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Elimination methods in polynomial computer algebra� Valery Bykov� Alexander
Kytmanov� Mark Lazman� � Kluwer Academic Publishers� �����

The book presents a modi�ed method� based on multidimensional residue theory�
for the elimination of unknowns from a system of nonlinear algebraic equations� An
algorithm is given for constructing the resultant of the system� and a computer
implementation making use of formula manipulation software is carried out� The
texts of the worked out programs in the system Maple are provided�

The obtained algorithms and programs are then applied to questions from the
theory of chemical kinetics� such as the search for all stationary solutions of kinetic
equations and the construction of kinetic polynomials�

The subject of this book is closely connected with a wide range of current prob�
lems in the analysis of nonlinear systems�
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INTRODUCTION

The subject of this book is connected with a new direction in mathematics� which
has been actively developed over the last few years� namely the �eld of polynomial
computer algebra� which lies at the intersection point of algebra� mathematical
analysis and programming�

There were several incentives to write the book� First of all� there has lately been
a considerable interest in applied nonlinear problems characterized by multiple sta�
tionary states� Practical needs have then in their turn led to the appearance of new
theoretical results in the analysis of systems of nonlinear algebraic equations� And
�nally� the introduction of various computer packages for analytic manipulations
has made it possible to use complicated elimination�theoretical algorithms in prac�
tical research� The structure of the book is accordingly represented by three main
parts� Mathematical results driven to constructive algorithms� computer algebra
realizations of these algorithms� and applications�

Nonlinear systems of algebraic equations arise in diverse �elds of science� In
particular� for processes described by systems of di�erential equations with a poly�
nomial right hand side one is faced with the problem of determining the number

and location� of the stationary states in certain sets� This then leads to problems
in polynomial computer algebra� The construction of algorithms for determining the
number of roots of the given equation system in di�erent sets� the determination of
the roots themselves� the elimination of some of the unknowns from the system� the
construction of a �triangular� system 
Gr�obner basis� equivalent to the given sys�
tem� To deal with such questions one naturally has to develop methods for analytic
computer manipulations�

The �rst chapter of this monograph is of an introductory character� and it basi�
cally consists of a presentation of well�known material�

The main new mathematical results are concentrated to the second chapter�
Here we describe a modi�ed elimination method proposed by Aizenberg� The idea
of this method is to use a multidimensional residue formula to express the sum of
the values of an arbitrary polynomial in the roots of a given algebraic system 
with�
out having to �rst determine these roots�� We provide formulas for �nding such
sums for various systems of equations� and we show how to construct intermedi�
ate polynomials 
analogues of resultants� for this method� All these methods and
formulas can easily be turned into algorithms� In particular� for systems of three
equations the calculations are carried out completely� A formula for �nding the
logarithmic derivative of the resultant of a system of algebraic equations is also ob�
tained� and it allows one to compute the resultant itself as the sum of local residues

and hence to express the resultant in closed form�� As a corollary we get a formula
expressing the logarithmic derivative of the resultant through a sum of logarithmic
derivatives of subsystems of the given system� These formulas allows us to write
down the coe�cients of the resultant in �nal form� Multidimensional analogues of
the Newton recursion relations are given� It turns out that there are many such
formulas� and that they are connected with di�erent types of systems of equations�
Moreover� some of the coe�cients of these systems cannot be determined in terms
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of power sums of roots� so it is necessary to consider also �pseudopower� sums� Var�
ious other problems related to the modi�ed elimination method are also discussed�
The determination of resultants with respect to certain groups of variables� and the
determination of the number of real roots in domains with real analytic boundary�

Computer realizations of the proposed methods are given in the fourth chapter�
As our basic software for analytic manipulations we have chosen the system RE�
DUCE� Two important problems of polynomial computer algebra are emphasized�
The construction of resultants and computer realizations of elimination methods� In
the fairly voluminous applications provided at the end of the book we have included
the texts of the programs that we have developed together with some examples of
results obtained by letting them run�

The applications of the theory 
the third chapter and numerous examples� are
within the �eld of mathematical kinetics� where one typically has to deal with sys�
tems of nonlinear algebraic equations� These systems provide a quite broad and
practically signi�cant class of examples� It should be mentioned that it was this
type of applied problems that originated the team�work of the authors� To a con�
siderable extent our new theoretical results and their computer realizations were
obtained as answers to questions arising in the analysis of chemical kinetic equa�
tions� As a result of our subsequent work there appeared algorithms and programs
operating on systems with symbolic coe�cients of the most general form� Our expe�
rience with the use of these mathematical and software tools has made us con�dent
that the methods of polynomial computer algebra will gain further development and
be of a wide practical use in diverse �elds of science and technology�

Since the methods of computer algebra are currently being rapidly developed� it
is hardly possible to give a complete account of the subject� or even of the branch
related to systems of algebraic equations� However� the authors do hope that their
experience will prove to be of some use for the interested reader� We shall be grateful
for any comments and requests regarding the subject of this monograph�

The material presented in this book was used by the authors in a special courses
of lectures given at the Krasnoyarsk State University�

The authors consider it a pleasant duty to express their gratitude toward Lev
Aizenberg for his support during this research and also toward Grigory Yablonskii
for a long and fruitful cooperation� On the basis of theoretical results obtained by
Aizenberg we were able to considerably modify the elimination methods for systems
of nonlinear algebraic equations� and Yablonskii was the one who initiated the use
of new mathematical methods in chemical kinetics� and the authors owe to him the
physical and chemical interpretation of a number of joint results�

The authors are grateful to Leonid Bystrov� Andrey Levitskii� Alexander Semen�
ov� Vassily Stelletskii� Leonid Provorov and Vladimir Topunov for their invaluable
help with the computer realization of this work� and also to Alexander Gorban�
Vyacheslav Novikov� August Tsikh and Alexander Yuzhakov for helpful discussions
in the course of writing the book�

We use a double numbering of formulas� the �rst number denotes the number of
the section� and the second indicates the number of the formula within the section�
The applications at the end are numbered without reference to particular sections�
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PREFACE TO THE ENGLISH EDITION

Five years have passed since the publication of our book in Russian� In this
period some new results have been obtained� and a portion of the material has
become obsolete� Therefore� apart from the translation work it was also necessary
to revise some sections of the book� Let us brie�y describe these alterations�

In Chapter 	� Section �� the Theorem ��� and its corollaries are given in the more
general situation of projective space and under milder restrictions on the system
of equations� In Section �� we have added some results 
Theorem ���� and its
corollaries� concerning nonlinear and non�algebraic systems of equations�

In Chapter �� Section ��� Theorem ���� is proved completely� In Section �� we
give a general survey of the applications of our elimination method to systems of
algebraic and non�algebraic equations arising in chemical kinetics�

The last chapter has been subject to a thorough revision� This is connected with
the appearance of new computer algebra systems� In the russian edition we used
the system REDUCE� but for the english version we have chosen the Maple system�
All software is designed for this system� except subsections ���� and ����� where the
previous variant is maintained�

We express our thanks to Tatyana Osetrova for software realization of a num�
ber of algorithms and to Sergey Znamenskii for consultations regarding the Maple
system�

Special gratitude is due to our colleague� Professor Mikael Passare� who agreed
to undertake the editing of our preliminary translation� This has helped to substan�
tially improve the text� The responsibility for any remaining errors� mathematical
and linguistic� is of course entirely ours�

On the �oppy disk that comes with the book we have included the software and
the examples described in the fourth chapter�

During preparation of the manuscript the �rst author was partially supported by
RFFI� grant ����	�����
� and the second author was partially supported by RFFI�
grant �
����������
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PREFACE BY THE ENGLISH EDITOR

The marvellous discovery� that insight into problems on the real line can be
gained by exploring the complex plane� is as old as the complex numbers themselves�
Methods from complex analysis are classical tools in countless applications� It is
however only fairly recently that ideas from several complex variables have begun to
�nd their way into applied mathematics� So have pluricomplex methods lately been
introduced in such diverse �elds as theoretical physics� signal processing� medical
tomography and economics�

The present monograph� written by a well composed troika of one pure math�
ematician�� one computer scientist and one chemist� provides not only a thorough
account of the use of multidimensional residues in polynomial algebra� together with
computer implementations � but also applications of these methods to equilibrium
problems in chemical kinetics�

Classical elimination theory serves well enough for solving small systems of poly�
nomial equations� but for slightly larger systems it is only of theoretical use� A more
applicable method� which has become standard in modern computer algebra� is that
of Gr�obner bases� These allow one to avoid super�uous solutions and to bring the
system into triangular form�

In this book the central approach is based on logarithmic residues in several
variables� the theory of which to a substantial extent has been developed by the
Krasnoyarsk pluricomplex school� see for instance the monograph by Aizenberg and
Yuzhakov 
American Mathematical Society ����� and Tsikh 
American Mathemat�
ical Society ���	��

Just as in one variable the method of residues combines elegance with e�ciency�
To be more precise� using a multidimensional analogue of the argument principle
one obtains explicit integral formulas for the number of common roots of the given
system� and also for the power sums of these roots� This substantially simpli�es
the computation of the corresponding resultants� In conclusion it is maybe worth
remarking that similar methods occurred already in Poincar�e�s proof of the Weier�
strass preparation theorem� and hence can be said to lie at very heart of local
analytic geometry�
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LIST OF SYMBOLS

A is the matrix of a linear transformation
ajk is an entry of the matrix A
b�i are kinetic coe�cients
cf
g� r� is the coe�cient of the monomial r in the polynomial g
C is the �eld of complex numbers
Cn is the n�dimensional complex space
CPn is the n�dimensional complex projective space
D is a domain in Cn

�D is the boundary of D
detA is the determinant of the matrix A
Jf 
a� is the Jacobian of the mapping f at the point a
Ef is the set of roots 
or zeros� of the system f � �
i is the imaginary unit
P 
z�� Q
z� are polynomials
res
a
f is the residue of the function f at the point a

R is the �eld of real numbers
Rn is the n�dimensional real space
R
P�Q� is the resultant of the polynomials P � Q
R
w� is the resultant in w of a system of stationary state equations
Sk are power sums
Ur
a� is a ball of radius r with center at a � Cn

w is a stationary rate of reaction
Zi is an intermediate substance
z � x � iy is a complex number� x� y � R
jj�jj � �� � � � � � �n
�� � ��� � � � �n�
�m � �m� � � � �mn
�ij� �ij are stoichiometric coe�cients
� is a smooth curve with given orientation
�i is the stoichiometric number at the i�th step
M Q
z�! is the functional computing the coe�cient of a given monomial in the
numerator of Q
z�
�T is a symbol for the ordering of the variables
�
F

denotes reduction modulo the ideal F

is the end of a proof
Algebra ���� ANALITIK� ARAP� REFAL� SIRIUS� SRM� ALTRAN� FORMAC�
MACSYMA� muMATH� Maple� SACH and Mathematica are systems for analytic
manipulations on the computer
GB is a Gr�obner basis
GCD is the greatest common divisor
s�s� is a steady state
SP is a S�polynomial
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BASIC MATHEMATICAL FACTS

�� The logarithmic residue

We recall some facts from complex analysis� All assertions and de�nitions can be
found in any textbook on function theory in one complex variable 
see� for example�
 ��� ���� ���!��

Let C be the �eld of complex numbers� The elements z � C have the form
z � x � iy� where x� y are real numbers 
x� y � R� and i is the imaginary unit

i� � ����

jzj � 
x� � y������ "z � z � iy� Re z � x� Im z � y�

We can also represent a complex number in trigonometrical form� z � r
cos� �
i sin�� where r � jzj and � � Arg z� The argument of a complex number is de�ned
up to a multiple of 		� By means of the Euler formula a complex number z can be
represented in exponential form� z � rei��

The topology in the �eld C is given by the metric d
z� w� � jz � wj� As usual
a domain D � C is a non�empty open connected set and a compact set K � C is
a closed bounded set� We denote by C
F � the class of complex�valued continuous
functions given on a set F �

Recall that a complex�valued function f is holomorphic in a domain D if for
every point z� � D there exists a power series of the form

�X
n��

cn
z � z��
n

which converges to f in some disk of radius r 
 � with centre at z�� Later on we
shall denote such a disk by Ur
z���

For example� any polynomial

P 
z� � a� � a�z � � � � � anz
n


aj � C� j � �� �� � � � � n� is a holomorphic function in C� and any rational function
R
z� � P 
z��Q
z� 
P and Q are polynomials� is holomorphic in each domain D
in which the denominator Q �� �� The functions f
z� � jzj and �
z� � "z are not
holomorphic in any domain D� The elementary functions de�ned for real values
of the argument can be extended to holomorphic functions 
in some domains� by
means of their Taylor series expansion� For example� the functions�

ez �
�X
n��

zn

n�
� sin z �

�X
n��


���nz�n��


	n � ���
� cos z �

�X
n��


���nz�n


	n��
�

Moreover� these series converge on all of C�

�
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A fundamental role in the theory of functions is played by the Cauchy theorem�
Let a function f be holomorphic in a bounded domain D and continuous on its
closure D� Suppose the boundary �D of the domain D consists of a �nite number
of smooth curves 
every curve � contained in �D is oriented such that by passing
along the curve � the domain D remains on the left�� If

f
z� � u
x� y� � iv
x� y�

where u� v are real�valued functions 
z � x � iy� then

f
z�dz � 
u � iv�
dx � idy� � udx� vdy � i
udy � vdx��

Hence we can de�ne Z
�

f
z�dz


� is a smooth curve with given orientation� asZ
�

f
z�dz �

Z
�


udx� vdy� � i

Z
�


udy � vdx�


a line integral of the second type��

Theorem ��� 
Cauchy�� Under the above assumptions the integralZ
�D

f
z�dz � ��

The Cauchy theorem is actually a corollary to the following fact� The holomor�
phic function f satis�es the Cauchy�Riemann equations

�u

�x
�
�v

�y
�

�u

�y
� ��v

�x

f � u � iv��

If we de�ne the formal derivatives of the function f by

�f

�z
�

�

	

�
�f

�x
� i

�f

�y

�
�

�

	

�
�u

�x
�
�v

�y

�
�

�

	
i

�
��u
�y

�
�v

�x

�
�

�f

�"z
�

�

	

�
�f

�x
� i

�f

�y

�
�

�

	

�
�u

�x
� �v

�y

�
�

�

	
i

�
�u

�y
�
�v

�x

�
�

then the Cauchy�Riemann equations can be written more concisely�

�f

�"z
� ��

Let a function f be holomorphic in the disk UR
a� with center at the point a
except 
maybe� the point a� and let �r be the boundary of Ur
a� where � � r � R�
�r � UR
a�� The orientation of �r is taken to be counter�clockwise�

The 
local� residue
res
a
f

of the function f at the point a is the expression

res
a
f �

�

		i

Z
�r

f
z�dz�

The Cauchy theorem shows that res
a
f does not depend on the radius r�
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Example ���� Let us �nd

res
a


z � a�n�

where n is an integer 
n � Z�� Consider the following parameterization of �r � z �
a � rei�� � � � � 		� Then 
z � a�n � rnein� and dz � irei�d� on �r 
we use the
exponential form of a complex number z�� ThereforeZ

�r


z � a�ndz � irn��

Z ��

�

ei�n����d� �

� ir�n���

Z ��

�


cos
n � ���� i sin
n � ����d� � ��

if n � � �� �� For n � �� we haveZ
�r

dz

z � a
� i

Z ��

�

d� � 		i�

Hence res
a


z � a�n � � for n �� �� and res
a


z � a��� � �� The appearance of the

factor ��
		i� in the de�nition of the residue stems from the fact thatZ
�

dz

z � a
� 		i�

Let now f
z� have the Laurent series expansion

f
z� �
��X

n���

cn
z � a�n

in Ur
a�� Using Example ��� we then get

res
a
f �

�

		i

Z
�r

f
z�dz �
�

		i

��X
n���

cn

Z
�r


z � a�ndz � c���

It follows that the residue

res
a
f

is equal to the coe�cient c�� of z�� in the Laurent expansion of f centered at the
point a� This property is a basic one for the computation of residues�

The logarithmic residue is a special case of the residue� It is closely connected
with the number of zeros of functions� Let f be a holomorphic function in a disk
UR
a�� and let a be a root of the equation f
z� � � 
i�e�� let a be a zero of the
function f�� If f
z� � 
z�a�n�
z�� where � is holomorphic in UR
a� with �
a� �� ��
then the number n is called the multiplicity of the zero a of the function f � If n � �
then the zero a is called simple 
it is characterized by the condition f �
a� �� ��� Let
the function h be holomorphic in UR
a�� The logarithmic residue of the function h
at the point a is given by the integral

�

		i

Z
�r

hdf

f
�

�

		i

Z
�r

hf �dz

f
� res

a

hf �

f
�
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where� as before� �r is a circle of radius r and with center at the point a lying in
UR
a�� The name �logarithmic� re�ects the fact that

f �

f

is the logarithmic derivative 
ln f�� of the function f �
If a is a zero of multiplicity n of a function f then f
z� � 
z � a�n�
z� and

�
a� �� �� Therefore

f �
z�

f
z�
�
n
z � a�n���
z� � 
z � a�n��
z�


z � a�n�
z�
�

n

z � a
�
��
z�

�
z�
�

res
a

hf �

f
�

n

		i

Z
�r

h
z�dz


z � a�
�

�

		i

Z
�r

h
z���
z�dz

�
z�
�

Since �
a� �� � we can assume � �� � in UR
a�� Hence the function h���� is
holomorphic in UR
a�� so by the Cauchy theoremZ

�r

h��

�
dz � ��

Expanding h in a Taylor series in UR
a� we obtain

h
z� �
�X
n��

cn
z � a�n 
c� � h
a���

Therefore
h
z�

z � a
�

�X
n��

cn
z � a�n�� �
h
a�

z � a
�

�X
n��

cn��
z � a�n

and hence 
see example ���� Z
�r

h
z�dz

z � a
� h
a�		i�

Thus

res
a

hf �

f
� nh
a��

In particular�

res
a

f �

f
� n

for h � ��
From here� using the Cauchy theorem� we get the theorem on logarithmic residue�

Let D be a domain bounded by a �nite set of smooth curves 
oriented in the same
way as in the Cauchy theorem�� Let the function h be holomorphic in D and
continuous on D� and let the function f be holomorphic in a neighborhood of D�
Assume moreover that f �� � on �D� Then f has a �nite set of zeros in D� We
denote that set by Ef � If a is a zero of multiplicity n then we assume that n copies
of a are contained in Ef �
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Theorem ��� 
on logarithmic residue�� The formula

�

		i

Z
�D

h
df

f
�

X
a�Ef

res
a

hf �

f
�

X
a�Ef

h
a� 
����

holds�

Corollary ���� If N is the number of zeros of the function f in the domain
D �every zero is counted according to its multiplicity�� then

N �
�

		i

Z
�D

df

f
� 
��	�

As an application of this corollary it is not di�cult to derive the Rouch�e theorem�
Let the domain D be the same as in the Cauchy theorem�

Theorem ��� 
Rouch�e�� If f and g are holomorphic functions in a neighbor�
hood of D� such that for all z � �D

jf
z�j 
 jg
z�j�
then f and f � g have the same number of zeros in D�

Proof� Consider the function f � tg where t �  �� �!� Under the condition in the
theorem

jf � tgj � jf j � tjgj 
 �

on �D� Hence the function f � tg �� � on �D and therefore this function has a �nite
number of zeros in D� By corollary ��� the integral

�

		i

Z
�D

d
f � tg�

f � tg

is an integer� On the other hand� this integral is a continuous function of t �  �� �!�
Hence Z

�D

d
f � tg�

f � tg
� const

and Z
�D

df

f
�

Z
�D

d
f � g�

f � g
�

Example ��	� From the Rouch�e theorem it is easy to obtain the �Fundamental
Theorem of Algebra�� Every polynomial P 
z� of degree n has exactly n complex
zeros� Indeed� let

P 
z� � a�z
n � � � �� an� f
z� � a�z

n

and
g
z� � a�z

n�� � � � � � an�

Then P 
z� � f
z� � g
z�� By the lemma on the modulus of the leading term we
have jf
z�j 
 jg
z�j if jzj 
 R 
here R is a su�ciently large number�� and hence
functions f and f � g have the same number of zeros in D�

It follows that the inequality jf
z�j 
 jg
z�j holds on �R� Hence by the Rouch�e
theorem the functions f and P have the same number of zeros in the disk UR
���
But the function f
z� � a�z

n has exactly n zeros in UR
��� 
The point z � � is a
root of order n of the equation f
z� � ���
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�� The Newton recursion formulas

The Newton recursion formulas connect the coe�cients of a polynomial to the
power sums of its zeros� These formulas can be found� for example� in  ��� 	�!�
The proof presented here is new� We also consider a generalization of the Newton
formulas to a wider class of functions�

Let a polynomial P 
z� have the form

P 
z� � zn � b�z
n�� � � � � � bn��z � bn�

Denote by z�� z�� � � � � zn its zeros 
some of them can be repeated�� The power
sums Sk are de�ned as follows�

Sk � zk� � � � �� zkn�

Theorem ��� 
Newton recursion formulas�� The power sums Sk and the coef�
�cients bj are related in the following way�

Sj � Sj��b� � Sj��b� � � � � � S�bj�� � jbj � �� if � � j � n�

and Sj � Sj��b� � � � � � Sj�nbn � �� if j 
 n�

	���

Proof� We choose R 
 � so that all the zeros zk of P 
z� lie in the disk UR
���
and we consider the integral

J �

Z
�R

P �
z�dz

zj
�

On the one hand

J �
nX

k��

Z
�R

bn�kkz
k��dz

zj
�

nX
k��

kbn�k

Z
�R

zk�j��dz�

Therefore� if j 
 n or j � � then J � �� and if � � j � n then J � 		ibn�j 
see
Example ����� On the other hand

J �

Z
�R

PdP

zjP
�

nX
k��

bn�k

Z
�R

zk�j
dP

P
�

If k � j 
 �� then by Theorem ��	 on logarithmic residuesZ
�R

zk�j
dP

P
� 		iSk�j�

If k � j � �� then Z
�R

dP

P
� 
		i�n�

For the case k � j � � we make the change of variables z � ��w in the integralZ
�R

zk�j
dP

P
�

The circle �R is then transformed to ���R with opposite orientation�

P 
z� �� P 
��w� �
�

wn

�
nX
j��

bn�jw
n�j

�

b� � ���
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P �
z� �� P �

�
�

w

�
�

�

wn��

�
nX
j��

jbn�jw
n�j

�
�

dz � � �

w�
dw�

Hence Z
�R

zk�j
dP

P
�

Z
���R

wj�k��
nP
j��

jbn�jw
n�j

nP
j��

bn�jwn�j

dw�

Since all zeros of the polynomial P 
z� lie in the disk UR
��� the polynomial

wnP

�
�

w

�
�� �

in the disk U��R
��� Since j � k � � � �� the integrand in the last integral is
holomorphic in U��R
��� so by the Cauchy theorem this integral vanishes� Thus we
get 
for � � j � n�

jbn�j � nbn�j �

nX
k�j��

bn�kSk�j�

i�e�

n� j�bn�j � bn�j��S� � bn�j��S� � � � �� b�Sn�j�� � Sn�j � �


we recall that b� � ��� If j � �� then
nX

k��

bn�kSk�j � ��

i�e�
bnS�j � bn��S��j � � � �� b�Sn���j � Sn�j � ��

The formulas 
	��� allow one to �nd the power sums of the zeros with the help
of the coe�cients of the polynomial P � And vice versa� they also permit one to �nd
the coe�cients of P 
z� by means of the power sums Sk�

Example 	��� Let P 
z� � z� � b�z � b�� and let the power sums S� and S�

be given� Then from 
	��� we obtain S� � b� � � for j � �� i�e� b� � �S�� and
S� � S�b� � 	b� � � for j � 	� i�e�

	b� � �S� � S�b� � �S� � S�
� � b� � 
�S� � S�

���	�

These formulas actually show that for every set of numbers S�� � � � � Sn there
exists a polynomial P with given power sums S�� � � � � Sn�

The following formulas of Waring are often useful�

Theorem ��� 
Waring formulas�� The formulas

Sk � 
���k

����������
b� � � � � � �
	b� b� � � � � �
�b� b� b� � � � �
� � � � � � � � � � � � � � �
kbk bk�� bk�� � � � �

����������
� 
	�	�
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bk �

���k

k�

����������
S� � � � � � �
S� S� 	 � � � �
S� S� S� � � � �
� � � � � � � � � � � � � � �
Sk Sk�� Sk�� � � � S�

����������
� 
	���

hold for � � k � n�

Proof� We multiply the second column of the determinant in 
	��� by b�� the
third by b� etc�� and add them all to the �rst column� By the Newton formulas 
	���
we then get the determinant����������

� � � � � � �
� S� 	 � � � �
� S� S� � � � �
� � � � � � � � � � � � � � �
�kbk Sk�� Sk�� � � � S�

����������
� 
���kk�bk�

In order to obtain 
	�	� we must multiply the second column in 
	�	� by S�� the
third by S� etc�� and add them to the �rst column� Using formula 
	��� we now �nd����������

� � � � � � �
� b� � � � � �
� b� b� � � � �
� � � � � � � � � � � � � � �
�Sk bk�� bk�� � � � b�

����������
� 
���kSk�

In what follows we will need the recursion formulas for a wider class of functions
than just polynomials� and to deal with such functions we have to consider power
sums Sk with k � ��

The proof of these generalized formulas could be carried out as for the formulas

	���� But we prefer to take another approach�

Let the function f
z� be holomorphic in a neighborhood UR
�� and f
z� �� � in
UR
��� Then we can consider the function g
z� � ln f
z� by choosing the principal
branch of the logarithm 
i�e� ln � � ��� The function g
z� is also holomorphic in
UR
��� Suppose that the Taylor expansions for the functions f and g have the form

f
z� � b� � b�z � � � � � bkz
k � � � � �

g
z� � ln f
z� � a� � a�z � � � �� akz
k � � � � �

b� �� � and ln b� � a��

Lemma ���� The recursion relations

k��X
j��


k � j�bjak�j � kbk� k � �� 
	���
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hold� Moreover�

ak �

���k��

kbk�

����������
b� b� � � � � �
	b� b� b� � � � �
�b� b� b� � � � �
� � � � � � � � � � � � � � �
kbk bk�� bk�� � � � b�

����������
� 
	���

bk �
b�
k�

��������
a� �� � � � � �
	a� a� �	 � � � �
� � � � � � � � � � � � � � �
kak 
k � ��ak�� 
k � 	�ak�� � � � a�

�������� � 
	�
�

Proof� Since

f
z� � eg�z� � b� � b�z � � � �� bkz
k � � � � �

it follows that

f
z�g�
z� � b� � 	b�z � � � � � kbkz
k�� � � � � �

From this we get
�X
j��

bjz
j

�X
s��

sasw
s�� �

�X
k��

kbkz
k���

Multiplying the series and equating coe�cients at equal degrees in z we get 
	����
The formulas 
	��� and 
	�
� are obtained as the Waring formulas� but instead of

	��� we must use 
	����

Now suppose that the function f
z� has the form

f
z� �
h
z�

u
z�
�

where h
z�� u
z� are entire functions represented as in�nite products

h
z� � b�

�Y
j��

�
�� z

wj

�
� u
z� �

�Y
j��

�
�� z

cj

�
�

with wj �� �� cj �� �� j � �� 	� � � � � the series

�X
j��

�

jcjj
and

�X
j��

�

jwjj
being convergent� 
The convergence of these series ensures the convergence of the
in�nite products�� Denote by �k the power sums of the form

�k �
�X
j��

�

wk
j

�
�X
j��

�

ckj
� k � ��
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These series also converge� and we have

f �

f
�

�X
j��

�

z � wj

�
�X
j��

�

z � cj
�

From here we see that

k�ak �
dk ln f

dzk

�� � �
k � ����k�

i�e� kak � ��k� and 
using Lemma 	��� we arrive at the following theorem�

Theorem ���� �Newton and Waring recursion formulas for mero�
morphic functions� The formulas

k��X
j��

bj�k�j � kbk � �� k � �� 
	���

hold� Moreover�

�k �

���k

bk�

����������
b� b� � � � � �
	b� b� b� � � � �
�b� b� b� � � � �
� � � � � � � � � � � � � � �
kbk bk�� bk�� � � � b�

����������
�

bk �

���k

k�
b�

��������
�� � � � � � �
�� �� 	 � � � �
� � � � � � � � � � � � � � �
�k �k�� �k�� � � � ��

�������� �
In particular these formulas are valid for rational functions and for polynomials�

If f is a polynomial then formula 
	��� is actually 
	���� but in 
	��� �k � S�k and
the orders of the coe�cients of f in 
	��� and 
	��� are opposite�

Example 	�	� Consider the function

f
z� �
sin
p
zp

z
�

�X
k��


���kzk


	k � ���
�

�Y
k��

�
�� z

	�k�

�
�

Then

bk �

���k


	k � ���
�

�k �
�

	�k

�X
n��

�

n�k
�

�

	�k


	k��

where 

w� is the Riemann 
�function�
The formulas 
	��� thus provide a relation between bk and 

	k�� in particular�

they permit us to calculate 

	k�� Taking into account that 

	k� are also connected
to the Bernoulli numbers

Bk �
	
	k��


		��k


	k� �


	k��

	�k��
�k�
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we �nd the formula

Bk �

���k
	k��

	�k��

��������
� �

��
� � � � � �

�
	�

� �
��

� � � � �
� � � � � � � � � � � � � � �

k����k

��k����
����k��

��k����
� � � � � � � �

��

�������� �

�� Localization theorems for the real zeros of a polynomial

We describe some methods of counting the real zeros of a real polynomial on a
real interval� The Hermite method� the Sturm method� the Descartes sign rule� and
the Budan�Fourier theorem�

These methods can be found in  �
� 	�!� and they are further developed in
 	�� 	�!�

At �rst we consider the Hermite method� or the method of quadratic forms� for
determining the distinct real roots of a polynomial P with real coe�cients� We
begin by recalling some concepts from the theory of quadratic forms�

Let

T 
x� �
nX

j�k��

ajkxjxk

be a quadratic form� Its matrix

A � jjajkjjnj�k��

is symmetric 
i�e� ajk � akj for all k� j�� and type entries ajk are real� The rank r of
the quadratic form T 
x� is equal to the rank of the matrix A� The quadratic form
T 
x� can be reduced to a sum of independent squares by various methods� i�e� we
can represent T 
x� in the form

T 
x� �
rX

j��

ajy
�
j � where aj � R and yj �

nX
k��

ckjxk�

the linear forms y�� � � � � yr being linearly independent� Denote by � the number of
positive coe�cients aj and by � the number of negative aj� Then the principle of
inertia for quadratic forms asserts that � and � do not depend on the particular
representation of T 
x� as a sum of independent squares� Finally� we have �� � � r�
and the number �� � is called the signature of the quadratic form T �

Denote by

Dk � det jjajsjjkj�s��

the principal minors of a matrix A�

Theorem ��� 
Jacobi�� Let T 
x� be a quadratic form with non�vanishing mi�
nors Dk� k � �� � � � � r� Then the number � of positive squares and the number � of
negative squares of T 
x� coincide respectively with the number P of sign repetitions
and with the number V of sign changes in the sequence of numbers �� D�� � � � � Dr�
Moreover� the signature is given by � � r � 	V �
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If b�� � � � � bk are real numbers di�erent from zero then the number of sign repe�
titions in this sequence is usually denoted P 
b�� � � � � bk�� while the number of sign
changes is written V 
b�� � � � � bk�� It is clear that P �V � k��� The Jacobi theorem
asserts that the signature satis�es � � r � 	V 
�� D�� � � � � Dr��

Suppose now that

P 
x� � a�x
n � a�x

n�� � � � � � an

is a polynomial with real coe�cients� and that we want to determine the number
of distinct 
real� roots of P � We could immediately get rid of any multiple zeros
by dividing P with the greatest common divisor of P and its derivative P � 
using
the Euclid algorithm�� but here we choose not to perform this operation� Assuming
instead that P 
z� has distinct zeros ��� � � � � �q of multiplicities n�� � � � � nq� respec�
tively� we have the factorization

P 
z� � a�
z � ���
n� � � � 
z � �q�

nq �

and the power sums

Sk �

qX
j��

nj�
k
j �

Consider now the quadratic form

Tm
x� �
m��X
j�k��

Sj�kxjxk�

where m is any number such that m � q 
for example m � n��

Theorem ��� 
Hermite�� The number of all distinct zeros of the polynomial
P 
z� is equal to the rank of the form Tm
x�� and the number of distinct real zeros is
equal to the signature of the form Tm
x��

Proof� From the de�nition of the power sums Sk and the form Tm we get

Tm
x� �
m��X
j�k��

qX
p��

np�
j�k
p xjxk �

�

qX
p��

np
x� � �px� � ��
px� � � � � � �m��p xm���

� �

qX
p��

npy
�
p� 
����

where

yp � x� � �px� � ��
px� � � � �� �m��p xm���

These linear forms y�� � � � � yq are linearly independent since the determinant formed
from their coe�cients is the Vandermonde determinant� which it is not equal to
zero 
here we use the fact that numbers ��� � � � � �q are distinct�� Therefore the
rank of Tm
x� is equal to q� But in general the coe�cients in yp can be complex�
and then the representation of Tm
x� as a sum of squares needs to be modi�ed� In
the representation 
���� positive squares npy

�
p correspond to real zeros �p� Complex
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zeros occur in pairs �p and "�p� and hence we can write yp � up � ivp� where up and
vp are real� and obtain

y�p � u�p � v�p � 	iupvp�

For the conjugate zero "�p we have

"yp � up � ivp� "y�p � u�p � v�p � 	iupvp�

and hence npy
�
p � np"y�p � 	npu

�
p � 	npv

�
p�

This shows that every pair of conjugate zeros corresponds to one positive and
one negative square�

Using the Jacobi theorem we now get

Corollary ���� Let D� � �� D� � S� � n�

D� �

���� n S�

S� S�

���� � � � � � Dr �

��������
n S� � � � Sr��
S� S� � � � Sr
� � � � � � � � � � � �
Sr�� Sr � � � S�r��

�������� �
If Dj �� �� j � �� � � � � r� then the number of distinct real zeros of P 
z� is equal to

r � 	V 
D�� D�� � � � � Dr��

The power sums Sk can be computed by means of the Newton formulas 
	����
Example ���� Let P 
x� � x� � px� q� n � 	� We then have the quadratic form

T�
x� �
�X

j�k��

Sj�kxjxk�

First we compute S�� S�� S�� By formulas 
	��� we have S� � 	� S� �p � �� S� �
�p� S� � S�p � 	q � �� S� � p� � 	q� We thus obtain the matrix

A � jjSj�kjj�j�k�� �

���� 	 �p
�p p� � 	q

����
with minors

D� � �� D� � 	� D� � p� � �q�

and hence

V 
�� 	� p� � �q� � �� if p� � �q 
 �

V 
�� 	� p� � �q� � �� if p� � �q � �

We arrive at a well�known conclusion� If p� � �q 
 � then P 
x� has two distinct
real zeros� if p� � �q � � then P 
x� has no real zeros�

The form Tm
x� is a Hankel form� and hence the Jacobi theorem can be general�
ized to the case where some principal minors vanish� Corollary ��� is then generalized
accordingly 
see  �
� ch� ��� sec� ��� ch� �
� sec� ��!�� The Hermite method can be
applied also to other problems connected with the localization of zeros 
see  	�!��

Now we turn to the question of determination the number of real zeros of a real
polynomial P on an interval 
a� b�� This number can be calculated with the help of
the theorem on logarithmic residues� In fact� if � is a curve surrounding the segment
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 a� b! and not containing any non�real zeros of the polynomial P � then by formula

��	� we have

�

		i

Z
�

dP

P
� N� 
��	�

where N is the number of zeros on  a� b!� But here arises the problem of calculating
the given integral in terms of the coe�cients of our polynomial P � First we shall
compute this integral by means of the so�called Cauchy index�

Let R
x� be a real rational function� The Cauchy index

JbaR
x�

is the number of times that R
x� jumps from �	 to �	 minus the number of times
that R
x� jumps from �	 to �	 as x goes from a to b� We assume here that a
and b are points of continuity of R
x��

Thus if

R
x� �

pX
j��

Aj

y � �j
� R�
x��

where �j are real and R�
x� has no real singular points then

JbaR
x� �
X

a��j�b

signAj�

In particular if

R
x� �
P �
x�

P 
x�
then

R
x� �

qX
j��

nj
x� �j

�

where �j are distinct zeros of P and nj are multiplicities of �j� If ��� � � � � �p are
real zeros and �p��� � � � � �q are complex zeros then

R
x� �

pX
j��

nj
x� �j

� R�
x��

where R� has no real singular points� Hence the index JbaR
x� is equal to the number
of distinct real zeros of P 
x� on 
a� b�� If all nj � �� then

Jba
P �

P

x� �

�

		i

Z
�

dP

P

by formula 
��	��
The Cauchy index of a rational function can be computed using so�called Sturm

series� A system of real polynomials P�
x�� � � � � Pm
x� is called a Sturm series on
the interval 
a� b� if�

�� For all x � 
a� b� such that Pk
x� � � for k � 	� we have that the neighboring
functions Pk��
x� and Pk��
x� do not vanish at x� and

Pk��
x�Pk��
x� � ��
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	� The last function Pm
x� does not vanish on 
a� b��
�� If P�
x� � � then P�
x� �� ��

Denote by V 
x� the number of sign changes in the sequence P�
x�� � � � � Pm
x��
i�e� V 
x� � V 
P�
x�� � � � � Pm
x��� If P�
x� �� � then V 
x� is well�de�ned even at
points where some function Pk
x�� k � 	� happens to vanish� Indeed� if Pk
x� � �
then by virtue of condition �� Pk��
x�Pk��
x� � �� so we can delete Pk
x� from our
series P�� � � � � Pm� V 
a� equals V 
a���� where � 
 � is su�ciently small and chosen
so that the functions Pj
x� do not vanish on 
a� a� �!� If all the functions Pj
x� are
non�zero for x � a� then V 
a� � V 
P�
a�� � � � � Pm
a��� V 
b� is equal to V 
b� ���

As x varies from a to b the value of V 
x� can change only when passing a zero
of some function of the Sturm series� But by virtue of condition �� the value V 
x�
remains unchanged when passing a zero of Pk� k � 	� while passing a zero of P�
x�
means that exactly one sign change is lost or added�

We have the following theorem�

Theorem ��� 
Sturm�� If P�� � � � � Pm is a Sturm series on 
a� b� and if V 
x� is
the number of sign changes in this series� then

J ba
P�
x�

P�
x�
� V 
a�� V 
b�� 
����

If we multiply all the terms of the Sturm series by one polynomial d
x� then
nothing changes in equality 
����� It follows that the Sturm theorem remains true
also for generalized Sturm series�

We can construct generalized Sturm series with the help of the Euclid algorithm�
Let P and Q be two polynomials with degP � degQ� De�ne P� � P and P� � Q�
Let further �P� be the remainder after division of P� by P�� let�P
 be the remainder
after division of P� by P� etc� Then we get

P� � q�P� � P�� � � � � Pk�� � qk��Pk � Pk��� � � � � Pm�� � qm��Pm�

where Pm is the greatest common divisor of P and Q� and also a divisor of all
functions Pj� If Pm
x� �� � on 
a� b� then the obtained series is a Sturm series� If
P�
x� � � then P�
x� �� �� for otherwise P�
x� � �� � � � � Pm
x� � �� In exactly
the same way we see that if Pk
x� � �� then Pk��
x� �� � and Pk�� �� � and
moreover� Pk��
x� � �Pk��
x�� If Pm
x� vanishes at some points of 
a� b� then we
have obtained a generalized Sturm series�

As a corollary we get the Sturm theorem on the number of distinct zeros of a
polynomial P 
x� on 
a� b��

Theorem ��� 
Sturm�� Let P 
x� be a real polynomial� P 
a� �� �� P 
b� �� ��
Construct for P 
x� the generalized Sturm series starting with P�
x� � P 
x� and
P�
x� � P �
x� using the Euclid algorithm� Then the number of distinct real zeros of
P on 
a� b� is equal to V 
a�� V 
b��

Example ��	� Suppose P� � P 
x� � x� � px � q� Then we have P� � P �
x� �
	x� p� and dividing P by P � we get P� � p���� q� Assume p���� q �� �� Then the
number of distinct real zeros of P 
x� on 
a� b� is equal to

V 
a� � ap � q� 	a� p� p� � �q�� V 
b� � bp � q� 	b � p� p� � �q��
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The Sturm method is rather inconvenient� Therefore one usually applies the
Hermite theorem in combination with the Descartes sign rule or the Budan�Fourier
theorem 
see� for example�  	�!��

Theorem ��� 
Descartes�� Let P 
x� be a real polynomial of the form

P 
x� � a�x
n � a�x

n�� � � � � � an�

The number of positive zeros of P 
x� �counted according to multiplicities� is ei�
ther equal to the number of sign changes in the sequence of coe�cients of P �i�e�
V 
a�� a�� � � � � an�� �zero coe�cients are to be neglected�� or less than this value by
an even integer� If all the zeros of P 
x� are real then the number of positive zeros
is always equal to V 
a�� a�� � � � � an��

Theorem ��	 
Budan�Fourier�� Let P 
x� be a real polynomial of degree n� The
number of real zeros of P on the segment  a� b! is equal either to the di�erence

V 
P 
a�� P �
a�� � � � � P �n�
a��� V 
P 
b�� P �
b�� � � � � P �n�
b���

or less than this value by an even integer� �Here it is assumed that P 
a� �� �� P 
b� ��
�� If some derivative vanishes at a or b then V 
P 
a�� � � � � P �n�
a�� and V 
P 
b�� � � � �
P �n�
b�� are de�ned as in the Sturm theorem��

The proofs of these theorems are based on the Rolle theorem�
Here we have not mentioned the subresultant method 
see  	�! and section ����

since we shall have no need for it�
We have thus seen that there exist several quite e�ective methods for determining

the number of real or complex zeros of a polynomial on an interval� Some of these
methods are also applicable to wider classes of functions 
see  ��
!�� Turning to
systems of equations we shall see that the situation is completely di�erent�

�� The local residue �of Grothendieck�

We consider a generalization of the concept of a local residue for systems of
holomorphic functions of several complex variables 
see  
�!�� It is the so�called
Grothendieck residue� Consider the space Cn consisting of vectors z � 
z�� � � � � zn��
where zj � xj � iyj� xj� yj � R� j � �� � � � � n� We use the notation

Re z � 
Re z�� � � � �Re zn� � 
x�� � � � � xn��

Im z � 
Im z�� � � � � Im zn� � 
y�� � � � � yn��

"z � 
"z�� � � � � "zn��

jzj �
p
jz�j� � � � �� jznj� �

p
jx�j� � � � � � jxnj� � jy�j� � � � � � jynj��

The topology in Cn is given by the metric d
z�w� � jz � wj� z�w � Cn� As
usual a domain D is an open connected set and a compact K is a closed bounded
set�

The power series in Cn 
centered at the origin� has the formX
jj�jj��

c�z
��
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where � � 
��� � � � � �n� is a multi�index� i�e� �j are non�negative integers� the
monomials z� � z��� � � � z�nn are of total degree jj�jj � �� � � � � � �n� and c� are
complex numbers 
the coe�cients of series�� Denote by UR
a� � fz � jz� aj � Rg
the open ball of radius R centered at the point a�

A complex�valued function f
z� is said to be holomorphic in the domain D � Cn

if for every point a � D there exists a power seriesX
jj�jj��

c�
z� a��

which converges to f
z� in some neighborhood UR
a� of the point a� For example�
every polynomial

P 
z� �
X

��jj�jj�m

c�z
�

is a holomorphic function in Cn� If at least one of the leading coe�cients c��
jj�jj � m� is non�zero then P is said to be of degree m 
degP � m��

A rational function

R
z� �
P 
z�

Q
z�

is holomorphic wherever Q
z� �� � 
here P 
z� and Q
z� are polynomials��
We now de�ne the local 
Grothendieck� residue in Cn� Suppose h� f�� � � � � fn are

holomorphic functions in some neighborhood UR
a� of the point a� Suppose also
that

fj
a� � �� j � �� � � � � n�

and that a is an isolated zero of the mapping

f � 
f�� � � � � fn��

Denote by � the meromorphic di�erential form

� �
hdz� 
 � � � 
 dzn

f� � � � fn
�

hdz

f� � � � fn


dz � dz� 
 dz� 
 � � � 
 dzn��

and consider the set

#f � fz � UR
a� � jf�
z�j � ��� � � � � jfn
z�j � �ng�
where �� 
 �� � � � � �n 
 � are su�ciently small� By Sard�s theorem the set #f is a
smooth compact surface of dimension n� i�e� a cycle� for almost all su�ciently small
�j� The orientation of #f is given by the condition

d arg f� 
 � � � 
 d arg fn � ��

The integral

res
a
� �

�


		i�n

Z
�f

hdz

f� � � � fn

is called the local 
Grothendieck� residue

res
a
� � res

a f
h

of the form � at the point a�
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In just the same way as in the case of one complex variable it can be shown that
res
a
� does not depend on �j�

Example ���� Let fj � z
�j
j � a � � and

h � z� � z��� � � � z�nn �

Then

#f � fz � jzjj � �j� j � �� � � � � ng
is a standard torus and

res
�
� �

�


		i�n

Z
�f

z�dz

z�
�

�


		i�n

nY
j��

Z
jzj j�	j

z
�j��j
j dzj �

�

�
�� if �j � �j �� � at least for one j�
�� if �j � �j � � for all j


see example �����
We shall say that a mapping f � 
f�� � � � � fn� is nonsingular at the point a if its

Jacobian

Jf 
a� �
�
f�� � � � � fn�

�
z�� � � � � zn�

a� �

������
�f�
�z�

� � � �f�
�zn

� � � � � � � � �
�fn
�z�

� � � �fn
�zn

������ 
a� �� ��

We can then assume Jf 
z� �� � in UR
a�� so by the implicit function theorem the
mapping w � f
z� is one�to�one in UR
a�� Moreover� it is biholomorphic� i�e� the
inverse mapping z � f��
w� is also holomorphic in a neighborhood of the origin�

Consider now the integral

res
a
� �

�


		i�n

Z
�f

hdz

f� � � � fn
�

and make the change of variables wj � fj
z�� j � �� � � � � n� We then have

dz � Jf��dw �
dw

Jf 
f��
w��
�

while #f transforms to

#w � fw � jwjj � �j� j � �� � � � � ng�
Therefore we can write

res
a
� �

�


		i�n

Z
�w

h 
f��
w��dw

Jf 
f��
w��w� � � � wn

�

Now� the function h�Jf is holomorphic in a neighborhood of the point � 
as long
as Jf �� �� and hence it can be expanded in a power seriesX

jj�jj��

c�w
��

with

c���


 ��� �
h

Jf

f��
��� �

h
a�

Jf 
a�
�
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In view of Example ��� we thus get

res
a
� �

h
a�

Jf
a�
�

So in the case of a nonsingular mapping f the local residue is easily computed�
It is easy to compute it also if h has the form h�f� � � � � � hnfn� where hj are
holomorphic in UR
a�� Indeed�

res
a
� �

�


		i�n

Z
�f

hdz

f� � � � fn
�

nX
j��

�


		i�n

Z
�f

hjdz

f� � � � fj��fj�� � � � fn
�

so it su�ces to consider� say� the integralZ
�f

h�dz

f� � � � fn
�

The integrand h��
f� � � � fn� is holomorphic in the open set

UR
a�� �nj��fz � fj
z� � �g�
which contains the chain

U� � fz � jf�j � ��� jf�j � ��� � � � � jfnj � �ng�
On the other hand we have �U� � #f � so by the Stokes formula we getZ

