[n], the degrees of the system k[1],k[2],... , k[n], the
equations of the system (19.1)

flil=0, f[2]=0, ..., fln] =0,
and the polynomials ¢[1], q[2], ... , g[n] respectively.
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The values of the elements in array k£ are introduced from the input file inp2.
Then we can write the equations of system (19.1) in the general form

fl) = 21"+
Kljl—1k[j]—1—k1  k[j]—1—k1——kn_1
+y > > c(, k1, ko, oo k) z[1]F12[2]%2 - - - 2[n]*n,
k1=0  k2=0 kn=0
j=1...,n.

Since the number of variables z[j] and also the number of indeces of the co-
efficients ¢(j, k1, ... ,k,), depends on n, the operator giving f[j],7 = 1,...,n, is
generated in a work file forout1 beforehand. Note that in the course of the entire
program the elements of the array z as well as the variables c(j, k1, ... , k) will be
free, i.e.their values will be their names.

The elements of the array ¢ are calculated by the formula

qli) = fli) = 20", =1, n
With the help of the standard MAPLE procedures det and jacobian we compute the

Jacobian jkob of the system.
After evaluating the degree

m = k[1] x k[2] x - -+ X k[n]

of the desired resultant we produce an array p of dimension m for storage of the
degrees of a certain polynomial for which the power sums are calculated by formula
(19.2). The polynomial p[1] is introduced from the input file inp3 and its degree kp
is evaluated by the standard MAPLE procedure degree.

Since the power sum sp[k] of the roots of a system with respect to a general
polynomial

kpxk kpxk—k1 kpxk—ki—-—kn

plEI=D" Y o Y al(kky ks, k)21 2[2]5 - 2]

k1=0 ko=0 kn=0
E=1,...,m,
is given by
kpxk kpxk—k1 kpxk—ki——kn

splk] =Y Y o > al(kky k. kaa)s(ky R, k),

k1=0 ky=0 ki =0
k=1,...,m,
where s(ki, ks, ..., ky) is the power sum of the monomial

AL ol

it follows that in order to calculate splk] it is sufficient to evaluate the power
sums of the corresponding monomials and the coefficients of these monomials in
the polynomial p[k]. It is clear that ki, ks,..., k, cannot take values outside the
interval [0,m x kp]. In order to avoid repeated calculations of the power sums
s(ky, ko, ... ,ky),, which can occur during the work with different elements of the
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array p, we propose the following procedure: All power sums s(ki, ks, . .. , k), with
0<k;<mxkp, t=1,...,n, are assigned the value no. After the calculation of
the first s(kq, ko, ..., k), for some ki, ko, ..., k,, its value becomes different from
no. Thus, if it is later on required to evaluate s(ki, k2, ... , k), then to avoid any
repeated calculations it is sufficient to compare the value s(kq, ko, . .. , ky,) with no.
The calculation of the power sum is executed if and only if its value is equal to no.

The calculation of s(ky, k2, . . . , ky,) will be performed by the following algorithm:
We find the power sums of the monomials

12 el

with 0 < k; < k[i] —1,i=1,...,n, by formula (19.2). For computing power sums
with some k; > k[i], we first reduce the degree of the monomials by writing the
system (19.1) in the form

—2[j]F =
[_7 —1— k[j}—l—kl—---—knfl
Z Z . > c(g, ki, kay .o kn)2[1]F12[2]%2 - - - 2[n]kn, (19.5)
j=1...,n.

Now, if k; > k[1] in the monomial
ALl sl

then we write
Z[l]kl — Z[l]k[l}z[l]klfk[l]

and replace z[1]* by the right hand side of formula (19.5). Then given monomial is
represented as linear combination of monomials with smaller degrees. For obtained
monomials we repeat the same procedure by all variables using again formula (19.5).
In this way the power sums of any monomials is represented as a linear combination
of s(k1,ka, ... k), for which 0 < k; <k[li]—1,i=1,...,n

To realize the above we create a procedure pc with an arbitrary number of
parameters args[i] whose valuer will be the coefficient in the polynomial args[1] of
the monomial

Z[l]args[2}z[2]args[3 . [n]args n+1]

For the calculation of the coefficients in a polynomial we use the MAPLE procedure
coeff. It should be noted that for the procedure coeff to work properly the terms
in the polynomial must be ordered beforehand by the MAPLE procedure collect.

The operator that assigns the initial value no to the power sums s(kq, ko, . .. , k)
with
0<ki<mxkp, 0<ky<mxkp, ..., 0<k,<mx kp,
is generated beforehand in the work file forout2. In that work file the operators
evaluating s(ky, ka, ... , k) for 0 < k; < k[i] —1,i=1,... ,n, are also generated.

The specific character of the MAPLE operators seq and sum requires that the
parameters and elements of a sequence and a sum free variables. To this end it is
necessary to set free the needed variables by using the MAPLE procedure evaln.

For the computation of s(kq, ko, ..., ky,) in the case of arbitrary k;, i = 1,... ,n,
we generate in the work file forout3 a recursive function ss(ki, ko, ... , k), whose
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value is equal to s(kq, ko, . .. , k) if k; < kil foralli =1,...  nors(ky, ks, ... k) #
no or,

klj]-1k[j]-1—a1 klj]-1—a1——an—1
— E c(j,ar,az,...,a,)X
a1=0 a2=0 an=0

xss(ar + ki, ... aj_1 +kj_1,a; + kj — k[j], 05401 +kjg1, ... an + k),

if some k; > k[j], j=1,... ,n.