�f

h�dz

f� � � � fn
�

Z
�U�

h�dz

f� � � � fn
�

Z
U�

d

�
h�dz

f� � � � fn

�
�

But

d

�
h�

f� � � � fn
dz

�
� d

h�
f� � � � fn


 dz � ��

since h�� f� � � � � fn are holomorphic� and it follows that

res
a
� � �� if h � h�f� � � � � � hnfn�

Next we consider a transformation formula for local residues� which will play
a fundamental role in the sequel� Let f � 
f�� � � � � fn� and g � 
g�� � � � � gn� be
holomorphic mappings de�ned in UR
a�� The point a is assumed to be an isolated
zero of the mappings f and g� and in addition

gk
z� �
nX
j��

akj
z�fj
z�� k � �� � � � � n� 
����

with akj being holomorphic in UR
a�� k� j � �� � � � � n� In matrix notation g � Af �
where

A � jjakj
z�jjnk�j���

Theorem ��� 
The transformation law for local residues�� If h is holomorphic
in UR
a� then

res
a f

h � res
a g

h detA� 
��	�
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In other words Z
�f

hdz

f� � � � fn
�

Z
�g

h detA dz

g� � � � gn
�

We prove this formula for nonsingular mappings f and g� the general case can
be found in  
�� ch� �!�

So let f and g be nonsingular mappings� i�e� Jf 
a� �� � and Jg
a� �� �� It follows
that detA
a� �� �� We can assume that these determinants do not vanish in UR
a��
Then

res
a f

h �
h
a�

Jf
a�
�

res
a g

detA �
h
a� detA
a�

Jg
a�
�

But by virtue of 
����� and since f
a� � g
a� � �� we have

Jg
a� � Jf 
a� detA
a��

Therefore

res
a f

h � res
a g

h detA�

If f and g are singular then one considers a slight perturbation f	 of f � having
a �nite set of zeros zk in UR
a�� with Jf�
z

k� �� �� For these zeros formula 
��	� is
applied and then letting �� � one gets the general case�

The transformation formula makes it possible to compute local residues quite
explicitly� Consider an arbitrary residue

res
a
� � res

a f
h�

Since the functions zj � aj vanish at the point a it follows from Hilbert�s Nullstel�
lensatz that there exist �j � � such that

gj
z� � 
zj � aj�
�j�� �

nX
k��

ajk
z�fk
z��

By formula 
��	� we then have

res
a f

h � res
a g

h detA �
�


		in�

Z
�g

h detAdz


z� � a������ � � � 
zn � an��n��
�

Expanding h detA in a power series

h detA �
X
jj�jj��

c�
z� a��

we get

res
a f

h � c���


 ��n �
�

��� � � � �n�
� �

jj�jj
h detA�

�z��� � � � �z�nn

a��
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� The multidimensional logarithmic residue

Just as in the case of one complex variable the logarithmic residue is a particular
case of the local residue� The results of this section are to be found in  ��!�

Later on we shall need an analog of the Cauchy theorem in Cn� sometimes
referred to as the Cauchy�Poincar�e theorem�

Theorem ��� 
Cauchy�Poincar�e�� Let f
z� be a holomorphic function in the
domain D � Cn and � let be a smooth relatively compact oriented surface of �real�
dimension n � � having a smooth boundary ��� Assume that � � �� � D� and let
the orientation of �� be induced by the orientation of �� ThenZ

��

f
z�dz �

Z
��

f
z�dz� 
 � � � 
 dzn � ��

This theorem is a direct corollary of the Stokes formula and the Cauchy�Riemann
equations�

�f

�"zj
� �� j � �� � � � � n�

Now we proceed to de�ne the multiplicity of a zero of a holomorphic mapping�
Suppose that we are given a holomorphic mapping

w � f
z� � 
f�
z�� � � � � fn
z��

in a neighborhood UR
a� of the point a� and suppose moreover that a is an isolated
zero of the mapping f � If f is nonsingular at the point a� i�e� Jf 
a� �� �� then a is
called a simple zero of the mapping f and its multiplicity is equal to ��

Suppose now instead of this that Jf
a� � �� Consider a perturbation of the
mapping f � e�g� the mapping

f�
z� � f
z�� � � 
f�
z�� ��� � � � � fn
z�� �n��

where j�j is su�ciently small� Since jf
z�j �� � for z �� a we have that jf j � � 
 �
on the boundary �UR
a�� Taking � so that j�j � � we get that jf�j 
 � on �UR
a��
i�e� f� �� � on �UR
a�� and hence the set

Ef� � fz � UR
a� � f�
z� � �g
is compact� By a well�known theorem of complex analysis the set Ef� must then be
�nite� It can be shown that for almost all � this set consists of the same number of
points� The number of elements of Ef� is called the multiplicity �a
f� of the zero
a of the mapping f at the point a� We notice that for almost all � the elements
of Ef� are simple zeros of the mapping f�� This is the �dynamic� de�nition of the
multiplicity of zeros 
see  ��!��

Example ���� Consider the mapping w� � z�� w� � z�� � az�� � The point 
�� ��
is a zero of this mapping of multiplicity 	� Indeed� making a perturbation we �nd
that the zeros of the mapping 
z� � ��� z

�
� � az�� � ��� are given by

z� � ��� z� � �
q
a��� � ���

Thus� if a��� � �� �� �� i�e� for almost all 
��� ���� the perturbed mapping has two
zeros�
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Let the holomorphic mapping f
z� � 
f�� � � � � fn� be given in a domain D � Cn

and that it has a �nite zero set Ef in D� Consider the special analytic polyhedron

Df � fz � D � jf�
z�j � ��� � � � � jfn
z�j � �ng�
If ��� � � � � �n are su�ciently small positive numbers then Df consists of a �nite
number of relatively compact domains in D and every component of Df contains
only one zero of a mapping f � The distinguished boundary

#f � fz � D � jfj
z�j � �j� j � �� � � � � ng
of this polyhedron is accordingly divided into a �nite number of connected surfaces

of the kind that we already considered for local residues�� Moreover� by the Sard
theorem #f consists of smooth surfaces� Recall that orientation of #f is given by the
relation

d arg f� 
 � � � 
 d arg fn � �

on #f � In other words� it is induced by the orientation of Df �
Suppose h is holomorphic in D� An integral of the form

�


		i�n

Z
�f

h
z�
df� 
 � � � 
 dfn

f� � � � fn
�

�


		i�n

Z
�f

h
Jfdz

f� � � � fn

����

is called the logarithmic residue of a function h with respect to f in D� If f has only
one zero a in D then the logarithmic residue is a local residue

res
a f

hJf �

From the Cauchy�Poincar�e theorem it is not di�cult to deduce that the logarithmic
residue does not depend on �j�

Theorem ��� 
Cacciopolli�Martinelli�Sorani�� For every holomorphic function
h in the domain D the formula

�


		i�n

Z
�f

h
z�
Jfdz

f� � � � fn
�

X
a�Ef

h
a� 
��	�

holds�

As for n � � every zero a is counted according to its multiplicity�
Theorem ��	 is the multidimensional logarithmic residue theorem�
Proof� Let UR
a� be mutually disjoint neighborhoods of the di�erent points a�

Take �j su�ciently small to ensure that for all a there is precisely one connected
component of Df contained in each UR
a�� Denote this component by

#f �a � #f 
 UR
a��

By the Cauchy�Poincar�e theorem we haveZ
�f

h
Jfdz

f� � � � fn
�

XZ
�f �a

h
Jfdz

f� � � � fn
�

so it remains only to be shown that

�


		i�n

Z
�f �a

h
Jfdz

f� � � � fn
� res

a f
Jfh � �a
f�h
a��
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If f is nonsingular at the point a then we already know 
see Section �� that

res
a f

hJf �
h
a�Jf 
a�

Jf 
a�
� h
a��

If a is not simple zero� then considering a perturbation f� with only simple zeros�
we get by the Cauchy�Poincar�e theorem

�


		i�n

Z
�f

h
a�Jf�dz

f�� � � � fn�
�

X
b��Ef�

h
b���

Letting � tend to � 
so that b� � a� we reach the required assertion�

Corollary ���� If the holomorphic mapping f has a �nite number N of zeros
in D� then

�


		i�n

Z
�f

Jfdz

f� � � � fn
� N

�every zero is counted according to its multiplicity��

In conclusion we formulate 
without proof� a version of the Rouch�e theorem
which is due to A�P�Yuzhakov 
see  ��� sec� �!��

Theorem ��� 
Yuzhakov�� Suppose that D� f � h are as in Theorem 	�
 and that
the holomorphic mapping g satis�es the condition

jgjj � jfjj
on #f � j � �� � � � � n� Then� a� the mappings f and f � g have the same number of
zeros in D� b� the formula

�


		i�n

Z
�f

h
z�
d
f� � g�� 
 � � � d
fn � gn�


f� � g�� � � � 
fn � gn�
�

X
a�Ef�g

h
a�

holds�

Notice that the integral in this theorem is taken over #f and not over #f�g�
Example ��	� Find the multiplicity of the zero 
���� of the mapping

w� � z� � az�� � w� � bz�� � z�� �

Since on the distinguished boundary

# � fz � jz�j � ��� jz�j � �
g
we have the inequalities jajjz�j� � jz�j and jz�j� 
 jbjjz�j� for su�ciently small
positive �� it follows by Theorem ��� that the multiplicity of the point 
���� is equal
to the integral

J �
�


		i��

Z
�

d
z� � az��� 
 d
bz�� � z���


z� � az���
bz�� � z���
�

�
�


		i��

Z
�


��z�� � �abz�z��dz� 
 dz�

z� � az���
b�z�� � z���

�

We integrate �rst with respect to z�� keeping z� �xed� Since jz�j 
 jajjz�j� and
jz�j� 
 jbjjz�j� it follows that in the disk jz�j � �� there is only one singular point
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z� � az�� of the integrand� Hence by the one�dimensional theorem on logarithmic
residues 
see Sec� �� Theorem ��	�

J �
�

		i

Z
jz�j�	�

��z�� � �abz��
a�bz
� � z��

dz� �
�

		i

Z
jz�j�	�

�� � �abz�

a�bz� � ��z�

dz� � ��

because the root z� � ��
a�b� does not lie in the disk jz�j � �
 for su�ciently small
� 
 ��

�� The classical scheme for elimination of unknowns

The results presented in this section one can �nd in  	�� ���!� First we consider
a classical result of Sylvester� Take two polynomials�

P 
z� � a�z
n � a�z

n�� � � � � � an�

Q
z� � b�z
s � b�z

s�� � � � � � bs�

z � C� aj� bj � C and a� �� �� b� �� ��
How can we determine whether or not these polynomials have any common

zeros$ Suppose ��� � � � � �n are the zeros of P 
z� and ��� � � � � �s the zeros of Q
z��
Form the expression

R
P�Q� � as�b
n
�

nY
k��

sY
j��


�k � �j�� 

���

which is known as the resultant of the polynomials P and Q� It is clear that
R
P�Q� � � if the polynomials P and Q have at least one zero in common�

The resultant 

��� can also be calculated directly from the coe�cients of P and
Q without knowing their zeros� To see this we start with the observation that

R
P�Q� � 
���nsR
Q�P ��

Since

Q
z� � b�

sY
j��


z � �j��

it follows that

Q
�k� � b�

sY
j��


�k � �j��

and hence

R
P�Q� � as�

nY
k��

Q
�k��

In exactly the same way we see that

R
Q�P � � bn�

sY
j��

P 
�j��
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Theorem 	�� 
Sylvester�� The resultant of the polynomials P and Q is equal
to the determinant

D �

���������������

a� a� � � � an � � � � �
� a� � � � an�� an � � � �
� � � � � � � � � � � � � � � � � � � � �
� � � � � a� a� � � � an
b� b� � � � bs � � � � �
� b� � � � bs�� bs � � � �
� � � � � � � � � � � � � � � � � � � � �
� � � � � b� b� � � � bs

���������������

	


�


�s lines

	


�


�n lines

�

Proof� Consider the auxiliary determinant

M �

������������

�n�s��� �n�s��� � � � �n�s��s �n�s��� �n�s��� � � � �n�s��n

�n�s��� �n�s��� � � � �n�s��s �n�s��� �n�s��� � � � �n�s��n

� � � � � � � � � � � � � � � � � � � � � � � �
��
� ��

� � � � ��
s ��

� ��
� � � � ��

n

�� �� � � � �s �� �� � � � �n
� � � � � � � � � � � �

������������
�

Since M is a Vandermonde determinant we have the formula

M �
Y

��k�j�s


�k � �j�
sY

j��

nY
k��


�j � �k�
Y

��k�j�n


�k � �j��

Hence we obtain� by the de�nition of R
P�Q�� that

as�b
n
�DM � DR
Q�P �

Y
��k�j�s


�k � �j�
Y

��k�j�n


�k � �j�� 

�	�

On the other hand we can calculate the product DM of the determinants D and
M by using the formula for the determinant of a product of matrices� Multiplying
the matrices corresponding to our determinants� and taking into account that the
�j are zeros of P and the �k are zeros of Q� we get

DM �

���������������

�s��� P 
��� �s��� P 
��� � � � �s��s P 
�s� � � � � �
� � � � � � � � � � � � � � � � � � � � �
��P 
��� ��P 
��� � � � �sP 
�s� � � � � �
P 
��� P 
��� � � � P 
�s� � � � � �
� � � � � � �n��� Q
��� � � � �n��n Q
�n�
� � � � � � �n��� Q
��� � � � �n��n Q
�n�
� � � � � � � � � � � � � � � � � � � � �
� � � � � � Q
��� � � � Q
�n�

���������������
�

�
sY

j��

P 
�j�
nY

k��

Q
�k�

��������
�s��� �s��� � � � �s��s

� � � � � � � � � � � �
�� �� � � � �s
� � � � � �

��������
��������
�n��� �n��� � � � �n��n

� � � � � � � � � � � �
�� �� � � � �n
� � � � � �

�������� �
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�
sY

j��

P 
�j�
nY

k��

Q
�k�
Y
k�j


�k � �j�
Y
k�j


�k � �j��

This means that

as�b
n
�DM � R
P�Q�R
Q�P �

Y
k�j


�k � �j�
Y
k�j


�k � �j�� 

���

Comparing 

�	� and 

���� and dividing out the common factors that are not iden�
tically zero� we �nd that R
P�Q� � D�

In practice one frequently encounters situations when the coe�cients of P and
Q depend on some parameters� In this case one can no longer assert that a� �� � and
b� �� �� Hence it is in general not to be expected that the vanishing of the resultant
should be equivalent to the existence of a common zero of P and Q� Indeed� if
a� � b� � � then R
P�Q� � �� but P and Q do not necessarily have any common
zeros� It turns out that this is the only case when the vanishing of the resultant
does not imply the existence of a common zero�

Corollary 	��� For given polynomials P and Q with arbitrary leading coe��
cients the resultant R
P�Q� equals zero if and only if either P and Q have a common
zero or both leading coe�cients vanish 
a� � b� � ��� �In the case a� � � or b� � �
we use the identity R
P�Q� � D��

Example 
��� Let P � a�z
� � a�z � a�� and Q � b�z

� � b�z � b�� Then

R
P�Q� �

��������
a� a� a� �
� a� a� a�
b� b� b� �
� b� b� b�

�������� � 
a�b� � a�b��
� � 
a�b� � a�b��
a�b� � a�b���

In particular� if P � z� � �z � � and Q � z� � �z � �� we get R
P�Q� � �� and a
common root of P and Q is z � ��

Let us now derive another important property of the resultant R
P�Q�� We
write down the system

zs��P 
z� � a�z
n�s�� � a�z

n�s�� � � � � � anz
s���

zs��P 
z� � a�z
n�s�� � a�z

n�s�� � � � � � anz
s���

� � � � � � � � � � � � � � � �

P 
z� � a�z
n � a�z

n�� � � � � � an� 

���

zn��Q
z� � b�z
n�s�� � b�z

n�s�� � � � �� bsz
n���

zn��Q
z� � b�z
n�s�� � b�z

n�s�� � � � �� bsz
n���

� � � � � � � � � � � � � � � �

Q
z� � b�z
s � b�z

s�� � � � � � bs�

Considering each right hand side as a polynomial of degree n � s � �� we see
that the determinant formed by their coe�cients is exactly equal to R
P�Q�� So if
we multiply each of the equations by the minor associated with the corresponding
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entry in the last column of R
P�Q� and add them together� i�e� we develop the
determinant along the last column� then we get the identity

AP � BQ � R
P�Q��

where A is a polynomial of degree s� � and B is a polynomial of degree n� ��
Theorem 
�� and Corollary 
�� can be applied to eliminate one of the unknowns

in a system of two algebraic equations in two variables� Let P 
z� w� and Q
z� w� be
polynomials in two complex variables z and w� Grouping their terms according to
degrees of z we have

P 
z� w� � a�
w�zk � a�
w�zk�� � � � � � an
w��

Q
z� w� � b�
w�zs � b�
w�zs�� � � � � � bs
w��

where the coe�cients aj
w� and bj
w� are polynomials in w� We assume that a� �� �
and b� �� ��

Consider the resultant R
P�Q� of these polynomials 
in the variable z�� It will
be some polynomial R
w�� If the vector 
�� �� is a root of the system

P 
z� w� � �� Q
z� w� � �� 

���

then substituting the value w � � we get that the system of polynomials P 
z� �� and
Q
z� �� has the common zero z � �� hence by Theorem 
�� R
�� � �� Conversely�
if � is a zero of the polynomial R
w� then� according to Corollary 
��� either the
polynomials P 
z� �� and Q
z� �� have a common zero at � 
i�e� the system 

��� has
the solution 
�� ��� or � is a zero of the polynomials a�
w� and b�
w�� In particular�
if these polynomials have no common zeros 
which can be checked by �nding the
resultant of a� and b��� then every zero of R
w� is the second coordinate of a root
of the system 

����

Example 
�	� Consider the system

P 
z� w� � wz� � �wz � 	w � � � ��

Q
z� w� � 	zw � 	z � 	w � � � ��

First we re�write P and Q in the form

P � w � z� � �w � z � 
	w � ��� Q � 	
w � �� � z � 
	w � ���

Then we get

R
P�Q� �

������
w �w 	w � �

	
w � �� 	w � � �
� 	
w � �� 	w � �

������ �

� 
	w � ��

����� 	
w � �� 	w � �
� 	
w � ��

���� �

���� w �w
	
w � �� 	w � �

����� �

� 
	w � ��
�w� � �w � � � 	w� � �w � 
w� � 
w� �

� 
	w � ��
w � ���

The zeros of R
w� are w� � ��
�

and w� � ��� They are not zeros of the leading
coe�cients of P and Q� i�e� the polynomials w and 	
w� ��� For w � �� we obtain
the system

��z� � �	z � � � �� ���z � � � ��
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from which we get z � ��� For w � ��
�

we have

��

	
z� � �

	
� �� ��z � ��

and hence z � �� Thus� the initial system has the two roots


����

�

�
and 
�������

Before moving on to more general systems of equations we consider the ques�
tion� When does a polynomial P 
z� have multiple zeros$ This problem has already
been touched upon earlier 
see Sec� ��� Here we analyze it using the concept of a
discriminant of the polynomial P � Suppose

P 
z� � a�z
n � a�z

n�� � � � � � an�

and ��� � � � � �n are its zeros� Denote by D
P � the expression

D
P � � a�n���

Y
n�k�j��


ak � aj�
� � a�n��� 
���

n�n���
�

Y
j ��k


ak � aj��

It is clear that D
P � � � if and only if the polynomial P has multiple zeros�
The discriminant D
P � is easily expressed in terms of the resultant R
P� P ��� In

fact� we know that

R
P� P �� � an���

nY
k��

P �
�k��

Di�erentiating the equality

P 
z� � a�

nY
k��


z � �k��

we obtain

P �
z� � a�

nX
k��

Y
j ��k


z � �j��

from which it follows that

P �
�k� � a�
Y
j ��k


�k � �j��

Hence we have

R
P� P �� � a�n���

Y
j ��k


�k � �j� � a�n��� 
���
n�n���

�

Y
n�k�j��


�k � �j�
� �

� a�
���
n�n���

� D
P ��

and therefore
R
P� P �� � a�
���

n�n���
� D
P ��

There are also other ways of representing the discriminant D
P ��

Theorem 	��� The discriminant D
P � satis�es

D
P � � a�n���

��������
n S� S� � � � Sn��
S� S� S� � � � Sn
� � � � � � � � � � � � � � �
Sn�� Sn Sn�� � � � S�n��

�������� � 

�
�
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where Sj are the power sums of the zeros of P 
z��

Proof� We construct the Vandermonde determinant

d �

��������
� � � � � �
�� �� � � � �n
� � � � � � � � � � � �
�n��� �n��� � � � �n��n

�������� �
Y

n�k�j��


�k � �j��

and observe that D
P � � a�n��� d�� Then we calculate d� in a di�erent way by
multiplying the matrix of d by its transposed matrix�

Notice that the determinant in this theorem coincides with the determinant of
the matrix of a quadratic form that arose in the proof of the Hermite theorem 
see
Sec� ��� It should also be noted that the size of the determinant 

�
� is equal to n�
whereas the size of the determinant R
P� P �� is 
	n� ���

Example 
��� If P � z� � bz � c then

D
P � �

���� 	 S�

S� S�

���� � where S� � �b� S� � b� � 	c�

and therefore D
P � � b� � �c�
Now we turn to systems consisting of several equations�

Theorem 	��� Given r polynomials P�
z�� � � � � Pr
z� in one variable z � C�
there exists a system R�� � � � � Rk of polynomials in the coe�cients of P�� � � � � Pr�
such that the conditions R� � �� � � � � Rk � � are necessary and su�cient for the
system of equations

P� � �� � � � � Pr � � 

���

to have a common root� or the leading coe�cients of all the polynomials P�� � � � � Pr
to vanish simultaneously�

Proof� We begin by transforming the polynomials P�� � � � � Pr so that they have
equal degree� If n is the greatest of the degrees of P�� � � � � Pr then we multiply every
polynomial Pm of degree nm by zn�nm and by 
z � ��n�nm� In this way we get two
polynomials of degree n� whose leading coe�cients are the same as in Pm� Denote
by Q�� � � � � Qs all the new polynomials thus obtained from the system P�� � � � � Pr �
The system 

��� and the system Q� � �� � � � � Qs � � have the same roots�

We consider now the polynomials

Qu � u�Q� � � � � � usQs� Qv � v�Q� � � � � � vsQs�

where uj and vj are additional variables� If Qu and Qv have a common factor 
for
arbitrary uj and vj� then this factor can not depend on uj or vj� and hence it must
be a factor of all the Qj� Conversely� A common factor of all the Qj is a factor of
both Qu and Qv� Since the degrees of all Qj coincide� the vanishing of the leading
coe�cients of Qu and Qv is equivalent to the vanishing of the leading coe�cients of
all Qj�

For the polynomials Qu and Qv we form the resultant R
Qu� Qv�� By Theorem

�� and Corollary 
�� R
Qu� Qv� � � if and only if either Qu and Qv have a common
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zero 
i�e� a common factor�� or the leading coe�cients of Qu and Qv vanish simul�
taneously� Since R
Qu� Qv� is a polynomial in uj and vj we have R � � if and only
if its coe�cients R�� � � � � Rk all vanish�

The system R�� � � � � Rk is called the system of resultants for P�� � � � � Pr�
Consider now an algebraic system of the form

P�
z� � �� � � � � Pr
z� � �� 

���

where z � 
z�� � � � � zn� � Cn� We can approach it as follows� Suppose the polynomial
P� contains a monomial of greatest degree in z� of the form z�� and that its coe�cient
is a non�zero constant� 
We can always achieve this by making a linear change of
variables�� Then� applying Theorem 
�� with respect to z� to the system 