For storage of the power sums with respect to the polynomials p[i], i = 1,... ,m,
and also of the coefficients of the resultant, two arrays sp and g of dimension m are
created.

The operators that evaluate the elements of the array sp is generated in the work
file forout4. The calculation of the coefficients g[i], (i = 1,...,m) of the resultant
is produced by Newton formulas (19.4). The auxiliary arrays timesp and timeg are
destined for storage of the time of calculation of corresponding values. To this end
it is used the MAPLE procedure time. The results of the calculations are dropped in
the file forg.

The MAPLE program for determining the resultant of the more complicated system
(19.3) (see Appl.Fi3) differs from the previous one in three principal positions.

In the first place, in the work file forout1 the operator giving the equations of
system (19.3) is generated by the following formula

E[j]-1k[j]-1-k1  k[j]-1-k1——kn_1

flil =20+ > Y . > (G, ki, ..o kn)2[1]F0 - - - 2[n)P +

k1=0  k2=0 En=0
j—1 k[ﬂ—l k[j]—l—kl k[j]—l—kl—---—kn72
AN D > a(l,jokys oo k1, k] —1—k1— - —kp_ )X
=1 k1=0 ko=0 kpn—1=0
xz[l]kl e zln — 1]’“"‘1z[n]k[ﬂ’l’kl""’k”—l, j=1,...,n.

Secondly, the operator generated in work file forout2 and intended for calcula-
tion of s(ky, ks,... k) for 0 < k; < k[i] — 1,4 =1,...,n, produces a summation
by every index k; from 0 up to some value gr[i], which is given by the formula

gr[l]:k1+k2+---+kn,

grii +1] = (grléd) + Vk[d] — (k; +1)—1, i=1,... ,n—1,
and is stored in the array gr of dimension n.

Thirdly, the function ss(kq, ks ... k) generated in work file forout3 is calcu-
lated by the formula

k[j]—l k[j}—l—al k:[j]—l—al—---—an,1

ss(ky, ko .. ky) = — Z c(j,ar,az,...,a,)X

a1=0 a2=0 an=0

xss(ar +ki,... 051+ kj_1,a; + kj —k[j], 001 + ki1, ... an +kn)—
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j—1 k[j]—l k:[j]—l—al k[j}—l—al—---—an,Q

_ZZ Z Z a(jaiaala---7an717k[j]_1_a1_'"_anfl)x

i=1 a1=0 az=0 Apn—1=0

xss(ay + ki, .oy ai1 +kicy ap + ki + 1 ag + kg, oo a0 + ko, ag + kg — k],

aj+1 + kj+1, Y ¢ o | + knfl, k[]] -1 ap — - —Qp_1+ kn),
if some k; > k[j], j=1,...,n—1or
k[n]—1k[n]—1—a1 kn]-l—a1—-—an—1
ss(ky, ko .. ky) = — Z Z Z c(n,ay,az, ..., a,)%
a1=0 az2=0 an=0

xss(ay + ki, san_1 + kn_1,a, + ky — k[n])—

n—1 k[n]—1k[n]—1—aq kn]-l—ai—-—an—2
—Z Z Z Z a(n,i,ar, ..., an_1,k[n]—1—a;—- - —ap_1)X
=1 a1=0 az2=0 ap—1=0
ss(artky, ... ai_1tkioy, aitkitl app ki, . ap k1 kyp—1—a1— - - —an_1),
if k,, > k[n].

As we saw before the calculations of power sums, and hence of the resultant
of system (19.1), can be substantially simplified by considering the system as a
system with parameter. Let us describe the differences in the MAPLE program for
this method (see Appl. Fi4) compared with the first program. The method consists
in considering the first n —1 equations of the system as equations with respect to the
variables z[1],, ... , z[n—1], while the variable z[n] is considered as a parameter. The
last equation of the system, which also depends on z[1], ... , z[n—1] and contains the
parameter z[n], is selected as the polynomial with respect to which we calculate the
power sums. Therefore, after input of the value n from the file inp1 and creation of
the arrays z, k, f and ¢, the value n is decreased by 1. The operator generated in the
work file forout1 sets (n+1) equations with respect to the variables z[1], ... , z[n]
by formula (19.5). In contrast to program Fj,, where a polynomial is introduced
from the input file inp3, here it is calculated by the formula

p[1] = fln + 1] — z[n + 1)k,

The evaluations of power sums and also of the coefficients of the resultant of the
intermediate system are carried out as the correspondent calculations of the program
Fio. Tt is known the resultant of system (19.1) will be the constant term of the
resultant of the intermediate system, and in the final step it is necessary to replace
the coefficients of the auxiliary system and the polynomial p[1] by the coefficients
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of the basic system. To this end a work file change is generated containing the
operators

E[i]—1—ky——ky,

(i ki, koy ... ky) = Z c(iyky, ... kn,7)z[n+1)7
=0
foralli = 1,... ,n+ 1,k = 0,... k[i] — 1,ky = 0,--- Jk[i]] = 1 — ky,... , k, =
0,...,k[{j]—=1—k —+-+—kpq. Incase i =n+1and ky +ky+---+ k, =0 the
obtained value of ¢(i, k1, ... , k,) should be increased by

2[n 4 1]k,

By an analogous method we can substantially simplify the calculation of the
resultant of system (19.3), considering it as a system with parameter (see Appl.
Fi5). The differences described above between the programs for solving the same
system by the two different methods take place also in this case. The replacement
of the coefficients of the auxiliary system and the polynomial p[1] by the coefficients
of the basic system is now provided by the following formulas

E[i]—1—ky——ky,

clivki ko, k)= D cliki,. ..k g)2ln + 1+
Jj=0
+ Z a(i, g ki, ..o ko, ki) — k1 — - — ky)z[n + l]k[i]fklf...,kn,
1<j<i-1
k;j>0

k[i]—k1—-—kn>0
i=1,...,n+Lk =0,... kli]—Lika=0,-- k[i] =1 —kiy,...:

ki =0,... k[]]—1—ky — - —kn_y;
a(i, jokry .o Ko Kli] = L=y — o — kp_y) =
=a(i,j, k.. kp 1, k[i]] =1 =k — - —kn_1,0),
n>14i=2...,n+1j=1,...i— 1k =0,..., k[i]— 1
ly =0, k[i] = 1=Ky, i kn=0,... k[i] =1 —ky — - — kp_y;

a(2,1,k[i) — 1) = a(2,1,k[i] — 1,0),n = 1.

In the case i = n+1 and ky + ko +- - -+ k, = 0 the obtained value (i, k1, . .. , k)

should again be increased by
z[n + 1]k[n+1}.

An analysis of concrete examples shows that in general form the obtaining resul-
tant is unwieldy expression, but its coefficients at small degrees (e.g. the constant
term) is usually completely manageable. For example, we considered the system
(19.1) of degrees 3,3,2 and the resultant in this case has a size of more than 4 Mbt.

To conclude this section we present some examples.

Consider the system

f1 = Zi)’ + Alzf + 312221 + C’lzg + D121 + E122 + F1 == 0,
f2 = Z% + AQZ% + 822221 + OQZ% + D221 + E222 + F2 =0.
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Setting R = z; we find that the resultant in the variable z; has the form
RES = G2} + G122 + ... + Ggz1 + Gy.
The coefficients Gy, G1 and Gy of the resultant are equal to
Gy = -1,
Gi1 = 34,
Gy = CiC\F? — 20,03 FyF) — CoCLEyEVFy + C,C B Fy —
CoE\F? + C3F? + C2ESF, — C2EyE Fy —
2C1 By FE + 3C1E\FoFy + B EYFy — EXFy + F.
This entire example can be found in Appl. Fig.
Consider now the system
fi =22+ A1z1 + Biz + C1 = 0,
fo =254+ Aszy + Bazp + Co = 0,
fa=Az120+ Bz1 + C2+ D =0,
whose coefficients are polynomials in z3 of arbitrary degree.
We take f; as a polynomial R. If
Q(w) = w* + GLw® + Gow® + Gsw + Gy
than
Gy = —3A3B1A— ByAjA+2B,C +2A,B—4D,
Gy = B3AZB?A? — AyByAB1A* — A3 BoBiAC — Ay A3SA? + 2A,A2AC —
AsA1B1AB + 34,4101 A* — A3 A1C” + 9A,BiAD — 34, B, BC —
4A,C1AC — BiByA? — BiALAC +2B3BAB + B3C1 A* +
B3C? +3ByCyB1 A* — BoA?AB + 3By A1 AD + 3B, A, BC —
ByB1B? — 2B,C1AB — 6B,CD + Oy, A3A? — 2C, A1 AC —
4CyB1AB — 20,C1 A? +2C,C? 4+ A2B* — 6A,BD + 20, B* + 6D?.
The coefficients G3 and G4 are also easily written but they are more complicated.
Now replacing the coefficients A, B, C, D in G4 by the polynomials in z3, we get
the desired resultant in the variable zs.

More general examples are considered in Appl. Fi7; and Fis.
Finally, in Application Fys we consider the following example

z* +ary? +022 +1=0,
vyt dy? + e’ +1=0,
e+ fr2 +1=0.
The resultant of this system in the variable x is about 500 Kbt, and therefore
we provide it in arj—form.



COMPUTER REALIZATIONS 215
19.2. KINETIC POLYNOMIALS, RESULTANTS AND GROBNER BASES

In Sec. 14 we considered the construction of the kinetic polynomial for single
route catalytic reaction mechanism. It is given by the resultant of the nonlinear
algebraic system

blz"‘1 — b,lzﬁ1 = nuw,
n n 19.6
b,z®" —b_,z%" = v,w, ( )
n+...+z, = 1
in the variable w (stationary reaction rate). Here
ol =(af,....,ad), B =(3,....6)
are multi-indeces, j = 1,... ,n, the integers aj-, ﬁf are stoichiometric coefficients of
the i-th intermediate in the j-th reaction of the single-route mechanism
n ) n )
Yoolzi=d Bz, j=1,...,n, (19.7)
ol a{ od;
z% =z, 2, 21, ., Zn
are concentrations of intermediates, and v = (v1,... ,14,) is the vector of stoichio-

metric numbers having the property
> y(ad = B =0.