���� we
are led to the new system of equations

d� � �� � � � � dl � �� 

���

which now only involves z�� � � � � zn� and which is equivalent to the system 

���� To
this new system we apply the same method and so on� After iterating this procedure
s times we are either left with the zero system� or a system of constants which are
not all equal to zero� In the second case the initial system 

��� had no common
roots� In the �rst case we have a triangular system of the form

P� � �� � � � � Pr � ��

d� � �� � � � � dl � ��

� � � � � � � � � � � � � � � 

����

R� � �� � � � � Rk � ��

where R�� � � � � Rk are polynomials in zs� � � � � zn and the following step 
with respect
to zs� produces the zero system� We can then assign to the variables zs��� � � � � zn
arbitrary values �s��� � � � � �n� Finding the common solutions �s to the system R� �
�� � � � � Rk � �� we substitute them into the previous system and so on� up to the
original system 

����

Of course the system 

���� may contain super�uous equations� A further devel�
opment of the elimination theory is realized through the method of Gr�obner bases

see  �� �
!�� which permits a reduction of the system 

��� to triangle form with�
out unnecessary equations� We see that the classical method of elimination is quite
awkward and practically useless when the number of equations is greater than two�

In the following chapter we shall describe a new method of elimination based on
the multidimensional logarithmic residue formula�
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A MODIFIED ELIMINATION METHOD

�� A generalized transformation formula for local residues

In Sec� � we have seen that the transformation law for local residues allows
one to explicitly calculate them� Often however� more complicated integrals appear�
Therefore we need a transformation formula also for such integrals 
see  	
!��

Let h� f�� � � � � fn� g�� � � � � gn be holomorphic functions in a neighborhood UR
a�
of a point a � Cn� The point a is assumed to be an isolated zero of the mappings
f � 
f�� � � � � fn� and g � 
g�� � � � � gn�� Moreover� f and g are connected via relations

gj
z� �
nX

k��

ajk
z�fk
z�� 
����

the functions ajk
z� being holomorphic in UR
a�� Introducing the matrix

A � jjajk
z�jjnj�k���

we can re�write the formula 
���� in the form

g � Af � 
��	�

Connected with the mapping f is the distinguished boundary

#f � fz � UR
a� � jfj
z�j � �j� j � �� � � � � ng
of the associated analytic polyhedron� For almost every su�ciently small �j 
 �
the set #f is a smooth compact closed orientable surface of dimension n� i�e� an
n�dimensional cycle� The orientation of #f is determined by the condition

d
arg f�� 
 � � � 
 d
arg fn� 
 ��

In Sec� � we derived the transformation formula

res
a f

h � res
a g

h detA

for the local residue� see 
��	�� We now consider a transformation formula for inte�
grals of the formZ

�f

hdz

fi� � � � fimf� � � � fn
�

Z
�f

hdz

f����
� � � � f�n��

n

� i�� � � � � im � �� � � � � n�

Theorem 
�� 
Kytmanov�� If the holomorphic mappings f and g are connected
by the relation ���
�� then

ci�


im

Z
�f

hdz

fi� � � � fimf� � � � fn
�

��
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�
nX

j��


 �jm��

cj�


jm

Z
�g

haj�i� � � � ajmim detAdz

gj� � � � gjmg� � � � gn
� 
����

Here the constants ci�


im �and cj�


jm� are de�ned as follows� If in the set 
i�� � � � � im�
the number of ones is ��� the number of twos is �� and so on� then ci�


im �
��� � � � �n��

Proof� We reason as in the proof of formula 
��	�� First we consider the case
when the mappings f and g are nonsingular� i�e�

Jf 
a� �� �� Jg
a� �� �

and detA
a� �� �� We shall assume that these functions are non�zero in all of UR
a��
and that the mappings f and g are biholomorphic� Therefore� both 
f�� � � � � fn� and

g�� � � � � gn� can be taken as new coordinates in UR
a��

Assume to begin with that the function h satis�es

��h

�z�

a� �

�jj�jjh

�z��� � � � �z�nn
� �

for all multiindeces �� with jj�jj � �� � � � � � �n � m� Then� by the rule for
di�erentiation of composite functions� we have

��h

�g�

a� � �

and
��h

�f�

a� � �

for all �� with jj�jj � m�
Making the change of variables w � f
z� in UR
a� we get

ci�


im

Z
�f

hdz

fi� � � � fimf� � � � fn
� ci�


im

Z
�mathbfw

h
f���

Jf 
f���
� dw

wi� � � � wimw� � � � wn
�

� 
		i�n
�m

�wi� � � � �wim

�
h

Jf

f��
���

�
�


		i�n

Jf 
a�
� �mh

�fi� � � � �fim

a��

In exactly the same way

cj�


jm

Z
�g

haj�i� � � � ajmim detA

gj� � � � gjmg� � � � gn
dz �

� 
		i�n
�m
haj�i� � � � ajmim detA�Jg�

�gj� � � � �gjm

a� �

� 
		i�n
aj�i�
a� � � � ajmim
a� detA
a�

Jg
a�
� �mh

�gj� � � � �gjm

a��

Since
Jg
a� � detA
a�Jf 
a�

and
�mh

�fi� � � � �fim

a� �

nX
j��


 �jm��

aj�i�
a� � � � ajmim
a�
�mh

�gj� � � � �gjm

a��
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so the equality 
���� follows in this case�
We continue the proof by induction on m� Formula 
���� has been proved for

m � � and for a function h� such that h
a� � �� We must prove it also for a function
h� which is not equal to zero at the point a� Letting h � Jf � and w � f
z�� we haveZ

�f

Jfdz

fpf� � � � fn
�

Z
�w

dw

wpw� � � � wn
� ��


See Sec� �� Example �����
Since g � Af it follows that

E � A
�f

�g
�

nX
k��

fkAk�

where E is the unit matrix� �f��g is the matrix���� �fi�gk

����n
j�k��

consisting of partial derivatives� and Ak is the matrix�����ajk�gs

����n
s�j��

�

We can therefore write

detA � det
�f

�g
� ��

nX
k��

fkBk �
nX

k�j��

fkfjBkj � � � � � 
����

with

Bk �
nX
r��

�ark
�gr

�

From here we see that
nX
j��

Z
�g

aip detA det �f
�g
dg

gjg� � � � gn
�

�
nX
j��

�Z
�g

ajpdg

gjg� � � � gn
�

nX
k��

Z
�g

ajpBkfkdg

gjg� � � � gn

�
�


Here we used the equality

det
�f

�g
dg� 
 � � � 
 dgn � Jgdz

and the condition that fj
a� � �� Therefore all the integrals containing products of
the functions fj vanish��

From the already proved part of formula 
����� i�e� when f
a� � �� we have
nX

j�k��

Z
�g

aipBkfkdg

gjg� � � � gn
�

nX
k��

Z
�f

BkfkJgdz

detA � fpf� � � � fn �

� 
		i�n
Bp
a�Jg
a�

Jf 
a� detA
a�
� 
		i�nBp
a��
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and
nX
j��

Z
�g

aipdg

gjg� � � � gn
�

nX
j��


		i�n
�ajp
�gj


a��

Hence from 
���� we get
nX
j��

Z
�g

aip detAJfdz

gjg� � � � gn
� ��

Let now m be arbitrary� We must prove the equality 
���� for all monomials
z�� such that � � jj�jj � m� It is su�cient to prove 
���� for monomials g�� � �
jj�jj � m� and for the function Jf � since z� can be expanded in a series with respect
to the functions g�� jj�jj � jj�jj� Consider �rst the case h � g�� jj�jj 
 �� It is
not di�cult to verify that formula the 
���� transforms into a similar formula with
h � � and m� jj�jj � m� It remains to consider the case h � Jf � Then we haveZ

�f

Jfdz

fi� � � � fimf� � � � fn
� ��

Lemma 
��� If f and g are non�singular and connected by the relation ���
��
then

nX
j��


 �jm��

�m

�gj� � � � �gjm

�
detA det

�f

�g
aj�i� � � � ajmim

�

a� � ��

Proof� The proof of this lemma consists in a direct calculation based on 
�����
Using Lemma ��� we now get

nX
j��


 �jm��

cj�


jm

Z
�g

aj�j� � � � ajmim detAJfdz

gj� � � � gjmg� � � � gn
�

� 
		i�n
nX

j��


 �jm��

�m

�gj� � � � �gjm

�
aj�i� � � � ajmim detA det

�f

�g

�

a� � ��

In the case when f and g are singular at the point a the proof of 
���� is carried
out in just the same way as the proof of formula 
��	��

Formula 
���� can be written in the alternative formZ
�f

hdz

f��I
�

Z
�f

hdz� 
 � � � 
 dzn

f����
� � � � f�n��

n

�

�
X
ksj��

nQ
s��

�
nP
j��

ksj

�
�

nQ
s�j��


ksj��

Z
�g

h
nQ

s�j��

a
ksj
sj detAdz

g����
� � � � g�n��

n

� 
����

where

�s �
nX
j��

ksj�
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and the summation on the right hand side is performed over all matrices

jjksjjjns�j��

with nonnegative entries such that
nX
s��

ksj � �j�

Let now f � 
f�� � � � � fn� and g � 
g�� � � � � gn� be polynomial mappings and let
their zero sets Ef � Eg be �nite 
recall that each root is counted as many times as its
multiplicity�� The complete sum of residues� or the global residue� of the polynomial
h with respect to f is the expression

Res
f
h �

X
a�Ef

res
a f

h�

Corollary 
�� 
Kytmanov�� If f and g are connected through the relation
���
�� and if the ajk are also polynomials� thenX

a�Ef

ci�


im

Z
�f

hdz

fi� � � � fimf� � � � fn
�

�
X
a�Eg

X
j��


 �jm��

cj�


jm

Z
�g

h detAaj�i� � � � ajmimdz

gj� � � � gjmg� � � � gn
�

In particular� the following assertion holds 
 ���� �

!��

Corollary 
�� 
Yuzhakov�� Under the conditions of Corollary ��


Res
f
h � Res

g
h detA� 
��
�

i�e� the transformation formula ���
� for local residues carries over to the case of a
global residue�


� A modi�ed elimination method

Along with the space Cn of complex variables z � 
z�� � � � � zn� we shall consider
its compacti�cation CPn� i�e� the complex projective space� We recall that CPn

consists of vectors � � 
��� ��� � � � � �n�� where � and � are considered as equivalent if
� � ��� where � � C and � �� �� Thus the elements in CPn may be thought of as
complex one�dimensional subspaces 
complex lines� in Cn��� To each point z � Cn

we associate the point

� � CPn z� � � 
�� z�� � � � � zn��

In this way we get Cn � CPn� In other words� the image of Cn in CPn consists of all
points for which �� �� �� The points � � 
�� �� � � � � �n� � CPn form the hyperplane
�at in�nity� %� Thus CPn � Cn � %�

Let f be a polynomial in Cn of the form

f �
X
jj�jj�k

c�z
�� 
����
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where � � 
��� � � � � �n� and z� � z��� � � � z�nn � We assume that its degree 
deg f� is
really equal to k� i�e� there exists a coe�cient c� �� � in 
���� with jj�jj � k� We
shall often expand polynomials like f in homogeneous components

Pj �
X
jj�jj�j

c�z
��

Here Pj is a homogeneous polynomial of degree j and f � Pk �Pk�� � � � ��P�� the
polynomial Pk is the leading 
highest� homogeneous part of f � The projectivization
f � of the polynomial f is given by the homogeneous polynomial

f �
�� � f �
��� ��� � � � � �n� � Pk
��� � � � � �n��

���Pk��
��� � � � � �n� � � � �� �k�P��

Notice that f � is a polynomial in Cn�� and that

f �
�� ��� � � � � �n� � f
��� � � � � �n��

We shall consider the following system of algebraic equations in Cn�

f� � ��

� � � 
��	�

fn � ��

where fj is a polynomial of degree kj� Let fj � Pj � Qj� where Pj is the highest
homogeneous part of fj� and Qj is of degree less than kj�

Along with the system 
��	� we shall also consider the system

P� � ��

� � � 
����

Pn � ��

We shall say that the system 
��	� is non�degenerate if the system 
���� has
only one root� namely the point �� Often we shall deal with polynomials fj whose
coe�cients depend on some parameters� In this case we call the system 
��	� non�
degenerate if the system 
���� has one single root for almost every value on the
parameters�

Lemma ���� Nondegenerate systems of the form ���
� may be characterized as
follows� They have a �nite number of roots in Cn and they have no roots on the
hyperplane at in�nity %�

Proof� Consider the system consisting of projectivizations of fj� i�e�

f �� 
�� � ��

� � � 
����

f �n
�� � ��

The system 
��	� have a root on %� if the system 
���� is equal to zero at some point
� of the form � � 
�� ��� � � � � �n�� Further�

f �
�� � Pj
��� � � � � �n� � �� &Qj
��� ��� � � � � � �n�� j � �� � � � � n�
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so it follows that the system 
��	� has a root on % if and only if the system 
����
has a nontrivial root ��

Now we consider the unit sphere

S � fz � jzj� � jz�j� � � � � � jznj� � �g
in Cn� If z� � S then� by virtue of the nondegeneracy of the system 
��	�� there
exists a number j such that Pj
z

�� �� �� Since

Pj
�z
�� � �kjPj
z

��

for � � C� we see that

f
�z�� � �kjPj
z
�� � Qj
�z

���

where the degree of Qj 
in �� is less than kj� By the lemma on the modulus of
leading terms we necessarily have an inequality

j�jkj jPj
z��j 
 jQj
�z
��j

for su�ciently large j�j� In other words� for su�ciently large j�j the system 
��	�
has no roots� Using now the Borel�Lebesgue theorem we �nd that the system 
��	�
has no roots outside some ball of su�ciently large radius� The set of roots of 
��	�
is thus compact� and being an analytic set it must therefore be �nite�

If the system 
��	� has a �nite set of roots in CPn� then by a linear�fractional
mapping it can be made non�degenerate� This is because by means of such a mapping
we can make a plane with no roots of the system 
��	� become the hyperplane at
in�nity�

Later on we will be dealing with non�degenerate systems of equations� We shall
be interested in the problem of eliminating from 
��	� all variables except one� i�e� we
want to determine certain resultants R
zj�� We have seen that the classical method
of elimination 
see Sec� 
� is not convenient for practical purposes� if the number of
equation is greater than 	� It may also change the root multiplicities�

We are now going to describe in detail an elimination method based on the
multidimensional logarithmic residue formula 
��	�� which �rst appeared in a paper
of Aizenberg  �! 
see also  ��� sec� 	�!�� Aizenberg noticed that for non�degenerate
systems the formula 
��	� can be written explicitly in terms of the coe�cients of the
polynomials fj� By the same token one can calculate power sums of roots without
actually �nding the roots� Using this one can then express the elementary symmetric
polynomials in the roots by the Newton recursion formulas 
	���� and write out the
resultant in each variable of the system 
��	��

Our plan here is �rst to present an improvement of the Aizenberg formula� sec�
ond� to give a detailed description of the complete algorithm� and third� to describe
an algorithm permitting to calculate the coe�cients of the resultant independently
of each other�

So let us return to the non�degenerate system of equations 
��	�� By the Hilbert
Nullstellensatz 
see  ���� Sec� ���!� there exists a matrix

A � jjajkjjnj�k��
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consisting of homogeneous polynomials ajk� such that

z
Nj��
j �

nX
k��

ajk
z�Pk
z�� j � �� � � � � n�

Moreover� we can choose the number Nj less than the number k� � � � � � kn � n

thanks to the Macaulay theorem  ��
� ���!��

Theorem ��� 
Kytmanov�� For each polynomial R
z� of degree M we haveX
a�Ef

R
a� �

�
X
ks�j��

nP

s�j
ks�j�M


���
P

ks�j
nQ
s��

�
nP
j��

ks�j

�
�

nQ
s�j��


ks�j��
M

����
PQ� detAJf

nQ
s�j��

a
ks�j
sj

nQ
j��

z
�jNj��j�Nj

j

���� �

where

�j �
nX
s��

ks�j� �s �
nX
j��

ks�j�

Ef is the set of roots of system ���
� and M is the functional that assigns to a
Laurent polynomial �

P

zj�� � � � zjnn

�
its constant term� Jf is Jacobian of system ���
��

Proof� Let
DP � fz � Cn � jPjj � �j� j � �� � � � � ng

be a special analytic polyhedron and let

#P � fz � jPjj � �j� j � �� � � � � ng
be its distinguished boundary� By virtue of the non�degeneracy of system 
��	� the
domain DP is bounded� and by Sard�s theorem #P is a smooth manifold for almost
every �j� We choose �j su�ciently large so that the inequality jPjj 
 jQjj holds for
all j on #P� Then by Theorem ��� we have the identityX

a�Ef

R
a� �
�


		i�n

Z
�P

R
z�
df

f
� 
����

where R is an arbitrary polynomial in Cn� and

df � df� 
 � � � 
 dfn�
df

f
�
f�
f�

 � � � 
 dfn

fn
�

Since jPjj 
 jQjj on #P it follows that

�

fj
�

�

Pj � Qj
�

�

Pj
� �

� � Qj�Pj
�

�X
s��


���s
Qs
j

P s��
j

�
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By substituting these expressions into 
���� we get


		i�n
X
a�Ef

R
a� �
X
jj�jj��


���jj�jj
Z
�P

R
z�Q�Jfdz

P��I
� 
��
�

where � � 
��� � � � � �n��

Q� � Q��
� � � � Q�n

n � P��I � P ����
� � � � P �n��

n �

We shall show that only a �nite number of terms of the sum in 
��
� are di�erent
from zero� Indeed� in view of the homogeneity of Pj we must haveZ

�P

RQ�Jfdz

P��I
� ��

if the degree of the numerator 
together with dz� is less than the degree of the
denominator� The degree of the numerator is equal to

degR � n �
nX
j��


kj � �� �
nX
j��

�j
kj � �� � degR � jjkjj � jj�jj�
nX
j��

�jkj�

while the degree of the denominator equals

nX
j��


�j � ��kj �
nX
j��

�jkj � jjkjj�

From here we see that for degR � jj�jj the integral is equal to zero� and so 
��
�
reduces to


		i�n
X
a�Ef

R
a� �
X

jj�jj�M


���jj�jj
Z
�P

RQ�Jfdz

P��I
� 
����

where M � degR�
In particular� if R � �� i�e� M � �� then the left hand of 
���� expresses the

number of roots of system 
��	� counted with multiplicities� and on the right hand
of 
���� we have the integralZ

�P

Jfdz

P
�

Z
�P

dP

P
� 
		i�nk� � � � kn�

since the system 
���� has only one root� and its multiplicity is k� � � � kn� We thus
recover the Bezout theorem for the system 
��	�� In order to calculate the integrals
occurring in 
���� we can use the generalized transformation formula 
���� for the
Grothendieck residue� Let the polynomials Pj and gj be connected by the relations

gj
z� �
nX

k��

ajk
z�Pk
z�� j � �� � � � � n� gj � z
Nj��
j �

where the matrix

A � jjajk
z�jjnj�k��
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has polynomial entries� Then we get

Z
�P

Rdz

P��I
�

X
ksj��

nP

s��
ksj��j �

nP

j��
ksj��s

��
nQ

s�j��


ksj��

Z
�g

R detA
nQ

s�j��

a
ksj
sj dz

g��I
� 
����

where �� � ��� � � � �n�� � � 
��� � � � � �n�� and the summation in formula 
���� is
taken over all non�negative integer matrices

jjksjjjns�j���

which satisfy
nX
s��

ksj � �j

nX
j��

ksj � �s�

Substituting 
���� in 
���� and replacing gj by z
Nj��
j we get


		i�n
X
a�Ef

R
a� �
X
ksj��


���jj�jj��Q
s�j


ksj��

Z
T

R detAQ�Jf
nQ

s�j��

a
ksj
sj dz

nQ
j��

z
��j����Nj���
j

�

where T � fz � jzjj � R�g�
As a corollary we obtain a result of Aizenberg 
see  ��� sec� 	�!�� corresponding

to
Pj � z

kj
j �

In this case Nj � � � kj� and the matrix A is just the unit matrix� so in Theorem
��� we must take only diagonal matrices ksj� with kjj � �j � �j� This gives us

Corollary ��� 
Aizenberg�� If R is a polynomial of degree M � thenX
a�Ef

R
a� �
X

jj�jj�M


���jj�jjM

�
RJf

Q��
� � � � Q�n

n

z��k��k���� � � � z�nkn�kn��n

�
� 
����

Formula 
���� is much simpler than the formula in Theorem ���� It is actually
valid for a wider class of systems than the system in Corollary ���� Let us consider
a system

fj
z� � z
kj
j �

j��X
k��

zk�jk
z� � Qj
z� � ��

where �jk are homogeneous polynomials of degree kj � �� and where degQj � kj�
As before� Jf denotes the Jacobian of the system�

Theorem ��� 
Aizenberg� Tsikh  ��� ���!�� The equality

X
a�Ef

R
a� �M

��RJfz� � � � zn
zk�� � � � zknn

X
jj�jj��


���jj�jj
�
R�

zk��

���

� � �

�
Rn

zknn

��n

�� �
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holds for any polynomial R of degree mj in the variable zj and of total degree M �

Here Rj � fj � z
kj
j � and the summation in this formula is taken over all n�tuples �

with integer coordinates in the parallelepiped � � f� � 
��� � � � � �n��

� � �� �M� � � �� � k�
jjmjj� ���m� � 	� � � � �

� � �j � k� � � � kj��
jjmjj� ��� k� � � � kj��
m� � ��� k� � � � kj��
m� � ��� � � ��
�kj��
mj�� � ��� 
mj�� � ��� j � s� � � � � ng�

where jjmjj � m� � � � � � mn�

In  
�! Cattani� Dickenstein and Sturmfels presented symbolic algorithms for
evaluating global residues of systems of w�homogeneous polynomials�

Let w � 
w�� � � � � wn� � Nn be a positive weight vector� The weighted degree of
a monomial z� is

degw
z�� �
nX
j��

wj�j�

Write each polynomial fj from the system 
��	� as

fj
z� � Pj
z� � Qj
z��

where Pj is w�homogeneous� and

kj � degw
Pj� � degw
fj�� degw
Qj� � degw
fj�� j � �� � � � � n�

In the paper  
�! the following assumption is made�

P�
z� � � � � � Pn
z� � � if and only if z � ��

Under this assumption the global residue may be expressed as a single residue
integral with respect to the initial forms� When the input equations form a Gr�obner
basis with respect to a term order� this leads to an e�cient algorithm for evaluating
the global residue� Therefore these results generalize Theorems ��� and ��	�

Yuzhakov also considered in  �
�! a more general class of systems for which there
is no need to �nd the matrix A� We consider his result at the end of this section�

Let us consider an example of how formula 
���� can be applied�
Example ���� Suppose

f� � z�� � a�z� � b�z� � c� � �� f� � z�� � a�z� � b�z� � c� � �� 
�����

For R we take the monomials zM� � M � �� Then we have

Q� � a�z� � b�z� � c�� Q� � a�z� � b�z� � c��

Jf � �z�z� � 	z�a� � 	z�b� � a�b� � b�a��

Hence

SM �
X
a�Ef

R
a� �
X

������M


��������M

�
JfQ

��
� Q��

�

z������M
� z�����

�

�
�

For M � � we get 
for � � 
�� ���

M

�
Jf
z�

�
� 	a��
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for � � 
�� ��

M

�
JfQ�

z��z�

�
� �a��

and for � � 
�� ��

M

�
JfQ�

z��

�
� ��

i�e� S� � 	a� � �a� � �	a�� In exactly the same way we �nd S�� S�� S
�

S� � 	b�b� � 	a�� � �c��

S� � �	a�� � �a�b
�
� � �a�b�b� � 
a�c��

S
 � 	a
� � �a��b�b� � 	b��b
�
� � �a��c� � �b��c� � �c�� � �a�a�b

�
� � �b�b�c��

The system 
����� has four roots� If we denote their �rst coordinates by

�j� j � �� 	� �� ��

then the expressions S�� S�� S�� S
 are power sums of �j� i�e�

Sk �

X

j��

�kj �

In order to write down the resultant R
z�� of system 
����� in the variable z�

R
z�� � z
� � ��z

�
� � ��z

�
� � ��z� � �


�
we must use the Newton recursion formulas 
	����

Sk � ��Sk�� � � � � � �k��S� � k�k � �� k � degR
z���

This yields the following identities�

�� � �S� � 	a��

S� � ��S� � 	�� � ��

�� � a�� � b�b� � 	c��

S� � ��S� � ��S� � ��� � ��

�� � a�b
�
� � 	a�c� � a�b�b��

S
 � ��S� � ��S� � ��S� � ��
 � ��

�
 � b��c� � c�� � b�b�c��

It follows then that

R
z�� � z
� � 	a�z
�
� � 
a�� � b�b� � 	c��z

�
��

�
a�b
�
� � 	a�c� � a�b�b��z� � b��c� � c�� � b�b�c��

If we directly eliminate z� in 
������ then we arrive at the same answer�
The general case can be handled in the same way� For a given system 
��	� we

�nd the power sums
Sk� k � �� 	 � � � � k� � � � kn�

by using Theorem ��� with R
z� equal to zk� � Then� by the Newton formulas 
	���
we �nd the coe�cients �j of the polynomial R
z��� Its roots are the �rst coordinates
of the roots of system 
��	�� In this way we eliminate from 
��	� all variables except
z��
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The principal di�culty of this method is the determination of the matrix A� We
now discuss some ways of calculating A�

�� The general method for �nding A is the method of undetermined coe�cients�
Since we have an estimate of the degree Nj� we can write down ajk
z� with un�
known coe�cients� then perform arithmetic operations� equating the coe�cients at
equal degrees of z� and hence get a system 
in general under determined� of linear
equations� By solving it we can �nd ajk
z��

Example ��	� Consider the system

P� � ��z
�
� � ��z

�
� �

P� � ��z� � ��z��

P� � ��z� � ��z��

Here we have Nj � �� and hence 
for homogeneity reasons� deg aj� � � and deg aj� �
deg aj� � �� This means that

a�� � a � const� a�� � b�z� � b�z� � b�z�� a�� � c�z� � c�z� � c�z��

From the equation z�� � a��P� � a��P� we get a system of equations�

��a� ��c� � ��

���a � ��b� � ��

���b� � ��c� � ��

��b� � ��c� � ��

���b� � ��c� � ��c� � ��

��b� � ��b� � ��c� � ��

Solving this system we �nd

a �
����

�
�

����
��

�
� � ����

��
�
�

�

c� �
���

�
���

����
��

�
� � ����

��
�
�

�

b� �
�����

�
�

����
��

�
� � ����

��
�
�

�

b� �
��
��
c�� b� �

��������
����

��
�
� � ����

��
�
�

� ��
��
c��

c� �
��������

����
��

�
� � ����

��
�
�

� ��
��
c��

Setting c� � � we then get

a �
����

�
�

����
��

�
� � ����

��
�
�

� b� �
��������

����
��

�
� � ����

��
�
�

�

b� �
�����

�
�

����
��

�
� � ����

��
�
�

� b� � �� c� � ��

c� �
���

�
���

����
��

�
� � ����

��
�
�

� c� �
��������

����
��

�
� � ����

��
�
�

�
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In the same manner we can �nd polynomials a�k and a�k� k � �� 	� �� We notice
that the number of equations in this method quickly increases� and already for n 
 �
it becomes very unwieldy�

	� Suppose n � 	 and consider the polynomials

P� � a�x
k � a�x

k��y � � � �� aky
k�

P� � b�x
m � b�x

m��y � � � � � bmy
m�

z� � x� z� � y� k� � k� k� � m�

Consider also the square matrix of dimension 
m � k��

Res �

�BBBBBBBBB�

a� a� a� � � � ak � � � � �
� a� a� � � � ak�� ak � � � �
� � � � � � � � � � � � � � � � � � � � � � � �
� � � a� � � � � � � � � � ak
b� b� b� � � � bm � � � � �
� b� b� � � � bm�� bm � � � �
� � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � b� � � � � � � bm

�CCCCCCCCCA
�

The entries aj are all in the �rst m lines and the bj are contained in the last k lines�
The determinant of this matrix

' � det Res

is the classical resultant for the system of functions P� and P� 
see Sec� 
�� Let 'j

denote the cofactor to the j�th element of the last column� and let &'j denote the
cofactor to the j�th element of the �rst column�

Consider then the system 
compare with 

�����

xm��P� � a�x
m�k�� � a�yx

m�k�� � � � � � aky
kxm���

yxm��P� � a�yx
m�k�� � a�y

�xm�k�� � � � � � aky
k��xm���

� � � � � � � � � � � � � � � � � � � � � � �

ym��P� � a�y
m��xk � a�y

mxk�� � � � �� aky
m�k���

xk��P� � b�x
m�k�� � b�yx

m�k�� � � � � � bmy
mxk���

yxk��P� � b�yx
m�k�� � b�y

�xm�k�� � � � � � bmy
m��xk���

� � � � � � � � � � � � � � � � � � � � � � �

yk��P� � b�y
k��xm � b�y

kxm�� � � � � � bmy
m�k���

Multiplying the �rst equation by '�� the second by '� and so on� and adding
them together� we get 
equating the coe�cients at equal degrees and taking into
account the properties of the determinant��


'�x
m�� � '�yx

m�� � � � � � 'my
m���P��

�
'm��x
k�� � 'm��yx

k�� � � � � � 'm�ky
k���P� � ' � ym�k���

Similarly� multiplying this system consecutively by &'j and summing up we get�


 &'�x
m�� � &'�yx

m�� � � � � � &'my
m���P��

�
 &'m��x
k�� � &'m��yx

k�� � � � � � &'m�ky
k���P� � ' � xm�k���
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Since the system P� � �� P� � � has only one common root� namely the point ��
we must have ' �� � 
see Sec� 
�� and hence we can take the following polynomials
as our ajk�

a�� �
�

'

mX
j��

&'jy
j��xm�j �

a�� �
�

'

kX
j��

&'m�jy
j��xk�j�

a�� �
�

'

mX
j��

'jy
j��xm�j �

a�� �
�

'

kX
j��

'm�jy
j��xk�j�

A computation of detA now gives�

detA �
�

'�

m�k��X
l��

ylxm�k�l��
X
j�s�l

��j�m��

��s�k��

���� &'j��
&'m�s��

'j�� 'm�s��

���� �

Observe that 'j�' are the entries in the last line of the inverse matrix of Res�

whereas &'j�' are the entries in the �rst line of this matrix� By the formula for the
determinant of an inverse matrix 
see  �
� p���!� we get���� 'j�� 's�m��

&'j��
&'s�m��

���� � ' �'
j � �� s � m � ���

where '
j � �� s � m � �� is the cofactor to the second order minor of the matrix
Res� corresponding to the entries of the �rst and last columns and the 
j � ���th
and 
k � m � ���th lines�

This gives us

detA �
�

'

m�k��X
l��

ylxm�k�l��
X
j�s�l

��j�m��

��s�k��

'
j � �� s � m � ���

Example ���� Starting with

P� � a�x
� � a�xy � a�y

��

P� � b�x
� � b�xy � b�y

��
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we obtain the following identities�

Res �

�BB�
a� a� a� �
� a� a� a�
b� b� b� �
� b� b� b�

�CCA �

&'� �

������
a� a� a�
b� b� �
b� b� b�

������ � a�b
�
� � a�b�b� � a�b

�
� � a�b�b��

&'� � �
������
a� a� �
b� b� �
b� b� b�

������ � a�b�b� � a�b
�
��

&'� �

������
a� a� �
a� a� a�
b� b� b�

������ � a��b� � a�a�b� � a��b� � a�a�b��

&'
 � �
������
a� a� �
a� a� a�
b� b� �

������ � a�a�b� � a��b��

'� � �
������

� a� a�
b� b� b�
� b� b�

������ � a�b�b� � a�b
�
��

'� �

������
a� a� a�
b� b� b�
� b� b�

������ � a�b
�
� � a�b�b� � a�b�b� � a�b

�
��

'� � �
������
a� a� a�
� a� a�
� b� b�

������ � a�a�b� � a��b��

'
 �

������
a� a� a�
� a� a�
b� b� b�

������ � a��b� � a�a�b� � a�a�b� � a��b��

' � a�a�b
�
� � 	a�a�b�b� � a��b

�
� � a�a�b�b� � a��b�b� � a�a�b�b� � a��b

�
��

Therefore

a�� �
�

'

x
a�b

�
� � a�b�b� � a�b

�
� � a�b�b�� � y
a�b�b� � a�b

�
����

a�� �
�

'

x
a��b� � a�a�b� � a��b� � a�a�b�� � y
a�a�b� � a��b����

a�� �
�

'

x
a�b�b� � a�b

�
�� � y
a�b

�
� � a�b�b� � a�b�b� � a�b

�
����

a�� �
�

'

x
a�a�b� � a��b�� � y
a��b� � a�a�b� � a�a�b� � a��b����
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It is not di�cult to verify that

x� � a��P� � a��P��

y� � a��P� � a��P��

detA �
�

'

�
�x�

���� a� a�
b� b�

����� y�
���� a� a�
b� b�

���� � xy

����� a� a�
b� b�

���� �

���� a� a�
b� b�

������
�

�
�

'

x�
a�b� � a�b�� � xy
a�b� � b�a�� � y�
a�b� � a�b����

�� The method we just described for determining the matrix A carries over to
Cn� n 
 	� in many cases� Let there be given a non�degenerate system 
��	� and let

P�� � � � � Pn

be the highest homogeneous parts of this system� We consider the polynomials P�

and Pj as polynomials in the variable z� and we make up the resultant of this pair�
In this way we obtain a homogeneous polynomial Rj in the variables z�� � � � � zn� and
the previous reasoning shows 
see item 	� that

Rj � R�
jP� � R��

jP��

where R�
j� R

��
j are polynomials in 
z�� � � � � zn�� Thus we arrive to a system of homo�

geneous polynomials Rj in the variables z�� � � � � zn� We also have

Rj �� �

since the initial system 
��	� was non�degenerate�
Then� applying the same arguments to the pairs R�� Rj and eliminating z�� we

get a system of polynomials

Fj� j � �� � � � � n�

in the variables 
z�� � � � � zn�� Finally we are left with one polynomial of the form
a � zMn � If a �� �� then we have

G�P� � � � �� GnPn � azMn �

i�e� we obtain the wanted decomposition� In exactly the same way we can write
down monomials zMj � Notice that with the degrees of the polynomials grow rapidly
at every step� and the �nal degree M will in general be greater than jjkjj � n � ��
But here we do not have to solve any systems of equations�

Example ���� Let

P� � a�x
� � a�xy � a�xz � a�y

� � a
yz � a	z
��

P� � b�x
� � b�xy � b�xz � b�y

� � b
yz � b	z
��

P� � c�x
� � c�xy � c�xz � c�y

� � c
yz � c	z
��
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Making up the resultant R� of the polynomials P� and P� and eliminating x� we
have

R� � y

a�a�b
�
� � 	a�a�b�b� � a��b

�
� � a�a�b�b� � a��b�b� � a�a�b�b� �

�a��b
�
�� � y�z
a�a
b

�
� � 	a�a�b�b� � 	a�a
b�b� � 	a�a�b�b
 �

�	a��b�b
 � a�a�b�b
 � a�a�b�b� � a�a�b�b� � 	a�a�b�b� � a��b�b
 �
�a�a�b�b� � a�a�b�b� � a�a
b�b� � 	a�a
b

�
�� � y�z�
a�a�b

�
� �

�	a�a
b�b� � a�a	b
�
� � 	a�a�b�b	 � 	a�a
b�b
 � 	a�a	b�b� �

�	a��b�b
 � a��b
�

 � a�a�b�b	 � a�a�b�b
 � a�a�b�b
 � a�a�b�b� �

�a��b�b	 � 	a�a�b�b
 � a��b�b� � a�a
b�b� � a�a	b�b� � a�a�b�b� �

�a�a
b�b� � 	b��a�a	 � b��a
�

� � yz�
a�a
b

�
� � 	a�a	b�b� � 	a�a
b�b	 �

�	a�a	b�b
 � 	a��b
b	 � a�a�b�b	 � a�a�b�b	 � a�a�b�b
 � 	a�a�b�b	 �

�a��b�b
 � a�a	b�b� � a�a
b�b� � a�a	b�b� � 	b��a
a	� � z

a�a	b
�
� �

�	a�a	b�b	 � a��b
�
	 � a�a�b�b	 � a��b�b	 � a�a	b�b� � b��a

�
	��

The resultant R� of the polynomials P� and P� di�ers from R� in that the bj are
replaced by the cj� Furthermore�

F �
�P� � F �

�P� � R�� F ��
� P� � F ��

� P� � R��

Forming now the resultant of the polynomials R� and R� and eliminating y� we
obtain G�P� � G�P� � az�� From here we get

G�
F
�
�P� � F �

�P�� � G�
F
��
� P� � F ��

� P�� � az�

and hence

P�
G�F
�
� � G�F

��
� � � G�F

�
�P� � G�F

��
� P� � az��

We have thus found the entries of the matrix A� Notice here that the degree in z is
equal to �� but by the Macaulay theorem we can �nd polynomials ajk of degree ��

We shall now show how we can simplify the calculations by considering the
system 
��	� as a system with parameter�

Let our system have the form

f� � f�
z� w� � ��

� � � � � � � � � � � � � � 
�����

fn � fn
z� w� � ��

fn�� � fn��
z� w� � ��

where z � Cn and w � C� We shall assume that for almost every w the system

f�
z� w� � ��

� � � � � � � � � � 
���	�

fn
z� w� � �

is non�degenerate�
For this it su�ces to verify that 
���	� is non�degenerate for at least one value

of w�
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Let f�
z� w� � Pj
z� w� �Qj
z� w�� where Pj is the highest homogeneous part of
fj in the variables z�� � � � � zn� degPj � kj� We then �nd a matrix

A � jjajk
z� w�jjnj�k��

such that the conditions

z
Nj��
j �

nX
k��

ajk
z� w�Pk
z� w�� j � �� � � � � n�

are ful�lled� Observe that the coe�cients of the polynomials ajk
z� w� are rational
functions in w� and if Pk are independent of w� then ajk are also independent of w�

Further� applying Theorem ��� to the polynomials f jn��
z� w�� j � �� 	� � � � �
k� � � � kn� we obtain expressions Sj
w� which are rational functions in w 
if Pk are
independent of w� then Sj
w� are polynomials in w�� We recall that

Sj
w� �
X
a�Ef

f jn��
a� w��

where Ef is the set of roots of system 
���	� with w is �xed� 
These roots also
depend on w�� Using the Newton formulas 
	��� we can now �nd the function

R
w� �
Y
a�Ef

fn��
a� w��

In the terminology of Tsikh 
see  ��� sec� 	�!� this function is the resultant of
the polynomial fn�� with respect to the system

fj � �� j � �� � � � � n�

In general� R
w� is a rational function in w� but if Pk are independent of w� then
R
w� is a polynomial� This function has the property that R
w� � � if and only if
the system 
����� has a solution for this given w 
see  ��� sec� 	�!�� So if we remove
the denominator from R
w� then we obtain the desired resultant�

We now describe this method for the case of three equations in C��

f�
x� y� w� � ��

f�
x� y� w� � ��

f�
x� y� w� � ��

First we choose two equations and a parameter� Suppose the system

f�
x� y� w� � ��

f�
x� y� w� � �

is non�degenerate for some value of w� We write down f� and f� as polynomials in
x� y and select the highest homogeneous parts�

f� � P� � Q�� f� � P� � Q��

Then we construct the matrix Res for P� and P� 
the entries of this matrix will
be polynomials in w�� and we �nd

'j� &'j� '
j� s�
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from which we get
a��� a��� a��� a��� detA�

Next we apply Theorem ��� to the functions f j� � j � �� 	� � � � � k�k�� and �nd the
power sums Sj
w�� Finally we use the Newton formulas to construct the resultant
R
w��

Example ���� Let there be given a system

f� � a�x � a�y � a��

f� � b�x
� � b�xy � b�y

� � b�x � b
y � b	�

f� � c�x
� � c�xy � c�y

� � c�x � c
y � c	�

We shall assume that the coe�cients of these polynomials are polynomials in w�
Also let the system f� � �� f� � � be non�degenerate for some w�

Simple computations give Res �

�� a� a� �
� a� a�
b� b� b�

�A �

&'� �

���� a� a�
b� b�

���� � a�b� � a�b��

&'� � �
���� a� �
b� b�

���� � �a�b�� &'� �

���� a� �
a� a�

���� � a���

'� �

���� � a�
b� b�

���� � �a�b�� '� � �
���� a� a�
b� b�

���� � a�b� � a�b��

'� �

���� a� a�
� a�

���� � a���

' � a��b� � a�a�b� � a��b��

a�� �
�

'

 &'�x � &'�y� �

�

'

x
a�b� � a�b��� ya�b���

a�� �
�

'
&'� �

�

'
a���

a�� �
�

'

'�x � '�y� �

�

'

�xa�b� � y
a�b� � a�b����

a�� �
�

'
'� �

�

'
a���

We then have

x� � a��P� � a��P��

y� � a��P� � a��P��

where
P� � a�x � a�y� P� � b�x

� � b�xy � b�y
��

detA �
�

'

a�x� a�y��

'
�� �� � a�� '
	� �� � �a��
J �

���� a� a�
	b�x � b�y � b� b�x � 	b�y � b


���� �
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� x
a�b� � 	a�b�� � y
	b�a� � a�b�� � a�b
 � a�b��

Q� � a�� Q� � b�x � b
y � b	�

Writing down the formula from Theorem ��	 in our case� we get

Sj �
X
ksm��

k���k���k���k����j

j����


���jjkjj
k�� � k����
k�� � k����

k���k���k���k���
�

�M
�
f j�Q

k���k��
� Qk���k��

� Jf detAak���� � � � ak����

x��k���k�����y��k���k�����

�
�

In order to �nd Sj we must substitute the monomials xtym� t�m � �� into this
formula 
the result is denoted St�m�� We have

S��� �M

�
Jf detA

xy

�
�

�

'

a�
	b�a� � a�b��� a�
a�b� � 	a�b��� � 	�

S��� �M

�
xJf detA

xy
� xQ�Jf detAa��

x�y
� xQ�Jf detAa��

x�y

�xQ�Jf detAa��
xy�

� xQ�Jf detAa��
xy�

�
�

�

'
a�
a�b� � a�b
��

� �

'�

a�a�
a�b� � a�b��
	b�a� � a�b��� a�a�
a�b� � a�b��
a�b��

�	a�b��� a�a�a�b�
a�b� � 	a�b�� � a��a�b�
	b�a� � a�b���
�a��b�
a�b� � 	a�b�� � a��a�b

a�b� � 	a�b���

�a�a�
	a�b� � a�b��
a�b� � a�b��� a��a�b

	b�a� � a�b��� �

�
�

'

a��b� � a�a�b
 � 	a�a�b� � a�a�b� � 	a��b� � 	a�a�b
� �

�
�

'

a�a�b
 � a�a�b� � a��b� � 	a�a�b���

Similarly

S��� �
�

'

a�a�b� � a�a�b� � a��b
 � 	a�a�b���

Another method for �nding the matrix A� by means of on Gr�obner bases� will be
considered in Chapter ��

Now we consider some results of Yuzhakov 
see  �
�!�� Let

fj
z� � Pj
z� � Qj
z� � �� j � �� � � � � n� 
�����

be a non�degenerate system of algebraic equations� The degree of the homogeneous
polynomial Pj is equal to kj and degQj � kj� j � �� � � � � n�

We assume that system 
����� satis�es the following conditions�

�� the polynomial P� is a product of linear factors

P�
z� �


Y
����

L
p��
��


z��


X
��

p�� � k��
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��� for any �� � f�� � � � � �g the restriction of the polynomial P� to the plane

T�� � fz � L��
z� � �g
is a product of linear factors

P�
z�jT�� �


����Y
����

L
p����
����


z� �� ��

and similarly�

� � �� the restriction of Pj to the 
n� j � ���dimensional plane

T��


�j�� �
�
z � L��
z� � � � � � L��


�j��
z� � �

�
is a product of linear factors

Pj
z�jT������j�� �


����


 ��j���Y
�j��

L
p������j
��


�j


z� �� ��

X
�j

p��


�j � kj� j � �� � � � � n�

It is clear that �
��� � � � � �n��� � � and p��


�n � kn�
We shall use the notation

B � f� � 
��� � � � � �n� � � � �j � �
��� � � � � �j���� j � �� � � � � ng �
If a system of the form 
����� satis�es the conditions 
���
� � �� then it is non�

degenerate�
If the system 
����� is non�degenerate then it is su�cient to verify the conditions


���
���� only for the �rst n�	 polynomials� since the restriction of a homogeneous
polynomial to a two�dimensional or a one�dimensional plane is always a product of
linear factors� In particular� for a system of three equations it is su�cient to require
factorization of only one polynomial�

The systems from Corollary ��� and from Theorem ��	 evidently satisfy the
conditions 
���
� � ���

For any � � B we make the linear change of variables


� � L��
z�� 
� � L����
z�� � � � � 
n � L��


�n
z�� 
�����

In these variables the polynomials Pj 
j � �� � � � � n� have the form



rjj
j

nY
q�j��

�
rjqY
i��

�
ajqi
q �

q��X
s�j

bjqis
s

��
�

j��X
p��


pPjp
�� � 
�����

� cj

rjj
j � � � 
rjnn � (j
���

where rjj�� � ��rjn � kj� and Pjp� (j are homogeneous polynomials of degrees kj��
and kj� respectively� Here cj


rjj
j � � � 
rjnn is the leading monomial of the polynomial Pj


in the variables �� with respect to the following ordering� �� � �� if jj�jj 
 jj�jj
or jj�jj � jj�jj� and �� � ��� � � � � �q�� � �q��� �q 
 �q� for some q � f�� � � � � n� �g�

Under the above assumptions the following theorem holds�
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Theorem ��� 
Yuzhakov�� If system ���
�� satis�es the conditions 
���
� � ��
then the sum of the values of a polynomial R
z� of degree m at the roots a of system
���
�� is expressed by the formulaX

a

R
a� �
X
��B

M�� 
���
�

with

M� �M

����X
��A


���jj�jjRg��� � � � g�nn J�f
nQ
j��



r�j�������			�rjj��j�����
j

���� � 
�����

where M is the linear functional from Theorem ��
 in the variables �� )fj � fj�cj�
gj � 
(j � Qj��cj and

A � f� � 
��� � � � � �n� � �q � �q � �q� �n � �� � � �� � m� 
�����
qX

j��

�jH
rj�q��� � �q�� � m�

qX
j��


rjj � � � �� rjq� ��
�j � �� � q� �� j � �� � � � � ng�

with the function satisfying H
�� � � and H
x� � � for x 
 �� If rj�j�� � � � � �
rjn � �� then we must take �j � �j �i�e� �j � �� in ���
���

The elimination of unknowns from system 
����� is facilitated if we know part
of its roots� In fact� if we know q roots a���� � � � � a�q�� then we can subtract the sum�

a
���
j

�p
� � � ��

�
a
�q�
j

�p
� p � �� � � � � k � q�

from the power sums of order p of j�th coordinates of all roots 
k � k� � � �kn is the
number of all roots of system 
������� Then we obtain the power sums 
of order p�
of j�th coordinates of the remaining roots� By the Newton formulas 
	��� we can
then �nd the polynomial whose zeros are j�th coordinates of the remaining roots�

Lemma ���� Let the polynomial Q and the homogeneous polynomial P satisfy
the conditions degQ � deg P � k� and P �� � on a compact set K � Cn� Then for
each � 
 � there exist � 
 �� such that

jQ
z�j � � jP 
z�j � 
�����

for any
z � K� � fz � � � � � 
�
�� � � � � �
n� � � � Kg�

Proof� Write
M � min

K
jP j� A � max

K
Q�

where Q� is the sum of absolute values of all terms of the polynomial Q� Then

min
K�

jP j � �kM� max
K�

Q� � �k��A�

Therefore� if we take

� 

A

�M
on the compact set K�� then inequality 
����� will hold�
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Proof of theorem ���� Consider the cycle

# � fz � Cn � jP�
z�j � ��� � � � � jPn
z�j � �ng �
and also� for every � � B� the cycle

�� � fz � Cn � jL��
z�j � R�� � � � � jL��


�n
z�j � Rng �

� f� � j
�j � R�� � � � � j
nj � Rng �
�
� �

��cj
rjjj � � � 
rjnn

�� � �j� j � �� � � � � n
�
�

where Rj is connected with �j by the equalities

jcjjRrjj
j � � �Rrjn

n � �j� j � �� � � � � n� 
��	��

The orientation of these cycles is chosen so that the di�erential form

d�� 
 � � � 
 d�n

is non�negative� where

Pj
z� � Rje
i�j � 
j � Rje

i�j � j � �� � � � � n�

are the parametrizations of # and ��� respectively�
Construct a tubular neighborhood

U� �
�
z � R��

J � jLjj � jL��


�j 
z�j � R�
j� j � �� � � � � n

�
around each cycle �� 
R��

j � Rj � R�
j��

As will be shown below� the numbers �j� R
�
j� R

��
j can be chosen in such a way

that
�� �U� � Cn n fz � f�
z� � � �fn
z� � �g�
	� U� 
 U� � � for every ��� � B and � �� ��
�� # �

P
��B

#�� where #� � U��

�� the cycles #� and �� are homological cycles 
#� � ��� in U��
�� on # the inequalities

jQj
z�j � jPj
z�j � �j� j � �� � � � � n�

hold�

� on �� the inequalities

jgj
��j � ��
rjjj � � � 
rjnn

�� �
�j
jcjj

hold�
By Theorem ��� we get the equalityX

a

R
a� �
�


		i�n

Z
�

R
z�
d f�
z�

f�
z�

 � � � 
 d fn
z�

fn
z�
�

From this and from conditions ��� ��� �� we obtain 
by Stokes� formula� the identity

���
�� where

M� �
�


		i�n

Z
��

R
d f�
f�


 � � � 
 d fn
fn

�
�


		i�n

Z
��

RJf
f� � � �fn d �� 
��	��
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Condition 
� implies that the quotient

RJf
f� � � � fn � R

J�f
)f� � � � )fn

may be expanded on the compact set �� in a multiple geometric series

RJf
f� � � � fn �

RJ�f
nQ
j��



rjj
j � � � 
rjnn

�
� �

gj

�
rjj
j 			�

rjn
n

� �

�
X
jj�jj��


���jj�jjRg��� � � � g�nn J�f



r��������
� � � � 
r�n�������			�rnn��n���

n

�

Substituting this series into 
��	��� we get

M� �
X
jj�jj��


���jj�jj


		i�n

Z
��

R g�J�fd �

�r���I�
� 
��		�

Using Examples ��� and ��� we obtain 
������ in which the summation is carried
out over all multiindeces �� jj�jj � ��

We now show that for � �� A the terms of the series 
��		� vanish� Indeed� the
term corresponding to the multiindex � can be written as a sum of terms of the
form

M

�BBB�
cRJ�f�

��
� � � � ��n��n�� Q


�
� � � �Q
n

n

nQ
j��

�
j��P
q��


qPjq

��j



r����������
� � � � 
r�n�������			�rnn��n�����

n

�CCCA � 
��	��

where �j � �j � �j � �j� �n � �� � ��

�j � 

rjj
j

nY
q�j��

rjqY
i��

�
ajqi
q �

q��X
s�j

bjqis
s

�
� cj


rjj
j � � � 
rjnn � 
��	��

and c is a constant�
If rj�j�� � � � � � rjn � � then �j � �� In this case we assume that �j � �j��j i�e�

�j � � 
see formula 
������� The degrees of the polynomials �j� j � �� � � � � n � ��
with respect to all the variables 
�� � � � � 
q 
q � j� � � � � n � �� are greater than or
equal to

rjj � � � �� rjq � H
rj�q����

The degrees of the polynomials R� J�f � �j� Pjq in all variables 
�� � � � � 
n are equal
to m� k� � � � � � kn � n� kj� kj � �� respectively� and degQj � kj � � 
recall that
rjj � � � �� rjn � kj��

Comparing the degrees of numerator and denominator in 
��	��� and taking into
account that the functional M is di�erent from � only for those terms in which the
degree of the numerator agrees with the degree of the denominator in each variable�
we �nd that 
��	�� can be di�erent from � only for �j� �j and for �j that satisfy

�� � � � �� �n � m� 
��	��
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qX
j��

�j  rjj � � � �� rjq � H
rjq���! �

q��X
j��

�j �
qX

j��


rjj � � � �� rjq�
�j � ��� ��
��	
�

j � �� � � � � n� ��

Adding to the inequalities 
��	
� the inequality �� � � � � � �q�� � m� which is
implied by 
��	��� and writing �j � �j � �j� j � 	� � � � � n� �� � ��� we obtain the
inequalities contained in 
������

It remains to show that the numbers �j� R
�
j� R

��
j can be chosen so that conditions

�� � 
� hold� For every � � B the polynomial Pj can be represented in the form

Pj �


����


 ��j���Y
�j��

L
p������ ��j
��


�j

�

j��X
q��

L��


�qPjq� 
��	��

where Pjq is a homogeneous polynomial of degree kj � �� Fix a closed polydisk

F � fz � jzjj � R� j � �� � � � � ng�
and denote

Mj � max
z�F���q

jPjqj� M � max
z�F���j

��L��


�j

�� �
M� � min

��j�q�i
jajqij� M � � max

��j�q�i�s
jbjqisj�

where ajqi and bjqis are coe�cients from the representation 
������
Choose step by step the numbers R�

n� �n� R
��
n� � � � � R

�
�� ��� R

��
� so that the fol�

lowing inequalities are ful�lled�

R�
j �  �j
� � ��!��kj � R��

j �
�j
�� ��

Mkj��
� j � �� � � � � n� 
��	��

R�
q �

� �j

j � ��Mj

� 
��	��

R�
q �

�R��
j


� � 
j � ��M��
� 
�����

R�
q �

�M �R��
j


j � ��M�
� 
�����

where � � j � q � n� and �� � are su�ciently small positive numbers� with


� � ��kj � � � �� j � �� � � � � n� 
���	�

and �nally� for each � � B

R�
q �

�jcjj


R��
j

�rjj � � � 
R��
n�rjn


j � ��Mj

� � � q � j � n� 
�����

U� � F � fz � jzjj � R� j � �� � � � � ng� R��
j � Rj � R�

j�

where Rj are the numbers de�ned by formula 
��	���
Take now an arbitrary point

z � # � fz � jPjj � �j� j � �� � � � � ng �
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The equality

jP�j �

�����

Y

����

L
p��
��

����� � ��

and the inequality 
��	�� imply that at least for one �� � f�� � � � � �g we must have

R��
� � jL��
z�j � R�

��

From the representation 
��	�� and the inequalities 
��	��� for j � 	� we get for
the given z

��
�� �� �

������

����Y
����

L
p����
����

������ � ��
� � ���

Hence at least for one �� we obtain the inequality

R��
� � jL����
z�j � R�

��

Continuing our reasonings analogously 
with the help of 
��	��� 
��	��� 
��	���
we get that for j � �� � � � � n� and for every z � #� there exists � � B� such that

R��
j �

��L��


�j
z�
�� � R�

j�

Therefore z � U�� and condition �� is accomplished�
To prove condition 	�� we let

� � 
��� � � � � �n� �� � � 
��� � � � � �n�

and �� � ��� � � � � �j�� � �j��� but �j �� �j for some j � f�� � � � � n� �g�
Then in the variables 
����� the function L��


�j���j will have the form

ajqi
q �

q��X
s�j

bjqis
s�

Formula 
����� then shows that for z � U� the inequality��L��


�j���j

�� 
 R�
j

holds� Hence we have z �� U��
Further� the representations 
������ 
��	�� and the inequalities 
������ 
���	��


����� imply that in U� we have the inequality

jPjj �

�����cj
rjjj � � � 
rjnn � �j �

j��X
q��


qPjq

����� 


 jcjj



R��
j

�rjj � � � 
R��
n�

rjn
�
�� �� 
� � ��kj�rjj � �

�

 ��

Then� by Lemma ��	 applied to the compact set

K � ��U��

there exists � � � such that the inequalities 
����� hold in K�� Multiply the numbers
R� R�

j� Rj� R
��
j � M by �� �j by �kj and Mj by �kj��� respectively� Then for the

new values R� R�
j� R

��
j � �j� Mj� M � by virtue of the homogeneity of the polynomials

Pj� Pjq� L��


�j � the inequalities 
��	���
����� remain true� Hence the previous
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reasoning is still valid� so for the new values �j� R
�
j� R

��
j the conditions 	�� ��� �� will

be ful�lled�
For each � � B we now set

Pj
z� t� � L
rjj
j

nY
q�j��

�
rjqY
i��

�
ajqi
q � t

q��X
s�q

bjqis
s

��
� t

j��X
p��


pPjp
���

where � and z are connected with each other by formula 
������
The inequalities 
��	���
����� imply that we have the inclusion

#t � fz � jPj
z� t�j � �j� j � �� � � � � n� � � t � �g � U� �


Cn n U�

�
�

From here we get that the 
properly oriented� sets

��
t� � #
t� 
 U�� � � t � ��

constitute a family of cycles which realize a homotopy between the cycles #� and
�� in U�� Therefore� condition �� is satis�ed�

It remains to examine the conditions �� and 
�� By the representations 
������

������ 
��	�� and formulas 
������ 
������
����� we have in U� the inequalities

jQjj � �jPjj�

jPjj �
��cj
rjjj � � � 
rjnn

��� j�jj �
�����
j��X
q��


qPjq

����� 
 jcjj


R��
j

�rjj � � � 
R��
n�

rjn 
�� 	���

and hence�

jfjj � jPjj � jQjj 
 jPj
�� ��j 
 jcjj


R��
j

�rjj � � � 
R��
n�

rjn 
�� ��
�� 	�� 
 ��

Therefore� fj �� � in U� for � � B� and condition �� is settled�
Since

jcjgjj � j(j � Qjj � j(jj� �jPjj � 
� � ��j(jj� �
��cj
rjjj � � � 
rjnn

�� �
it follows that ��cj
rjjj � � � 
rjnn

��� jcjgjj �
� 
�� ��

��cj
rjjj � � � 
rjnn

��� 
� � ��

�
j�jj�

�����
j��X
q��


qPjq

�����
�




 jcjj


R��
j

�rjj � � � 
R��
n�

rjn 

�� ��
� � ��	�� 
 ��

This completes the proof of Theorem ����
For calculations it is convenient to have a formula expressing the sumX

a

R
a�

directly in terms of the coe�cients of the polynomials R and fj�
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Theorem ��� 
Yuzhakov  �
�!�� Let

R �
X

jj�jj�m

c��
�� gj �

X
jj�jj�kj

�j�
aj��

�� j � �� � � � � n� 
�����

Then M� in formula ���
�� is expressed through the coe�cients c� and aj� by the
formula

M� �
X
��S


���jj��S�jjc�D
S�
nY
j��

 �
Sj�� �!�
Y
�

�j� 
aj��sj�

sj��
� 
�����

where S � 
S�� � � � � Sn�� Sj � fsj�g�j�� being sets of nonnegative integers �indexed by

the multiindeces � which occur in the sum
P�j� from �������� is going�

�
Sj� �
X
�

�j�
sj�� �
S� � 
�
S��� � � � � �
Sn�� �

D
S� � det jjrjq�
Sj�� �q
Sj�jj�
where rjq is the exponent from ���
	� for j � q � n� rjq � � if q � j�

�q
Sj� �
X
�

�j�
sj��q�

The summation in
P
��S

is taken over all multiindeces � for which c� �� �� and over

the families S � 
S�� � � � � Sn� satisfying the equations

�q �
nX
j��

�q
Sj� �
nX
j��

�
Sj�rjq� q � �� � � � � n� 
���
�

Moreover� if S � 
S�� � � � � Sn� contains the family Sj for which �
Sj� � � then in
the corresponding term of formula ����	� we must replace  �
Sj� � �!� by 
 and in
D
S� we must replace the element rjq�
Sj�� �q
Sj� by rjq�

Proof� The expression 
��	�� can be written as

M� �
�


		i�n

Z
��

R
� ln )f

��
d �� 
�����

By condition 
� from the proof of the previous theorem we have on �� the following
expansion

ln )fj � ln 

rjj
j � � � 
rjnn � ln

�
� �

gj


rjj
j � � � 
rjnn

�
�

� ln 
r�j� �
�X
p��


���p��

p

�
gj
�r�j�

�p

�

where r�j� � 
rj�� � � � � rjn�� rj� � � � � � rj�j�� � ��
Plugging in the expression for gj from 
����� we get

ln )fj �
nX
q��

rjq ln 
q�
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�
�X
p��


���p��

p

X
��Sj��p

p�
Y
�

�j� 
aj��sj�

sj��
���Sj����Sj�r�j� �

�
nX
q��

rjq ln 
q �
X

��Sj���


�����Sj��� �
Sj�� �!�
Y
�

�j� 
aj��sj�

sj��
���Sj����Sj�r�j� �

where �
Sj� � 
��
Sj�� � � � � �n
Sj���
From here we have

� ln )fj
�
q

�
rjq

q

�

�
X

��Sj���


�����Sj� �
Sj�� �!� �
Sj�rjq � �q
Sj�!

�Y
�

�j� 
aj��sj�

sj��

�
���Sj����Sj�r�j��eq �

where eq � 
�� � � � � �� � !z"
q

� �� � � � � ���

We shall consider the summand rjq�
q as a term of the sumX
��Sj���

corresponding to the multiindex Sj for which �
Sj� � �� Then we can write

R
� ln )f

��
�

�
X
��S


�����S�c�D
S�

�
nY
j��

 �
Sj�� �!�
Y
�

�j� 
aj��sj�

sj��

�
�
��

nP

j��
���Sj����Sj�r�j���I

� 
�����

Substituting 
����� into 
����� and taking into account Example ���� we obtain
formula 
������ where the summation is performed over all multiindeces � and S
satisfying the condition

��

nX
j��


�
Sj�� �
Sj�r�j�� � ��

which is precisely 
���
��
Example ��
� Eliminate the unknowns y and z from the system

y�z� � x� � ��

y� � z� � 	x � �� 
�����

x� � xy � xz � y� � yz � z� � ��

This system has �
 roots� We know the following roots� 
�� �� �� of multiplicity
�� 
�� �� �� and 
�������� of multiplicity �� Thus we know �� roots and we must
determine the remaining 
 roots� The x�coordinates of these roots are the solutions
to the equation

x
 � a�x
	 � a�x


 � a�x
� � a
x

� � a	x � a
 � �� 
�����
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where the coe�cients aj are connected with the power sums Sj by the Newton
formulas 
	���� The power sums Sj we can �nd by formulas 
���
� and 
������
setting R � xj� j � �� � � � � 
� In our case P� � y�z�� P� � y� � z�� and the set B
consists of two elements 
�� �� �� and 
	� �� ��� To them there correspond two triples
of linear factors

L� � y� L�� � z� L��� � x� L� � z� L�� � y� L��� � x�

Keeping in mind that the equations 
����� consist of monomials which are sym�
metric in the variables y� z� we get 
after elementary transformations� the formula

Sj � �	 �
X
����t

A��t�

where the summation is taken over all sets of nonnegative integers

��� ��� ��� �
� �	� ��� ��

satisfying the inequalities

� � �� � j� � � �� � j � ��� � � �	 � p� �� � ���

� � �
 � 	
j � �� � �� � �	��
�	

	
� t � j � �� � �	

	
� �


�
�

and the equalities

�� � 	
j � �� � �	 � 	t�� �
� �� � 	
j � �	 � �� � ���� �
� �� � 	t� �	�

The terms in A��t are given by the formulas

A��t � 
��������	�

�� � �� � �� � �
 � �	 � ���

����������
��	�

	�� � �� � ��� � �
 � 	�	��

if �� � �� � ��

A��t � 	j��j

	j � 	t� ���


	t��
	j � �t��
�

if �� � j�

A��t � 
�����������	���� 
�� � � � �� �	 � ���

��� � � ��	�


�� � �� � ���

������
�

�
��
�� � �� � 	
�� � �
 � �	�� � ��
�� � 	�� � �
���

if �� � �� 
 �� �� � j�
Straight�forward calculations now give the following values for the coe�cients in

formula 
������

a� � ��� a� � �	�� a� � ���
� a
 � ���
� a	 � ��	��� a
 � 	�
�

We end this section by quoting 
without proof� some results of Tsikh 
see  ��
!��
in which he replaced the projective space CPn by the n�fold product

"Cn � CP� � � � � �CP��

Let zj � wj be homogeneous coordinates in j�th factor of "Cn� and let

fj
z�� w�� � � � � zn� wn� � �� j � �� � � � � n 
�����
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be a system of equations� where fj are polynomials which are homogeneous in each
pair of variables zk� wk� We consider only those roots 
z�� w�� � � � � zn� wn� of the
system 
����� for which


zk� wk� � C� n f
�� ��g� k � �� � � � � n�

and roots with pair wise proportional coordinates determine the same root in the
space "Cn�

Let
a �



z�� � w�

�� � � � � z
�
n � w�

n

�
be a root of 
����� and assume that w�

k �� �� k � �� � � � � n� Then the multiplicity of
a is 
by de�nition� equal to the multiplicity of the root�

z��
w�
�

� � � � �
z�n
w�
n

�
of the system

fj
z�� �� � � � � zn� �� � �� j � �� � � � � n�

in Cn�
Recall that the permanent of a matrix

A � 
aij�i�j���


 �n

is de�ned to be the number

p
A� �
X
J

a�j� � � �anjn�

where the summation is over all permutations J � 
j�� � � � � jn� of the numbers
�� 	� � � � � n�

Theorem ��� 
Tsikh�� Let mij be the degree of homogeneity of the polynomial
fj in the pair of variables zi� wi� Then the system ����
� has either an in�nite
number of roots or the number of roots �with multiplicities� is equal to the permanent
of the matrix


mij�i�j���


 �n�

A proof of this theorem can be found in  ��
! 
see also  ���!��
Consider the following system of equations

fi
z� � 
z� � ai��
mi� � � � 
zn � ain�min � Qi
z� � �� i � �� � � � � n� 
���	�

where mij are positive integers� Qi are polynomials for which the degrees in the
variable zj is less than mij� and aij are complex numbers such that for every j �
�� � � � � n all the numbers a�j� � � � � anj are di�erent from each other�

It is clear that the system 
���	� has no in�nite roots in the space "Cn� This
means that the system

)fi � wmi�
� � � �wmin

n fi

�
z�
w�

� � � � �
zn
wn

�
� �� i � �� � � � � n�

has no roots in the planes fwj � �g� j � �� � � � � n 
zj �� � for all j��
Hence the system 
���	� has a �nite number N of roots� and by Theorem ���

N � p
mij��
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The system 
���	� is the analogue in "Cn of the Aizenberg system from Corollary
����

Theorem ��	 
Tsikh�� Let R
z� be a polynomial of degree �i in the variable zi�
i � �� � � � � n� Let the vectors

z���� � � � � z�N�

represent all roots of the system ����
� �counted according to their multiplicities��
Then

NX
j��

R
z�j�� �

�


X
jj�jj��


���jj�jj
X
J

�

�
��J��

�jj����J�jj

�z����J�

�
RJf

Q��
� � � �Q�n

n

q����
�j�

� � � q�n��
njn

�������
zk�ajkk

�

where � � 
��� � � � � �n� and

�
��J� � 
mj��
�j� � ��� �� � � � � mjnn
�jn � ��� ��

are multiindeces�

� � max
��j�n

f�jg
and

qkjk �
fk �Qk


zk � akjk�mkjk
� k � �� � � � � n�

For a proof of this theorem we again refer to  ��
! and  ���!�

	� A formula for the logarithmic derivative of the resultant

We shall consider the following system of algebraic equations

f� � f�
�� w� � ��

� � � 
����

fn�� � fn��
�� w� � �

where � � 

�� 
�� � � � � 
n� � Cn��� w � C�� and the functions fj
�� w� are polyno�
mials in �� w which are homogeneous in �� The total degree of fj in � is equal to kj
and the degree of fj in w is equal to pj� j � �� � � � � n � �� The polynomials fj can
be written

fj
�� w� �
X

jj�jj�kj

aj�
w����

where � � 
��� ��� � � � � �n� is a multiindex and

jj�jj � �� � �� � � � �� �n� �
� � 
��� � � � 
�nn �

and the aj� are polynomials in w of degree � pj� We shall assume � � CPn with
homogeneous coordinates 

�� 
�� � � � � 
n�� As before� the hyperplane at in�nity is
given by

% � f� � CPn � 
� � �g�
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and Cn is identi�ed with the subspace f� � CPn � 
� �� �g via the relation

z � 
z�� � � � � zn� �

�

�

�
� � � � �


n

�

�
�

It follows then that CPn � Cn � %�
The main feature of the system 
���� is that it has a �nite set of roots 
�k� wk�

in CPn�C�� k � �� � � � �M � We recall that the resultant 
in w� of the system 
����
is the polynomial

P 
w� �
MY
k��


w � wk��


Every root of the system 
���� is counted according to its multiplicity in the local
coordinate system��

Fix a point w �� wk� k � �� � � � �M � For this w the system 
���� has no roots� so
the subsystems

fj
�� w� � �� j �� l� j � �� � � � � n � ��

have �nite set of roots in CPn 
see� for example�  

� Ch� �� Th� �!�� These roots
will be denoted

�l�j�
w�� j � �� � � � �Ml�

By the B�ezout theorem we have

Ml �
Y
j ��l

kj�

To every root �l�j�
w� we associate a local residue as follows� Suppose the zero�

coordinate of the point �l�j�
w� is non�zero� so that

�l�j�
w� � zl�j�
w� � Cn�

We now write Fk
z� w� � fk
�� z�� � � � � zn� w� and consider the domain

Dl
j
w� � fz � U
zl�j�
w�� � jFk
z� w�j � �k� k �� lg

and the cycle

#l
j
w� � fz � U
zl�j�
w�� � jFk
z� w�j � �k� k �� lg�

which is oriented so that

d
argF�� 
 � � � 
 d
argFl��� 
 d
argFl��� 
 � � � 
 d
argFn��� 
 � on #l
j
w��

If � is a meromorphic form

� �
hdz

F  l!
�

h
z�dz� 
 � � � 
 dzn
F� � � � Fl��Fl�� � � � Fn��

�

and h is a holomorphic function in Dl
j
w�� then the local residue is

res
j�l


�� � res
j�l

hdz

F  l!
�

�


		i�n

Z
�lj�w�

hdz

F  l!
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see Sec� ��� The global residue Resl � of the form � is equal to the sum of local
residues

Res
l
� �

MlX
j��

res
j�l
��


see Sec� ��� We have thus de�ned local residues for points �l�j�
w� in Cn� For a

point �l�j�
w� belonging to % the local residue is de�ned similarly� only instead of
the zero�coordinate we must take choose another coordinate which is not equal to
�� Observe also that Resl � is a function of w�

Theorem ��� 
Kytmanov  ���!�� Let P 
w� be the resultant �in w� of the sys�
tem ���
� having a �nite set of roots 
�k� wk� in CPn �C�� k � �� � � � �M � Then

P �
w�

P 
w�
�

n��X
l��

Res
l

f �ldf  l!

f� � � � fn��

�
n��X
l��

MlX
j��

f �l
fl


�l�j�
w�� w�� 
��	�

where f �l is the derivative of the polynomial fl with respect to w� and

df  l! � df� 
 � � � 
 dfl�� 
 dfl�� 
 � � � 
 dfn���

Proof� We shall assume that for w � � the system 
���� has no roots� and we
write

�l�j� � �l�j�
���

Since 
���� has a �nite set of roots in CPn �C�� and the subsystems

fj
�� �� � �� j �� l�

also have �nite sets of roots in CPn� then after a linear transformation of CPn we
may assume that % contains none of the roots of 
���� or of any of its subsystems�

We �rst prove formula 
��	� in the following case� All the roots 
�k� wk� belong
to Cn �C� and all the roots �l�j� are in Cn� We denote these also by zl�j�� If

Fj
z� w� � Pj
z� w� � Qj
z� w��

where Pj
z� w� is highest homogeneous part of Fj in z and degQj � kj� then the
systems

Pj
z� �� � �� j � �� � � � � n � �� j �� l 
����

are non�degenerate by Lemma ���� and hence for all w except a �nite number� the
systems

Pj
z� w� � �� j � �� � � � � n � �� j �� l 
����

are also non�degenerate�
It follows that the systems

fj
�� 
� � � � 
n� w� � �� j � �� � � � � n � �� j �� l 
����

have roots for each �xed w� except a �nite number of values w � &ws� But since the
system 
���� has no roots for 
� � �� the systems 
���� can have only �nitely many
roots for �xed w� We conclude that 
���� has a �nite set of roots in CPn�� � C��

This will be important for carrying out of the induction below��
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Let jwj be su�ciently small� and let

R
w� �

Mn��Y
j��

Fn��
z
l
�j�
w�� w�

be the resultant of the function Fn�� with respect to the system F� � �� � � � � Fn � �

see Sec� ���

As shown in  ��� Sec� 	�� 		!� one may write

R
w� �
P 
w�

Q
w�
�

where P 
w� is the classical resultant de�ned above� and Q is some polynomial with
no factor in common with P �

In view of the condition imposed on the system 
���� we have R
�� �� �� and hence
we can consider lnR
w� and lnFn��
z� w� in some simply connected neighborhood
U
zl�j�� of the origin� Then� by Rouch�e�s Theorem ��� and Theorem ��	� we may

take #l
j
�� as the cycle of integration in the formula for resj�l� We thus get

lnR
w� � Res
n��

lnFn��dF  n � �!