The condition of conservation of active centers implies the relation

o)l = af + ...+, = 18] = 75,

The assumption of single-route mechanism implies that the rank of the matrix

. n
L= ((o - /Bljc))k,jzl

is equal to n — 1. Then we have v; = A;/t, where A; are the cofactor of the element

ol — 37 of the matrix T, and ¢ is the greatest common divisor. The theory, its

physical and chemical sense and applications are explained in [110]. We mention

only that it gives a thermodynamically correct description of a complex reaction.

This follows from the fact that its constant term B, always contains the factor

CYC = b . b — b7 b

which in [150] is called the cycle characteristic.

In this section, on the basis of the results of Sec. 14, we describe a procedure for
calculating the coefficients of the kinetic polynomial, which is carried out by means
of computer algebra. As in Sec. 14 we assume that the system (19.6) has no roots
for w = 0 (for almost all values by;), if vy # 0,...,1, # 0, that the system (19.6)
contains no boundary values (so that z; # 0 for all 7).

The kinetic polynomial has the form

By + Biyw + ...+ Byw". (19.8)
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All its roots correspond to solutions of the system (19.6). The coefficients B;
can be calculated by the recursion formulas (see Lemma 14.5 and also [36, 110])

1 <~ By_:d;
B, = — J_J 1<k<N. 19.9
* k!;(j—l)!’ == (19.9)

The values dj, are logarithmic derivatives of the resultant of system (19.6) in variable
w:

d*In R(w)
dy = ————= ,
dwk -
where
M,
al 1
R(’U)) = H (blZ(j) (’U)) — b_lz?j) (w) — V1w> ,
j=1

and z(;j)(w) are the roots of the subsystem obtained from (19.6) for fixed w by delet-
ing the first equation, M; is the number of solutions of this system counted with
multiplicities (see Sec. 14). In [41, 110, 111] formulas expressing dj through solu-
tions of subsystems for w = 0 (balanced subsystems) were obtained. But for com-
puter realizations it is more convenient to use the expressions which were obtained
with the transformation formula for the Grothendieck residue, i.e. the expressions
of the form [36, 98] (see Theorem 14.6)

=Y Y CptZee Y L MO, (19.10)

al &
HO‘H_S JiyeeesJs—1=1
Y9
a1:...:al_1:0,
a;>0
where .
T v TP O —
Q(Z) . (21—|—...—|—Zn) 1@t AT n detAajll...ajs_mJl
o L+1 L+1 L L )
A 2
« (67 (07
a= (a1, ..., 0 ..., ), a=al...q,), v¥=u". 5,
Cirojor =Bl B!
if the sequence 71, ..., js_1 contains 3; ones, (5 twos etc.

In the formula (19.10) J; is the Jacobian of the [-th subsystem obtained from
(19.6) by deletion of the I-th equation. The key moment in the application of formula
(19.10) is the calculation of the matrix

A= (ajk(z))?,kzla

where the homogeneous coordinates a;z(z), j,k = 1,...,n, satisfy the linear rela-
tions
zf“ = Zajk(z)wk(z), j=1, ..., n, (19.11)
k=1

with the degree L being chosen not to exceed of the value r; +...4+r, —n, and

wk(z) = kaak — b,kzﬁk.
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Such a sequence of polynomials a;j, exists by Hilbert Nullstellensatz [142]. The
operator 9 in formula (19.10) assigns to the Laurent polynomial Q)(z) its constant
term, i.e. it finds in the numerator of (z) the coefficients at the monomial standing
in denominator of Q(z).

The algorithm for calculating the kinetic polynomial consists of the following
steps: 1) The calculation of the matrix A, 2) the calculation of ds by the formulas
(19.10), 3) the calculation By, from (19.9).

The general method of determination of the matrix A is the method of indefinite
coefficients, which reduces to some system (as a rule, sub-definite) of linear equations
in the coefficients of the polynomials a;i(z). It was used in the examples in Sec. 14
(see also [36, 102]), where explicit expressions of a;;(z) for systems of special form
are contained.

But a more rapid and convenient method for generating the a;;(z) is the method
of a Grébner basis. In [27] it is shown that a linear representation of the polynomials
of a Grobner basis can be found through the polynomials f; of the initial basis F'
(and conversely).

Suppose such a representation

!
9= fiXp o i=1,...,m, (19.12)
j=1
has been found. Now we can solve the following problem (see [27]): Find hy, ..., hp,
such that
f=hg+ ...+ hgm, (19.13)
by the given Grébner basis G = {g1, ..., gm} and some polynomial f € Ideal(F).

In view of (19.12) we then get

I I I/ m
f=h (Z ijj1> EEN (Z ijjm> => (Z hiX,.j> fi- (19.14)
j=1 j=1 j=1 \i=1
Thus we obtained a solution to the problem of finding the representation (19.11).
For this we should take f = zf“ in (19.12) and the initial basis

F ={wi(z), ..., w,(z)}, G=GB(F).

Then the elements a;x(z) of the matrix A can be found as the coefficients of f; in
the representation (19.14). The algorithm for calculating the matrix A in (19.11)
has the form:

1) The calculation of a Grobner basis for the system

wi(z) =0, ..., wy(z) =0.

In addition to the computation of the coefficients Xj; in the representation (19.12)
we must include an algorithm which write memorizes the factors of the polynomi-
als wy(z) which are used when reducing these polynomials to normal forms which
constitute the basis G in the reduction process [27].

2) The reduction of the monomials sz+1, j=1, ..., n, to zero modulo

G = GB(wi(2), ..., w,(z)).
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In this reduction process we must sum the occurring factors of the polynomials g;.
The accumulated sums gives the values of the coefficients h; in the representation
(19.13).

3) The calculation of a;x(z) by the formula

ajn(z) =Y WXy (19.15)
i=1

In this way the Grobner basis allows us to find the representation (19.11).
19.3. A PROGRAM FOR CALCULATING THE KINETIC POLYNOMIAL

The program consists of two parts: 1) The calculation of the representation
(19.11), 2) the calculation of the coefficients of the kinetic polynomial by formulas
(19.9), (19.10).

The first part is contained in Application F5. Let us comment on the addition
to the algorithm which is needed to calculate the representation (19.11) (see Ap-
plication Fig). The sets R, P, G (see Sec. 17.2, 18.3) we associate along with the
operators RB, GB, PB the new operators RF, GF, PF. The values of the latter are
the coefficients in the representation of the polynomials from the sets R, G, P in
terms of the polynomials of the initial basis F', for example

R(j) = RF(j,1) - F(1) + ...+ RF(j,NFO) - F(NFO),

j =1, ..., NR. For every change of the sets R, GG, P the sets RF, GF, PF are
changed accordingly. When entering the algorithm we have RF(4,j) = d;; (0;; is
the Kronecker symbol). Into the procedure NF, which realizes the normal form
algorithm, we introduce, in addition, the two operators NF and AFNF. The values
of HR(7) are the coefficients in the representation of the reduced polynomial in terms
of polynomials of the initial basis. The values of AFNF (4, j) are the coefficients of the
i-th polynomial modulo which the reduction is being performed. In the process of
calculating the normal form the values of the operator HR are changed in the text of
the program by means of the sentence HR(JNO):=HR(JNO)—-BUxAFNF(L,JNO).
The operator HR is used for the same purpose in the procedure SP. After the
calculation of the Grobner basis there is a print-out of the polynomials entering
in this basis, and also of the values of the operator GF (i.e. the coefficients of the
Grébner basis through polynomials of the initial basis).

The reduction of sz+1 modulo the Grobner basis is carried out by the procedure
NF1. It differs from procedure NF by the presence of the operator HR1, whose values
are the coefficients h; (see (19.13)), which get accumulated during the reduction
process . This is realized by the operator

HR1(L) := HR1(L) + BU.

After execution of procedure NF1 the values of the operator HR1 are printed. If
the result of the reduction is equal to zero, then the elements of the matrix A
are calculated according to formula (19.15). If this is not the case (which may be
due to a mistake in the input data, or because the algorithm has been applied to
a system non satisfying the conditions under which formula (19.10) was obtained)
then a diagnostic report gets printed out. The calculated matrix A is put into the
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file ’kp.out’ in a form which allows it to be used as initial data for the second part
of the algorithm.

We now briefly describe the second part of the program, which is contained in
Application Fig. The procedure GENAL generates the indices « in formula (19.10)
for given integer values S, L, N (here S > 1 is the index of the coefficients of the
kinetic polynomial to be computed, L =1, ..., n is the index [ in (19.10), and N
is the dimension of the problem). The indices a have the properties:

n
E a; =5, ary, oo, o =0, a; > 0.
i=1

They are the values of the operator
ALF(j,i) (j=1, ..., NAL, i=1, ..., N).

Having calculated the values ALF(j,7) (they are built up in the form of a tree) the
program goes on to compute the values of the operator KAL(j, ) (i.e. the values of
the column indices [, ..., n of the quantities

gyl -+ 5 Qjo_in
in formula (19.10)). From the deduction of (19.10), contained in [98], it follows that

these indices are uniquely correspond to collections of indices « according to the
following rule:

(ar, ooy an) — (0, .., £,£l+1), e (l—i—ll,.\.. My, M)
al,l\q;imes al+1vtimes Qay, tTmes
The procedure GENJ1S (N, S) generates the collections of indices ji, ..., js_1
(the operator JI) and the corresponding coefficients
le---jsfl

in (19.10) (the operators CJ1JS).
The procedure CPM(nmul) is an implementation of the operator

MQ(2)]
in formula (19.10) i.e. it calculates the coefficients of the monomial
bR R

in the numerator of the expression Q(z). We have considered two algorithms for
calculating 9M[Q(z)]. The first one resembles a chain process. It starts with an
initiation: In the first factor of the numerator of (z) those monomials which divide
the denominator of (Q(z) get memorized. Then the second factor of the numerator
of Q(z) is considered. Here it is those monomials, whose products with previously
memorized monomials divide the denominator, that get singled out. This is iterated
up to the (nmul-1)-th factor. In this way ’competing’ chains are constructed. At
the last step it is checked, for all chains and for all monomials of the last (nmul-th)
factor of the numerator of )(z), that the product of powers of z; from the chain with
the monomial gives the denominator of )(z). As a result one obtains a family of
chains, for which the corresponding sum of products of coefficients is computed by
means of the procedure CPM. However, this method is close to the calculation by
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hand’ of (19.10), which turned out not to be effective for realization in the system
REDUCE. This is due to large dimensions of cofactors and of required memory
volume for storage of intermediate results.