F� � � � Fn
�

and hence
d lnR
w�

dw
�
R�

R
� Res

n��

F �
n��dF  n � �!

F� � � � Fn��
�

�
nX
l��

Res
n��

�
lnFn��

dF�

F�

 � � � 


�
dFl
Fl

��


 � � � 
 dFn
Fn

�
�

Since �
dFl
Fl

��

� d

�
F �
l

Fl

�
and

lnFn��
dF�

F�


 � � � 

�
dFl
Fl

��


 � � � 
 dFn
Fn

�

� 
���l��d

�
lnFn��

F �
l

Fl

�

 dF

F
 l! � 
���n�l��

F �
l dF  l!

F� � � � Fn��

�

we obtain

R�
w�

R
w�
�

n��X
l��


���n�l�� Res
n��

F �
l dF  l!

F� � � � Fn��

� 
��
�

This formula was proved in  ��� Sec� 		! for the case of local residues�
Using the theorem on the complete sum of residues in CPn we now pass to the

residue Resj� but then there appears a residue at in�nity� which will be equal to
Q��Q�

Let us �rst �nd Q
w�� The system

Pj
z� w� � �� j � �� � � � � n� 
����
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has a �nite set of roots in CPn�� � C�� i�e� it has the same form as 
����� but the
number of variables is smaller than in 
����� Let &Q
w� be the classical resultant of
the system 
����� Then it is easy to see that Q
w� � &Qkn��
w��

The rest of the proof is carried out by induction on n� Let n � �� and

F� � a�
w�zk� � a�
w�zk��� � � � �� ak�
w��

F� � b�
w�zk� � b�
w�zk��� � � � �� bk�
w��

For w � � we have a�
�� �� � and b�
�� �� �� which means that

P 
w� � ak��

k�Y
j��

F�
z
�
�j�
w�� w�

for small jwj� Thus R
w� � P 
w�a�k�� 
w�� and

R�

R
�
P �

P
� k�a

�
�

a�
�

On the other hand� by the theorem on the complete sum of residues� we have

Res
�

F �
�dF�

F�F�
� Res

�

F �
�dF�

F�F�
� Res

�

F �
�dF�

F�F�
� ��

where

Res
�

F �
�dF�

F�F�

�
�

		i

Z
jzj�r

F �
�dF�

F�F�

�

� � �

		i

Z
j	j���r


 &F �
��
 &F �

�z�d�

� &F �
�

&F �
�

�

&F� � a� � �a� � � � � � �k�ak� �

&F� � b� � �b� � � � �� �k�bk� �

&F �
� � a�� � �a�� � � � � � �k�a�k� �

&F �
� � b�� � �b�� � � � �� �k�b�k� �

It follows that

Res
�

F �
�dF�

F�F�
� �k�a

�
�

a�
�

and hence
P �

P
� Res

�

F �
�dF�

F�F�
� Res

�

F �
�dF�

F�F�
�

Now let n 
 �� Since

R �
P

Q
and

R�

R
�
P �

P
� Q�

Q
�

where Q � &Qkn�� � we �nd that

R�

R
�
P �

P
� kn��

&Q�

&Q
�
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By the induction hypothesis we have the equality

&Q�

&Q
�

nX
l��

gResl
P �
l dP  l� n� �!

P� � � � Pn

for the system 
����� Here gResl is the global residue with respect to the system
Pj
�� z�� � � � � zn� w� � �� j � �� � � � � n� j �� l� Consider now the forms

�l �
F �
l dF  l!

F� � � � Fn��
� l � �� � � � � n � ��

Let us pass to homogeneous coordinates 

�� 
�� � � � � 
n�� i�e� we make the change of
variables zj � 
j�
�� The polynomial f
z� of degree k is then transformed to

f �

�� 
�� � � � � 
n� � 
k� f

��
�� � � � � 
n�
���

and from �l we get the new form

��l �
�


�


F �
l �
�J�l �
��

F �
� � � � F

�
n��

�

where Jl is the Jacobian 
Jldz � dF  l!� and

�
�� �
nX

k��


���k
kd
 k!�

So we see that the plane % is singular for the form ��l � 
Notice that if w is not
contained in the highest homogeneous part of Fl then F �

l has a degree kl � � in z�
and then the plane % is nonsingular for ��l �� By a theorem of Yuzhakov  ���! 
which
is a corollary to the theorem on the complete sum of residues in CPn  
�� Ch� �!��
we then obtain

Res
n��

�l � 
���n�l�� Res
l
�l � Res

�
�l�

As Res� �l we can take� for example� the global residue of the form w�
l with

respect to the functions 
�� f�� � � � �  l!� � � � � fn 
see  ���!�� After performing the in�
tegration with respect to 
�� we have

Res
�

�l � 
���n��
X
j��

�


		i�n��

Z
��j�l

P �
l Ildz� 
 � � � 
 dzn
P� � � � Pn��

�

where
#�
j�l � fz� � U
z�

l
�j�� � jPs
�� z�� � � � � zn� ��j � �s� s �� l� n � �g

with z� � 
z�� � � � � zn�� and z�l�j� are roots of the system

Ps
�� z�� � � � � zn� �� � �� s � �� � � � � n� s �� l�

Pj � Pj
�� z�� � � � � zn� w�� and �nally

Il �

����������

�P�
�z�

� � � �P�
�zn

� � � � � � � � �
 l! � � � � � �
� � � � � � � � �
�Pn��
�z�

� � � �Pn��
�zn

����������
�
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The Jacobian Il can be transformed as follows� We divide and multiply the �rst
column by z�� and multiplying the other columns by zj we add them to the �rst�
Then we obtain

Il �
�

z�

����������
k�P�

�P�
�z�

� � � �P�
�zn

� � � � � � � � �
 l! � � � � � �
� � � � � � � � �

kn��Pn��
�Pn��
�z�

� � � �Pn��
�zn

����������
�

�

z�

X
j ��l

kjPj'j�

and setting z� � � we get

P �
l Ildz

�

P� � � � Pn��

�
X
j ��l

kjP
�
l'jdz

�

P� � � �  j! � � � Pn��

�

But since Z
��j�l

P �
l'jdz

�

P� � � �  j! � � � Pn��
� �� if j �� n � ��

we actually have

Res
�

�l �
X
j��

kn��


		i�n��

Z
��j�l

P �
l dP  l� n � �!

P� � � � Pn
�

The induction hypothesis now gives
nX
l��

Res
�

�l � kn��

&Q�

&Q
�

and so the theorem is proved in the case when all roots of 
���� are �nite� To prove
the theorem in the general case we make a linear transformation in CPn moving all
roots of system 
���� and all the roots �l�j� to the �nite part CPnn%� Then we apply
the already proved assertion and make an inverse transformation� The expressions
F �
l 
z��Fl
z� and fl�fl
�� are equal if zj � 
j�
�� and therefore the form on the right

hand side of formula 
��	� is invariant with respect to projective transformations�

Let now all roots of system 
���� be �nite� Is it really necessary in 
��	� to take
into account all roots of the subsystems� or would the �nite roots su�ce$

Example ���� We consider the system

F� � z� � wz� � a � ��

F� � z� � wz� � ��

F� � z�� � wz�z� � z�� � ��

where a �� �� Since it has no roots in CP� �C� we have P � �� Solving the �rst
subsystem we obtain z� � �� z� � �� and F �

��F� � �� The second subsystem has the
roots

z� �
�
a
w� � z�� aw

p
w� � �

�
�	�

and
z� � 
aw � a

p
w� � ���	�
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so we get
P

F �
��F� � w� The third subsystem has no �nite roots� and therefore the

sum
P

F �
l �Fl over all �nite roots of the subsystems is equal to w� which is di�erent

from P ��P � ��
The in�nite root of the third subsystem is 
� � �� 
� � w
�� 
� � 
�� Then

F �
��F� � �w� and hence all sums

P
F �
l �Fl vanish�

In spite of this example it is in many cases su�cient to take into account only
the �nite roots�

Corollary ���� If all roots of system ���
� are �nite and if w is contained in
at most one of the polynomials fj
�� 
�� � � � 
n� w�� then

P �
w�

P 
w�
�

nX
l��

X
fjg

f �j
fj


�l�j�
w�� w��

where the summation is taken only over �nite roots �l�j�
w��

Proof� We must show that the sum in 
��	� taken over in�nite roots �l�j�
w� is
equal to �� If w is not contained in the highest homogeneous part of Fj
z� w�� then
after passing to homogeneous coordinates we get

F �
l

Fl

zl�j�
w�� w� �


m� 
F �
l �
�
�l�j�
w�� w�

fl
�
l
�j�
w�� w�

�

where m � �� Since 
� � � on % such a term is equal to zero�
Let now w be contained in highest homogeneous part of Fl
z� w�� The roots

�l�j�
w� lying on % must satisfy the system

fj
�� 
�� � � � � 
n� w� � fj
�� 
�� � � � � 
n� � �� j �� l�

i�e� these roots �l�j�
w� are independent of w� Plugging in any root in fl we obtain a
polynomial in w which must be constant� Indeed� otherwise we could �nd a solution�
which is impossible� since the system 
���� was assumed to have only �nite roots�
Thus fl
�

l
�j�
w�� � const� and hence

f �l 
�
l
�j�
w�� w� � ��

It follows that the sum over the in�nite roots of the subsystems is equal to zero�
Now we consider the following system of equations

f� � f�
z� w� � ��

� � � � � � � � � � � � � � � 
����

fn�� � fn��
z� w� � ��

where z � Cn� w � C� and fj are polynomials in z and w� On this system we impose
two conditions�

�� For w � � the system 
���� should have no roots in CPn� This implies that
all subsystems

fj
z� �� � �� j �� l�
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have �nite sets of roots in CPn 
see  

� Ch� �� Th� �!�� so that after some linear�
fractional change of variables they become non�degenerate� We may as well at once
assume that the system

f�
z� �� � �� � � � � fn
z� �� � � 
����

is non�degenerate 
and also that all previous subsystems are non�degenerate��
	� Consider the system

f�
z� w� � ��

� � � 
�����

fn
z� w� � ��

We require that if we set w � � the degree of polynomials fj are not changed�
This means that the highest homogeneous parts of all functions fj contain some
monomial without the parameter w� Thus� if Pj
z� w� is the highest homogeneous
part of fj 
in variables z�� � � � � zn�� then

Pj
z� w� � Gj
z� � wFj
z� w�

and Gj �� �� If deg fj � kj� then deg fj � degPj � degGj � kj� and degFj � kj or
F � �� The conditions � and 	 also imply that the system

G�
z� � �� � � � � Gn
z� � � 
�����

has z � � as its only one root� Let S be the unit sphere in Cn� i�e�

S � fz � Cn � jzj� � jz�j� � � � �� jznj� � �g�
Then by condition 
������ for every point z� � S� there exists a number j� such that
Gj
z

�� �� �� Therefore

Gj
�z
�� � �kjGj
z

��� � � C�
and there exist � 
 � such that for jwj � � the inequality

jGj
�z
��j 
 jwj jFj
�z�� w�j

holds for all � � C� Now using Theorem ���� we obtain that for jwj � � the system

P�
z� w� � �� � � � � Pn
z� w� � �

has also the sole root z � �� and hence the system 
����� is non�degenerate� In fact�
the Hilbert theorem  ���! shows that system 
����� can be degenerate only for a
�nite set of values on w�

We thus see that system 
���� is special case of system 
�����
Example ��	� Consider the system

b�z
k�
� � b��z

k�
� � ��w�

� � � � � � � � � � � � � � �

bn��z
kn��
n�� � b��n���z

kn��
n � �n��w�

bnz
kn
n � b�nz

kn
� � �nw�

z� � � � � � zn � ��
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For w � � we obtain

b�z
k�
� � b��z

k�
� �

� � � � � � � � � � � � �

bnz
kn
n � b�nz

kn
� �

z� � � � � � zn � ��

In order to �nd its roots in CPn we must consider the projectivization of every
function� We have

b�

k�
� � b��


k�
� �

� � � � � � � � � � � � �

bn

kn
n � b�n


kn
� �


� � � � �� 
n � 
��

Solving this we �nd


� � a�
�� 
� � a�
�� � � � � 
n � an
��

and from the next to the last equation we have that 
� � � 
the coe�cients bj and
b�j are parameters and we �nd roots for almost every value of the parameters�� It
follows that 
� � 
� � � � � � 
n � �� and from the last equation we then get 
� � ��
This system has therefore no roots in CPn� so the second condition for system 
����
is also ful�lled�

Let R
w� be the resultant of the function fn�� with respect to the system 
�����
and de�ne

ak �
�

k�

dk lnR

dwk

���

From the proof of Theorem ��� one deduces the following assertion�

Theorem ��� 
Kytmanov�� For the system ����� one has the formulas

R�
w�

R
w�
�

�


		i�n

X
j

Z
�j

n��X
k��


���n�k��
f �k
z� w�df  k!

f�
z� w� � � �fn��
z� w�

and

ak �
�


		i�n

X
j

n��X
l��

X
jj�jj�k

���


��l����� �l��


���n�l��

��

Z
�j

�
f �l
fl

���l���
�
df

f
 l!

����

w��

�

Here

#j � fz � U
z�j�� � jfk
z� ��j � �k� k � �� � � � � ng�
z�j� are roots of system ������ f ��� is equal to d�f�dw� and�
df

f
 l!

����

�

�
df�
f�

�����


 � � �

�
dfl��
fl��

���l���



�
dfl��

fl��

���l���


 � � �

�
dfn��

fn��

���n���

�
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This formula permits us to compute the coe�cients of R
w� by using Lemma
	���

Assume now that instead of condition 	 the system 
���� satis�es the following
condition�

�� The parameter w is not contained in the highest homogeneous parts of system

������ i�e�

fj
z� w� � Pj
z� � Qj
z� w�� j � �� � � � � n�

In this case we have R
w� � P 
w� 
see the proof of Theorem ��� and Corollary �����

Corollary ���� For jwj su�ciently small one has

R�
w�

R
w�
�
P �
w�

P 
w�
�

n��X
s��

MsX
j��

f �s
z
s
�j�
w�� w�

fs
zs�j�
w�� w�
�

In particular

a� �
n��X
s��

MsX
j��

f �s
fs


zs�j�� ���

Here zs�j�
w� are roots of the subsystem

fj
z� w� � �� j �� s� j � �� � � � � n � ��

and zs�j� � zs�j�
���

Example ���� Consider the system

b�z
�
� � b��z

�
� � ��w�

b�z� � b��z� � ��w�

z� � z� � ��

In order to �nd R
w� we solve the system

b�z
�
� � b��z

�
� � ��w�

b�z� � b��z� � ��w�

Then we obtain

z��������
w� ��
b��b����w � b�
b�b���

�
�w

� � ��w
b�b
�
� � b��b

�
����

�
�

b�b�� � b��b���
�

b�b���w � b��
b�b���
�
�w

� � ��w
b�b
�
� � b��b

�
����

�
�

b�b�� � b��b���

�
�

and hence

R
w� � f�
z
�
���
w�� w�f�
z

�
���
w�� w� �

�
���w

�
b� � b���� w
	��
b�b� � b��b��� � ��
b� � b���
�� � b�b

�
� � b��b

�
��

b�b�� � b��b���
�



�� CHAPTER ��

from which we get

R�
w�

R
w�
�

	��w
b� � b���� 	��
b�b� � b��b���� ��
b� � b���
�

���w
�
b� � b���� w
	��
b�b� � b��b��� � ��
b� � b����� � b�b�� � b��b���

�

Solving the �rst subsystem

b�z� � b��z� � ��w�

z� � z� � ��

we �nd

z���� �

�
b� � ��w

b� � b��
�
��w � b��
b� � b��

�
�

f ��
f�


z����� �
���
b� � b���

�

���w
�
b� � b��� � 	��w
b�b� � b��b���� ��w
b� � b���� � b�b�� � b��b���

�

Solving the second subsystem

b�z
�
� � b��z

�
� � ��w�

z� � z� � ��

we get

z�������� �

�
�b�� �

p
b�b�� � ��w
b� � b���

b� � b��
�
b� �

p
b�b�� � ��w
b� � b���

b� � b��

�
�

and hence
f ��
f�



z����

�
�
f ��
f�



z����

�
�

�
	��w
b� � b���� 	��
b�b� � b��b���

���w
�
b� � b��� � 	��w
b�b� � b��b���� ��w
b� � b���� � b�b�� � b��b���

�

Since f �� � � we have

R�
w�

R
w�
�
f ��
f�



z����

�
�
f ��
f�



z����

�
�
f ��
f�



z����

�
�

Now we show that if w occurs in the highest homogeneous part then the identity of
Corollary ��	 may cease to hold�

Example ���� Consider the system

z� � w � �

z� � w � �

z� � z�
� � w�� � � ��

For the �rst subsystem we have z� � w�� z� � �� w � w�� and

f ���f� � ���
�� 	w � w���

The second subsystem is z� � w� z� � 
�� w��
� � w�� with

f ���f� � �
� � w��
�� 	w � w���

Finally� the third subsystem is z� � w� z� � w� and

f ���f� � �w�
�� 	w � w���
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Hence

f ���f� � f ���f� � f ���f� �
�	� 	w

�� 	w � w�
�

while the resultant R
w� of the function f� is

R
w� �
�� w

� � w
� w �

�� 	w � w�

� � w
�

Since
R�
w�

R
w�
�

��� 	w � w�


� � w�
�� 	w � w��
�

we see that the identity is not valid�
But if we write down the resultant of the function f�� then we see that it is equal

to P 
w� � 	w � w� � �� and here the identity is valid according to Theorem ����
Now we analyze the system of equations

f� � P�
z� � ��

� � � � � � � � � � � � � � � � � �

fk � Pk
z� � �� 
���	�

fk�� � Pk��
z�� �k��w � ��

� � � � � � � � � � � � � � � � � �

fn � Pn
z�� �nw � ��

fn�� � Pn��
z�� � � ��

where Pj
z� are homogeneous polynomials of degree kj � �� Systems arising from
single�route and multi�route mechanisms of catalytic reactions  �
�! may be reduced
to systems of the form 
���	��

We assume that the system 
���	� has no roots in CPn for w � �� so that
Theorem ��	 can be applied to it� On the cycles #j � # there holds the inequality
jPjj 
 j�jwj for small jwj� Expanding the function ��
Pj��jw� in a geometric series
we thus obtain

R�
w�

R
w�
�

�


		i�n

nX
l�k��


���n�l�l
X
jj�jj

Z
�

wjj�jj��dP  l!

P� � � � PkP
�k����
k�� � � � P �n��

n 
Pn�� � ��
�

where � � 
�k��� � � � � �n�� jj�jj � �k�� � � � � �n� �
� � �

�k��
k�� � � � ��nn �

From here we get

sas �
�


		i�n

nX
l�k��


���n�l�l
X

jj�jj�s��

Z
�

��dP  l!


Pn�� � ��P� � � � P �n��
n

� 
�����

and� since jPn��j � � on the cycle #� we also have

�

Pn�� � �
� �

�X
p��

P p
n���
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But in 
����� only �nitely many of the integrals are non�zero� Indeed� the degree
of the numerator is equal to

pkn�� �
X
j ��l

kj�

while the degree of the denominator equals
nX
j��

kj �
nX
j�k

�jkj�

An integral in 
����� can be di�erent from zero only in case the degrees of numerator
and denominator coincide� This happens when


p � ��kn�� �
nX
j�k

�jkj � kl�

Hence

as �
�


		i�n

nX
l�k��


���n�l��
�l
s

X
jj�jj�s��

Z
�

��P pl
n��dP  l!