Therefore a simpler and more effective algorithm has been suggested, which
essentially is based on the possibilities of the command LET. It consists in the
following: Step by step one picks out those terms in which the degree of z; is equal
to the degree of Z; in the denominator of Q(z) (these degrees are written in the
operator 'degmon’). At each step it is essential to generate the sentences

LET z; x x degmon(j) +1=10
which guarantees the elimination of all terms in which the degree of z; is greater
than degmon(j). This significantly shortens the expressions. To generate the com-
mands LET and the corresponding sentences CLEAR the external files ’cpm.out’
and ’cpml.out’ are used.

The main program begins with the input of initial data, written in file ’kp.inp’,
and collecting the matrix A from file ’kp.inp’. Further, the determinant of A (DE-
TA) and the Jacobians of the subsystems (JAL(L)) are computed, and by formula
(19.10) the values d are formed. (The number of coefficients SMAX to be calculated
is given in the input data). When performing the calculations we notice that in
the output of the algorithm CPM there will usually be a power of the power of
expressions

CYC =01t ...00m — b2 ... 0™
occurring as a common factor of the numerator and the denominator. Instead of
using the expensive command ON GCD, we apply the LET command generated in
within the program to make suitable substitutions which automatically delete the
factor CYC during the calculation. When the coefficients of the kinetic polynomial
have been computed, an inverse substitution is performed and the resulting output
is given in terms of the parameters b;, b_;.

Let us consider the examples. The calculation of the matrix A for the model
corresponding to the parallel three-stage adsorption mechanism (18.1) is carried out
by the program, in the case of ordering Z >, AZ >, BZ, as follows. The main
algorithm forms the set R: R(i) = f;, where

fi = —BRI1*AZ®+7Z%«Bl,
f» = ZxB2—BZxBR2,
fs = BZxB3xAZ— 7%« BR3,

and addresses the procedure REDALL, which first inserts f3 in the set P: P(1) =
f3. After an unsuccessful attempt to reduce the polynomial fo modulo P(1) the
algorithm discovers that the polynomial P(1) can be reduced modulo f5, and the
polynomial P(1) is inserted in the set PO (see Sec. 17.2, 18.3). Therefore the new
sets R, P have the form:

R(1) = fi, R(2)=/fs, P(Q)=/fe
Reduction of R(2) modulo P(1) now leads to the polynomial
BZ % B3 % (B2)?x AZ — BZ? x BR3 x (BR2)?
f4 = (B2)2 )
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which is inserted in the set P: P(2) = fs. The remaining polynomial R(1) = f,
is then reduced modulo P(1) = f, and P(2) = f4, and as a result we obtain the
polynomial

_ —BR1%(B2)*« AZ?> 4+ BZ? « (BR2)* * Bl

f5_ (82)2 )

which is inserted in the set P: P(3) = f;. The algorithm REDALL thereby
completed. The algorithm NEWBAS then starts working and forms the set G :
(G(1) = fa, G(2) = f4, G(3) = f5), as well as the set of pairs B : (1,2), (1,3), (2,3).
The main algorithm chooses the pair (2,3), with the corresponding S-polynomial

fom —BZ?x BR3 * (BR2)?* BR1 x AZ + BZ> x (BR2)? x B3 x Bl
o BR1 = (B2)? '

The normal form of fg modulo G is

BZ3 x (BR2)? « B3% x (B2)? x Bl — BZ® « (BR3)? x (BR2)* « BR1

fr= BR1 B3 « (B2)*

Since the set R is empty, the procedure REDALL does not come into play and the
procedure NEWBAS forms the set G (G := G U P), including the polynomials

G(1) = fo, G(2) = fo, GB3) = f5, G(4) = fr,
and the set of pairs B:
(1,2), (1,3), (1,4), (2,4), (3,4).
The main algorithm now chooses the pair (2,4) whose S-polynomial is given by

BZ* « BR3 % (BR2)?
(B2)?

fo=-

But since the normal form of fg modulo G is equal to zero the basis remains the
same. The remaining pairs, chosen by the algorithm in the order (3,4), (1,4), (1,2),
(1,3) do not ’pass’ by Criterion 2. At this place the calculation of the Grébner basis
therefore terminates. Next the monomials Z3, AZ?, BZ? are reduced to zero modulo
G, which allows us to compute the coefficients HR(7) in the linear representation
(19.13) of them in terms of the Grébner basis polynomials, and by formula (19.15)
the elements AA(i, j) of the matrix A are calculated (see Application Fy). It should
be noted that the entries in the matrix A are not uniquely defined. When using the
Grobner basis method the form of A depends on the chosen ordering. For example,
if we use the ordering

BZ >, 7 >, AZ

we get the following elements in the matrix A:
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AA(1,1) = (B29%B32+Z)/(B1+B22:B32+BR2* BR1+BR25xBR3?),
AA(1,2) = (AZ?xB2*+B3%«BR1+AZxB23xB3+«BR1xBR2+BR3*Z~
~B1xB2%xB32x72-B1xB23xB3?+BR2+BZxZ~

~B1xB2%2xB32x«BR2%xBZ? +B22+xBR1xBR2?xBR3%xZ?+
+B2xBR1xBR23xBR32+BZ*Z +BR1xBR2*+BR3%xBZ?)/
/(B1xB22xB3?*BR23-BR1xBR2°xBR3?),

AA(1,3) = (AZxB2*+B3xBR1+B2°+BR1xBR2+xBR3xZ)/
/(B1+B2?+B3>+BR2> BR1+BR2*+BR3),

AA(21) = (B224B32+7)/(B1xB22:B32 BR1+BR2’+BR3?),

AA(2,2) = (AZ?xB2xB32xBR1+AZ*B3+«BR1xBR2+BR3*Z)/
/(B1xB2?xB3?>-BR1xBR2%+BR3?),

AA(2,3) = (AZxB2+«B3?+BR1+«BR2+BR1xBR2%«BR3*Z)/
/(B1xB22xB3?-BR1xBR2?+BR3?),

AA(3,1) = (-AZ+B1xB22xB32+AZ+BR1xBR22xBR3%+
B1xB2xB3xBR2+«BR3%Z)/(B1xB2?xB3?«BR1-BR1?xBR2%+BR3?),

AA(3,2) = (AZ?xB1xB3xBR1xBR2xBR3+AZxB12xB2xB3%+Z)/
J(-BR12+BR2?+BR32+B1+B2?+B32+BR1),

AA(3,3) = (AZ+B1xBR1xBR22xBR3+B1?xB2xB3xBR2xZ)/
/(B1+B2°+B32+BR1 BR12+BR22+BR3?).

The second part of the program calculates the determinant of the matrix A, the
Jacobians of the subsystems, the quantities d;, and coefficients of the kinetic polyno-
mial. For the given example only the first two coefficients KINPOL(1), KINPOL(2)
of the kinetic polynomial are computed.

Application Fy; contains the input data and the computation of the kinetic poly-
nomial for the nonlinear shock mechanism (18.19), see Example 14.3. The resulting
expressions are identical to the formulas for the coefficients of the polynomials fs,
which were obtained in 18.3 by means of Grobner bases to the full model (18.19). In
this example it was given that SMAX = 3. But f5 is a second degree polynomial.
Hence the program gives the output KINPOL(3)=0.

An example of the reaction mechanism (18.21) is contained in Application Fj,.
A special feature of this example is the fact that the quantity

CYC - b1b2 - b_lb_g

is contained in free form in the second degree, and it is a factor of the first coefficient.

This is reflected in the expressions KINPOL(1), KINPOL(2) and the identical
coefficients of the polynomial GB(3) from Application Fg. In the general case the
algorithm automatically detects the appearance of powers of CYC in the coefficients
of the polynomial. The results obtained for three-stage linear mechanism (18.24)
(Application Fy3) correspond to the formulas for the general case of a n-stage mech-
anism (see Example 14.2). For instance, the inverse matrix

by —b_; O
A_l - 0 b2 —b_2
b3 0 bs
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corresponds to the matrix

1 b2b3 b_1b3 b_lb—Q
= — b_gb_g blbg b—2b1
CYC b_sby b_1b_3  biby

obtained by algorithm.
In the situation of a nonlinear mechanism without stages of interaction between
different substances the algorithm gets the expressions for the elements of A on
another way, suggested in [36]. As an example of this Application Fy4 contains the

mechanism
1) 271 =272, 2) Z2& 73,

3) 2737274, 1) z4= 71 (19.16)

In the formulas given in [36] it is assumed that the number L + 1 in (19.11) is
equal to the product of the powers of the polynomials (19.6), which is equal to 4 in
the case (19.16). But the algorithm chooses the value L=2+1+2+1—-4=2, so
that L +1 = 3, and hence expressions for a;; different from ones in [36] obtained.

Consider now the case of a mechanism without interactive stages and for which
one stage is linear while the other stages all are the same order « (see Application
F25)§

1) 2712222,

2) 272 =273,

3) Z3= Z1.
Here the algorithm gives the degree L +1 =2+ 2+ 1 — 3+ 1 = 3 which is greater
than in the general consideration from [36], where L +1 = o = 2. The result (i.e.
the kinetic polynomial) is of course still the same. So, with respect to the first
coefficient, we have

K(l) _ o™ ? (a2(b1 R bn_lbgil +b_q... bﬁ;l) +by... bn—l(bn + b_n)a)

K(O) N by .. .bn_lb% —b_1.. .b,(n,l)b‘in
The expression for KINPOL(1) with o = 2, n = 3 (see Fys), is of the form
2(4(bybabs +b_1b_9b 3) + ... + bab2 + bob® 5 + 2bobsb 3
bibab? — b 1b b7, '
Notice also that the constant terms of the polynomials from Applications Fs, and
F55 contain the square of the cycle characteristic CYC. This follows from a general

property (see Sec. 14): The power of CYC is equal to the GCD of the cofactors of
the matrix

KINPOL(1) =

' = ((ay, — Bp))k j=1
which indeed is equal 2 in this case.

We have thus completed the computer realization of our algorithm for calculat-
ing the coefficients of the kinetic polynomial for a nonlinear single-route reaction
mechanism. A distinctive feature is the "hybrid’ character of the program: In the
first step of the algorithm it is the method of Grobner bases that is being used,
whereas in the second step the calculations are conducted by formulas obtained
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from multidimensional complex analysis (see Ch. 1-3). This permitted us to realize
a rather effective program in the system REDUCE.

The specific character of the kinetic equations (19.6) plays an essential role here.
But we have still not made full use of it. This is reflected in the way our intermediate
calculations (such as the logarithmic derivatives of the resultant D(i)) are often
much more unwieldy than our final results. The next problem to tackle should
therefore to obtain explicit expressions for the coefficients of the kinetic polynomial
by means of formulas of the types (19.9) and (19.10). Graph theory would seem to
be the adequate language for structuring these expressions and making them more
visible. The expressions for the coefficients should be connected with the type of
reaction graph. The theory of linear reaction mechanisms [150], for which computer
realization have be created [71, 152], gives a hint as to how this problem could be
solved.

In this chapter we have showed how computer algebra may be used to real-
ize algorithms for elimination of unknowns. We described various algorithms and
programs for investigating systems of nonlinear equations of general and special
(chemical kinetics) forms. In their present state these programs provide solutions
to the following problems: Determination of solutions to systems of algebraic equa-
tions, calculations of bifurcation conditions for these solutions and the bifurcation
boundaries. It is essential that these programs allow one to work both with symbolic
and numerical data.

The developed methods and programs proved to be quite effective (even in the
case of limited computer capacity) for rather complicated problems of chemical kinet-
ics. An interesting feature of our algorithm is the synthesis of traditional computer
algebra methods (Grobner bases) and new results from several complex variables.
Problems that were hard to solve by traditional methods turned out to be effectively
solvable by our 'hybrid’ algorithms.

The approach developed on the above examples of kinetic equations can quite
easily be adapted to other systems, since the key moments have already been carried
out (the calculations of linear representations, and the calculations by formulas of
type (19.10)).

Naturally, the subject still contains a lot of interesting and more difficult prob-
lems (for example, the problems of solvability theory described in this chapter), but
we are convinced that there will be rapid progress. The general character of the
problems, their high complexity and the appealing solution processes that are used,
ought to guarantee a continued interest in this field.
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LIST OF APPLICATIONS

Application Fj. Simple Maple procedure for calculating the resultant of two
polynomials with an example of determination of the kinetic polynomial for a three—
stage parallel adsorption mechanism.

Application F;. Standard Maple procedure for calculating the resultant of
two polynomials with an example of determination of the kinetic polynomial for a
three—stage parallel adsorption mechanism.

Application Fj. Maple procedure for calculating the resultant of two polyno-
mials with an example of determination of the kinetic polynomial for a three—stage
parallel adsorption mechanism by rate of reaction.

Application Fj. Steady-state multiplicity and bifurcation boundary for a mod-
el corresponding the two—route mechanism of CO oxidation at T=450K on the plane
PO2-PCO: discriminant coefficients and roots.

Application F5. Kinetic polynomial computation: Grobner basis. Part 1.

Application Fg. Elimination of variables for a model corresponding the mech-
anism of a catalytic Hydrogen para—ortho conversion reaction.

Application F3. Elimination of variables for a model corresponding the irre-
versible three—stage adsorption mechanism of a catalytic reaction.

Application Fy. Elimination of variables for a model corresponding the linear
mechanism of a catalytic reaction.

Application Fy. Elimination of variables for a catalytic reactor of ideal mixture.

Application Fj,. Elimination of variables for a model corresponding the quasi—
chemical approximation for description of elementary catalytic processes.

Application Fj;. Example of application of the modified Grébner basis algo-
rithm for a three-stage adsorption mechanism.

Application Fj,. Maple procedure for determining the coefficients of the resul-
tant for system (19.1).

Application Fj;. Maple procedure for determining the coefficients of the resul-
tant for system (19.3).

Application Fi,. Maple procedure for determining the coefficients of the resul-
tant for system (19.1) with parameter.

Application Fj5. Maple procedure for determining the coefficients of the resul-
tant for system (19.3) with parameter.

Application Fjs. Example of system (19.1) and determination of its resultant.

Application Fj;. Example of system (19.1) with parameter and determination
of its resultant.

Application Fi3. Example of system (19.3) with parameter and determination
of its resultant.

Application Fjy. Kinetic polynomial computation: calculation of coefficients.
Part 2.

Application Fy,. Calculation of the kinetic polynomial coefficients for the
three-stage adsorption mechanism of a catalytic reaction.

Application Fj;. Kinetic polynomial computation: nonlinear shock two-stage
mechanism.
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Application F,,. Kinetic polynomial computation: mechanism of Hydrogen
para—ortho conversion.

Application Fs;. Kinetic polynomial computation: linear three-stage mecha-
nism.

Application F5,. Kinetic polynomial computation: 4—stage mechanism without
interaction between different intermediates.

Application Fs;. Kinetic polynomial computation: mechanism with a single
linear stage and equal orders of the other stages.

Application Fys. Example of system (19.1) of three equations with parameter
and determination of its resultant (arj-file).
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