P� � � � P �n��
n

�

where

plkn�� �
nX

j�k��

�jkj � kl � kn���

If kn�� does not divide the right hand side� then as � ��
In order to obtain the formulas for as in �nal form we must� as in Sec� �� use

the generalized formula for the Grothendieck residue 
����� Let

zN��
j �

nX
s��

ajs
z�Ps
z�� A � jjajsjj

and dP  l! � Jldz� kn�� � deg Pn�� � ��

Theorem ��� 
Kytmanov�� One has the following formulas

as �
nX

l�k��


���n�l��
�l
s

X
kij

Q
i

�P
j

kij

�
�Q

i�j

kij�
�

�M

��� P pl
n��Jl detA

Q
i�j

a
kij
ij

zN������N
� � � � zN�n��n�N

n

��� �

Here
pl �

X
j�k��

�jkj � kl � ��
X
j

kij � �i�
X
i

kij � �j�

M �as in Sec� �� is the functional assigning to a Laurent polynomial

Q
z�

zq�� � � � zqnn
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its constant term� s � �� 	� � � � �
In particular

a� �
nX

l�k��


���n�l���lM

�
P kl��
n�� Jl detA

zN� � � � zNn

�
�

Example ���� Consider the system

b�z
�
� � b��z

�
� � u�

b�z
�
� � b��z

�
� � u�

b�z� � b��z� � w�

b
z� � b�
z� � w�

z� � z� � z� � ��

The corresponding system of the form 
���	� is


b� � b���z
�
� � 
b�� � b��z

�
� � ��

b�z� � b��z� � w�

b
z� � b�
z� � w�

z� � z� � z� � ��

Since degP
 � � we have

a� �M

�

J� � J�� detA

z�z�z�

�
�

J� � �	z�
b�� � b��
b
 � b�
�� 	z�b

b� � b����

J� � 	z�
b�� � b��
b� � b��� � 	z�b��
b� � b����

Computing the entries of the matrix A� we get

a�� � �� a�� �
b���
b
z� � b�
z��

b��b
�

 � b���b

�
�


�

a�� �
b�

b�z� � b��z��

b��b
�

 � b���b

�
�


�

a�� � ���
b� � b����

a�� �

b�
 � b��
�
b� � b���
b�z� � b��z��


b� � b���
b��b
�

 � b���b

�
�
�

a�� � �� a�� �
b��

b�z� � b��z	�
b��b

�

 � b���b

�
�


�

a�� �
b��
b
z� � b�
z��

b��b
�

 � b���b

�
�


�

detA �

b�z� � b��z��
b
z� � b�
z��


b� � b���
b��b
�

 � b���b

�
�
�

�

Hence

a� �
	
b�b
 � b��b�
�
b�� � b��
b
 � b�
 � b� � b���


b�� � b��
b��b
�

 � b���b

�
�
�

�
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�
	
b� � b
 � b�� � b�
�

b�b
 � b��b�

�

Theorems ��� and ��� are contained in  ���!�

��� Multidimensional analogues of the Newton formulas

The relation between the coe�cients of a polynomial in C and the power sums
of its zeros are given by the Newton formulas 
	���� The proof of these formulas can
be carried out by using the logarithmic residue 
see Sec� 	�� For systems of algebraic
equations in Cn we can also obtain a relation between coe�cients and power sums�
At �rst we consider simpler systems than the ones in Sec� �� � 
see  	!��

Let the following system be given

f� � zk�� � Q� � ��

� � � � � � � � � � � � � 
�����

fn � zknn � Qn � ��

where Q�� � � � � Qn are polynomials in z � 
z�� � � � � zn� � Cn� and degQj � kj� j �

�� � � � � n� In other words� the highest homogeneous part of fj is equal to z
kj
j �

The system 
����� is non�degenerate� and the polynomials Qj are of the form

Qj �
X

jj�jj�kj

a�
j�z��

where� as usual�
� � 
��� � � � � �n�� z� � z��� � � � z�nn �

Setting a�
j� � � if � � 
�� � � � � �� kj
j
� �� � � � � ��� and a�
j� � � for the other �

with jj�jj � kj� we can write

fj
z� �
X

jj�jj�kj

a�
j�z��

We choose R so that for all j � �� � � � � n the inequalities jzjjkj 
 jQjj hold on the
torus

#R � fz � Cn � jzjj � R� j � �� � � � � ng�
Then� by Theorem ���� all the roots of system 
����� lie in the polydisk

DR � fz � Cn � jzjj � R� j � �� � � � � ng�
We denote by S� the expression

S� �
�


		i�n

Z
�R

z�Jfdz

f� � � � fn
� 
���	�

where Jf is the Jacobian of the system 
������ If � � 
��� � � � � �n� has nonnegative
integer coordinates then by Theorem ��� S� is the power sum of the roots z�j� of
system 
������ so that

S� �
MX
j��

z��j� �
MX
j��

z����j� � � � z
�n
n�j�� M � k� � � � kn�
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Later on we shall allow � also to have negative integers as entries� If there exists
such an entry �j � �� then the expression S� will be called a pseudopower sum�

We notice if jj�jj � � then S� � �� Indeed� on the torus #R we have

�

fj
�

�

z
kj
j � Qj

�
�X
s��


���s
Qs
j

z
kj�s���
j

�

and therefore

S� �
�


		i�n

Z
�R

X
jj�jj��

Jfz
�
���jj�jjQ��

� � � � Q�n
n dz

z
k�������
� � � � z

kn��n���
n

�

The degree of the numerator in this integral is equal to

jj�jj� jjkjj � n � ��
k� � �� � � � � � �n
kn � ��

and the degree of the denominator equals

k�
�� � �� � � � � � kn
�n � ���

Thus� for jj�jj � �� the Laurent polynomial under the sign of integration has no
term of the form 
z� � � � zn���� and it follows that S� � �� If � � 
�� � � � � ��� then

S� � S���


 ��� � k� � � � kn�

but if jj�jj � � with � �� 
�� � � � � ��� then S� � �� because in this case

S� �
�


		i�n

Z
�R

z�Jfdz

zk�� � � � zknn
�

and the Jacobian is

Jf � k� � � � knz
k���
� � � � zkn��n �

X
�

c�z
�

with jj�jj � jjkjj � n�

Theorem �
�� 
Aizenberg � Kytmanov�� For the system �
��
� one has the
following �Newton� recursion formulas

Sk�� �
X

jj�jj�jj���


��njj�jjkjj

a��
�� � � � a�n
n�S���


��n���

�
X

���


��n��


k� � � � kn �'��


�n�a��
�� � � � a�n
n� � �� 
�����

Here k � 
k�� � � � � kn�� � � jj�jj � jjkjj� �j � 
�j�� � � � �
j
n� are nonnegative multiin�

deces� and

'��


�n � det jj�kj jjnj�k���

�
If jj�jj � � then formula �
���� has the form

Sk�� �
X

jj���


��njj�jjkjj

a��
�� � � � a�n
n�S���


��n�� � �� 
�����
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Proof� Let us consider the integral

J �
�


		i�n

Z
�R

z��P� � � � PnJfdz

P� � � � Pn
�

On the one hand

J �
�


		i�n

Z
�R

Jf
z�
dz �

�
�


		i�n

Z
�R

�

z�z� � � � zn

X
'��


�na��
�� � � � a�n
n�z�� � � � z�ndz �

�

#$%
�� if � contains at least one negative coordinate�X
���


��n��

'��


�na��
�� � � � a�n
n�� if � � ��

On the other hand� by the de�nition of S��

J �
X

jj���


��n��jj��

a��
�� � � � a�n
n�S���


�n���

If �� � � � � ��n � �� then

S���


��n�� � k� � � � kn�

but if jj�� � � � � ��njj � jj�jj� with �� � � � � ��n �� �� then

S���


��n�� � ��

Let jj�� � � � � � �njj � jjkjj� If jj�� � � � � � �njj � jjkjj then jj�jjj � kj� Since
the coe�cients satisfy

a�j 
j� �

�
�� if �j � kjej�
�� if �j �� kjej�

we see that

J � Sk�� �
X

jj�jj�jj���


��njj�jjkjj

a��
�� � � � a�n
n�S���


��n���

�k� � � � kn
X

���


��n��

a��
�� � � � a�n
n��

This implies 
������ and formula 
����� is proved analogously�
We present one more version of the formulas 
������ Suppose � � k� �� Then

from 
����� we have

S� �
nX
j��

X
kj�jj�jj�jj�j jj�kj

a�j 
j�S���j�kjej � � � � �

X
j��


�jl

X
jj�js jj�kjs

jj�j��


��jl jj�kj��


�kjl�jj�jj

a�j� 
j�� � � � a�jl 
jl�S���j��


��jl�kj�ej��


�kjlejl
�

� � � � �
X

���


��n�k��


k� � � � kn �'��


�n�a��
�� � � � a�n
n� � �� 
�����
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By the formulas 
����� one can more easily compute power sums for small norms
of �� Let us �nd� for example� S�� if jj�jj � �� In this case only the �rst and the
last terms remain in formula 
������ and we have

S� � �
X

���


��n�k��


k� � � � kn �'��


�n�a��
�� � � � a�n
n�� 
���
�

Suppose � � 
���� ���� � � � � �j��� � � � � ��n� and kj 
 �s � �� s � �� � � � � n�
Then

k� � � 
k� � ��� � � � � kj�� � �j��� kj � �j� � � � � kn � �n��

and since jjk� �jj � jjkjj � �� we obtain that the sum in 
���
� consists of one term
such that �s � kses for s �� j� and �j � 
��� � � � � kj��j� � � � � �n�� If � contains two
or more positive coordinates then S� � �� and hence

S� � �k� � � � kj���jkj�� � � � kna�j
j�� 
�����

Thus� there are only �nitely many non�zero S� with jj�jj � �� Considering S� for
�xed jj�jj we get from 
����� by induction that the number of non�zero S� is �nite�
Hence formulas 
����� are really recursive� They permit one to determine power
sums S� with norm jj�jj in terms of power sums with smaller norms jj�jj� Formula

����� shows that pseudopower sums can be di�erent from ��

In the paper  	! more general formulas than 
����� and 
����� were considered�
Using the formulas 
����� and 
����� one can compute the power and pseudopow�

er sums S� of the roots of a system 
������ We saw for n � � that the Newton
formulas 
	��� allows one also to compute the coe�cients of a polynomial from its
power sums� For n 
 � it is necessary to know not only the power sums� but also
the pseudopower sums� in order to �nd the coe�cients of system 
������

Theorem �
�� 
Aizenberg � Kytmanov�� Let S� denote the power and pseu�
dopower sums of system �
��
�� jj�jj � max

j
kj� Then the coe�cients of the polyno�

mials Qj are uniquely determined by �
���� and �
�����

Proof� We write down Qj in the form

Qj �

kj��X
s��

Qj�s�

where

Qj�s �
X
jj�jj�s

a�
j�z��

Formula 
����� implies that the coe�cients a�
j� of the polynomials Qj�kj�� are
equal to

a�
j� � S��
k� � � � kj��
kj � �j�kj�� � � � kn��

where � � 
���� � � � ���j��� kj � �j� � � � ���n�� jj�jj � ��
Consider now the polynomialsQj�kj��� If in formula 
����� we take � with jj�jj �

jjkjj � 	� then the �rst sum contains also the known coe�cients of the polynomials
Qj�kj��� and the power sums S�� The second sum contains the coe�cients of Qj�kj��
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and only one coe�cient from one polynomial Qj�kj��� Indeed� if we are to �nd a�
j�
with jj�jj � kj � 	� then we take in 
�����

� � 
k� � ��� � � � � kj�� � �j��� �j � � � � kn � �n�� jj�jj � jjkjj � 	�

Notice that the coe�cients of a�
j� are not equal to � since

k� � � � kn 
 '��


�n�

Finally we can also determine the coe�cients of the remaining polynomials Qj�s

and to do this it is su�cient to know the sums S� with jj�jj � max
j

kj�

We cannot construct Qj from the power sums S�� � � � alone� For example�
if k� 
 k� then adding the second equation to the �rst� we get a system which has
the same roots and therefore the same power sums� and it is still of the form 
������
From this and from Theorem ���	 we conclude that the pseudopower sums S� are�
in general� not functions of the roots� But sometimes this is the case�

Example ����� Consider the system

z�� � a�z� � b�z� � c� � ��

z�� � a�z� � b�z� � c� � ��

Let S� be its power sums� We want to �nd the coe�cients aj� bj� cj� j � �� 	�
Considering �rst � with jj�jj � �� we have from 
�����

a� � ��

	
S������ a� � ��

�
S������� b� � ��

�
S������� b� � ��

	
S������

Then we take � with jj�jj � 	� and obtain

c� �
�

�
S�
����� �

�

�
S����� �

�

�

S�����S�������

c� �
�

�
S�
����� �

�

�
S����� �

�

�

S������S������

and also the equation

�

�

S������S������ � S����� �

�

�
S�����S������ 
�����

It remains to determine S������ and S������� From 
����� with jj�jj � � we get
the equations

S����� � �

�
S������S����� � �

�
S�����S����� �

�

�

S�
�����S������ �

�
�

�
S�
�����S����� � �

	
S�����S����� � �

S����� � �

�
S�����S������ � �

�
S�����S����� � �

	
S�����S����� �

�
�

�
S�
�����S����� � �

�

S�
������S����� � ��

Hence we can determine S������ and S������ which are rational functions of the
roots� The equation 
����� establishes a connection between the S�� Finally� we
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have

a� � ��

	
S������

a� �
	S�����S����� � �S�����S����� � S�

�����S����� � �S�����

�S����� � 	S�
�����

�

b� �
	S�����S����� � �S�����S����� � S�

�����S����� � �S�����

	S�
����� � �S�����

�

b� � ��

	
S������

c� �
	S�����S����� � 	S�����S���� � S�����S�����S����� � S�

�����S�����

	S�
����� � �S�����

�

c� �
	S�����S����� � 	S�����S���� � S�����S�����S����� � S�

�����S�����

	S�
����� � �S�����

�

So we see that some of the pseudopower sums from 
����� are determined in terms
of power sums� while others are not�

If we want to �nd the coe�cients of 
����� from the power sums S�� then we
can determine some of the pseudopower sums from 
����� and the others we can set
equal to zero�

Example ���	� Let us consider the system

z�� � az� � bz� � c � �� z� � d � ��

Then 
����� implies

d � ��

	
S������ a � �S������ b � ��

	
S�������

c �
�

�
S�����S������ � �

	
S����� �

�

	
S�
�����S�������

Here S������ is an arbitrary number� say S������ � ��
Now we consider the more general system of equations

f� � P� � Q� � ��

� � � � � 
�����

fn � Pn � Qn � ��

where Pj and Qj are polynomials in Cn� Pj are homogeneous polynomials of degree
kj and degQj � kj� j � �� � � � � n� We assume that the system 
����� is non�
degenerate�

By Theorem ��	 on logarithmic residues the power sums S� of the roots of system

����� are equal to

S� �
�


		i�n

Z
�f

z�Jfdz

f� � � � fn
�

Since 
����� is non�degenerate then� as in Sec� �� we also have the matrix

A � jjajk
z�jjnj�k���
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where ajk
z� are polynomials� such that

z
sj
j �

nX
k��

ajk
z�Pk
z�� j � �� � � � � n�

with sj being certain natural numbers 
in Sec� � we introduced the convenient
notation Nj � � � sj�� such that sj � jjkjj�n� �� Let qj
z� denote the polynomials

qj
z� �
nX

k��

ajk
z�Qk
z�� j � �� � � � � n�

and write Fj
z� � z
sj
j � qj
z�� so that deg qj � sj� Suppose that

Fj
z� �
X

jj�jj�sj

c�
j�z��

and that c�
j� � � for � � sjej� and c�
j� � � for all the other � of length sj�
Using the transformation formula 
��	� 
or strictly speaking the transformation

formula 
��
� for the global residue� we obtain

S� �
�


		i�n

Z
�F

z�Jf detAdz

F� � � � Fn
�

Choosing the cycle #z � fz � jzjj � �j� j � �� � � � � ng� with �j 
 � su�ciently large
we have the inequalities jzsjj j 
 jqjj� j � �� � � � � n� on #z� Using Theorem ��� we
then get

S� �
�


		i�n

Z
�z

z�Jf detAdz

F� � � � Fn
�

Let now the multiindex � have at least one negative coordinate� The expression

S� �
�


		i�n

Z
�z

z�Jf detAdz

F� � � � Fn

will then be called a pseudopower sum�
We can show� just as for the system 
������ that S� � � if jj�jj � �� Indeed�

expanding the function
�

Fj
�

�


z
sj
j � qj�

in a geometric series
�X
s��


���s
qsj

zsj�s���
�

we obtain

S� �
�


		i�n

X
jj�jj��


���jj�jj
Z
�z

z�Jf detAq��� � � � q�nn dz

z
s�������
� � � � z

sn��n���
n

�

The degree of the denominator is equal to
nX
j��

sj
�j � ���



A MODIFIED ELIMINATION METHOD ��

while the degree of the numerator equals

jj�jj�
nX
j��

sj � n �
nX
j��


sj � ���j�

so that the integral can be di�erent from zero only in case jj�jj � jj�jj� But since
jj�jj � � we actually have S� � ��

If jj�jj � � then

S� �
�


		i�n

Z
�z

z�Jf detAdz

zs�� � � � zsnn
�

In particular� for � � 
�� � � � � �� the B�ezout theorem gives S���


 ��� � k� � � � kn� If
� �� 
�� � � � � ��� then S� can still be di�erent from zero� since

S� �
�


		i�n

Z
�z

z�JP detAdz

zs�� � � � zsnn

������

and the expression JP detA can have more then one monomial in contrast to the
case of system 
����� where we had

JP � k� � � � knz
k���
� � � � zkn��n �


Here JP is the Jacobian of the system P�� � � � � Pn�� Therefore the number of sums
S� that are di�erent from zero coincides with the number of non�zero monomials of
the polynomial JP detA�

For instance� in the case of Example ��� we get

detA �
�

'

a�x� a�y�� JP � x
a�b� � 	a�b�� � y
	b�a� � a�b���

and

JP detA �
�

'

x�a�
a�b� � 	a�b�� � y�a�
a�b� � 	b�a�� � 	xy'��

Therefore we must compute all the S�� with jj�jj � �� by formula 
������ before
we can apply the Newton formulas�

Consider the integral

I �
�


		i�n

Z
�z

Jf detAdz

z�
�

and suppose that

Jf detA �
X
jj�jj��

b�z
��

Then we have

I � b��I � b������


 ��n���


if Jf detA has no monomial z� with this multiindex �� then I � ���
On the other hand

I �
�


		i�n

Z
�z

z��Jf detAF� � � � Fndz

F� � � � Fn
�
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�
X

jj���


��n��jj��

jj�j jj�sj

c��
�� � � � c�n
n�S���


��n���

If jj�jjj � sj� then c�j 
j� �� � only in case �j � sjej� Therefore

I � Ss�� �
X

jj�jj�jj���


��n��jj�jjsjj

c��
�� � � � c�n
n�S���


��n���

and we have proved the following result�

Theorem �
�� 
Kytmanov�� For the system�
���� one has the formula

Ss�� �
X

jj�jj�jj���


��n��jj�jjsjj

c��
�� � � � c�n
n�S���


��n�� � b��I� 
������

We thus see that every collection of leading homogeneous parts P�� � � � � Pn gives
rise to a Newton formula of its own� The most elementary of these is formula 
�����
for the system 
������

Now consider two systems of algebraic equations

Pj
z� � �� j � �� � � � � n� 
����	�

and

Qj
z� � �� j � �� � � � � n� 
������

The polynomial Pj has degree kj�

k� � k� � � � � � kn�

and the polynomial Qj is of degree dj�

d� � d� � � � � � dn�

Moreover� the sets of roots of systems 
����	� and 
������ are assumed to coincide�
and we denote them by E� We shall further assume that all roots of these systems
are simple� The question is� What can be said about the relation between these two
systems$

Since the set E is �nite we can assume that all roots lie in Cn� and hence that
the systems 
����	� and 
������ are non�degenerate�

Theorem �
�� 
Kytmanov�Mkrtchyan  ���!�� Under the above conditions on
the systems �
��

� and �
��
��� we have

k� � d�� k� � d�� � � � � kn � dn�

For the proof we need the following lemma�

Lemma �
��� Let

Ei � fz � Cn � Pj
z� � �� j � �� � � � � n� j �� ig
and let g
z� be a polynomial such that E � g��
��� but Ei �� g��
��� i�e� g �� � on
Ei� Then

deg g � degPi � ki�
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Proof� Assume that deg g � ki� The analytic set Ei is non�empty and of complex
dimension at least �� Hence Ei n E �� ��

Consider a point z� � Ei n E for which g
z�� �� �� At this point we also have
Pi
z

�� �� � so there exist numbers � and � such that

�Pi
z
�� � �g
z�� � �� � �� �� � �� ��

Consider now the system of equations

Pj
z� � �� j � �� � � � � n� j �� i� 
������

�Pi
z� � �g
z� � ��

Since the highest homogeneous parts of this system coincide with those of system

����	�� it follows that system 
������ has no roots on the hyperplane at in�nity
CPn nCn� Hence by the B�ezout theorem the number of roots of system 
������ is
equal to k� � � �kn� But every point from E is a root of system 
������� Apart from
them the point z� is also a root of system 
������� From here we get that the number
of roots of system 
������ is at least equal to k� � � �kn � �� a contradiction�

Proof of theorem 
���� First of all we show that k� � d�� Consider the set

E� � fz � Cn � P�
z� � �� � � � � Pn
z� � �g�
There exists at least polynomial Qj which is not identically equal to � on E�� By
Lemma ���� we then have

degQj � dj � k��

Interchanging the systems 
����	� and 
������ we thus deduce that d� � k��
It is not di�cult to show that for almost all � and � the system of equations

�P�
z� � �Q�
z� � ��

P�
z� � �� � � � � Pn
z� � � 
������

has no roots at in�nity� and hence the system 
������ is non�degenerate�
To show that k� � d� we replace the system 
����	� by the system 
������� and

the system 
������ by the system

�P�
z� � �Q�
z� � �� 
����
�

Q�
x� � �� � � � � Qn
z� � ��

with the same � and ��
Then we de�ne

E� � fz � �P� � �Q� � �� P� � � � � � Pn � �g�
and observe that on E� one of the polynomials Qi� i � 	� � � � � n� does not vanish
identically� By Lemma ���� there exists a polynomial Qi� i � 	� for which degQi �
k�� and hence d� � k�� Interchanging the systems 
������ and 
����
� we then get
that d� � k�� and so on�

In the case of multiple roots Theorem ���� is false�
Example ����� It is su�cient to consider the two systems of equations

z
� � �� z� � �
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and

z�� � �� z�� � ��

Theorem �
�� 
Kytmanov�Mkrtchyan  ���!�� For the systems �
��

� and
�
��
�� we have

Qj
z� �
X
l

Rlj
z�Pl
z��

where the summation is taken over such indices l for which kl � kj� Moreover�

degRlj � degPl � Qj�

In particular� Qn is a linear combination of those Pj for which kj � kn� If kn�� 
 kn
then the polynomials Pn and Qn are proportional�

Proof� Since Qj vanishes at the roots of system 
����	�� and since these roots are
all simple and �nite� it follows by the M�N�other theorem 
see� for example�  ��	!�
that the polynomials Qj belong to the ideal generated by P�� � � � � Pn �

Corollary �
�� 
Bolotov  ��!�� If in the systems �
��

� and �
��
�� one has

k� � � � � � kn � d� � � � � � dn�

and if the highest homogeneous parts of Pj and Qj coincide for all j� then

Pj � Qj� j � �� � � � � n�

��� Elimination of unknowns in di�erent variables� Real roots

Here we consider questions connected with elimination of unknowns� First we
focus on the following problem� Suppose that we have found the �rst coordinates of
all roots of a system� by eliminating all the unknowns except the �rst� How can we
�nd the remaining coordinates$

The classical elimination method reduces the system to triangular form� So�
having found the �rst coordinates of the roots� we insert them into the previous
equations 
which depend on the �rst and the second variable�� thereby again obtain�
ing polynomials in one variable� Solving theses we now �nd the second coordinates
of the roots etc�

When using the method of Sec� � we get at once the resultant R
z�� in the �rst
variable� In order to �nd the second coordinates of the roots we must then �nd the
resultant in the second variable etc�

Now we describe a method which simpli�es this procedure� for instance� in the
case when the zeros of R
z�� are simple� To determine the other coordinates we do
not have to solve any equations at all� This method has been presented in  �!�

Let a system

f�
z� � ��

� � � 
�����

fn
z� � �

of algebraic equations be given� We assume that the system 
����� has a �nite set of
roots z���� � � � � z�M� in Cn� The elimination method provides us with a polynomial
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R
z�� having the zeros z����� � � � � z��M�� We �rst assume that all zeros of R
z�� are
simple� Then

R
z�� �
MY

��


z� � z��
�� �
MX
j��

bjz
M�j
� � b� � ��

Introducing the polynomial

P
�t�
j 
z�� �

MX

��

ztj�
�
Y
���

� ��



z� � z����� �
MX
���

a
�t�
j�z

M��
� �

we have

P
�t�
j 
z��

R�
z��

�����
z��z����

� ztj�
��

and in particular� for t � �

P
�t�
j 
z��

R�
z��

�����
z��z����

� zj�
��

Hence we must �nd the polynomial P
�t�
j 
z��� or rather its coe�cients a

�t�
j� �

We consider the auxiliary system of functions

�
�t�
j 
�� �

MX

��

ztj�
�
�� �z��
�

MY
���


�� �z������

which may be written

�
�t�
j 
�� �

MX

��

ztj�
�
Y
� ��



�� �z����� �
MX
���

a
�t�
j��

����

On the other hand� using the formula for geometric progression� we get for
su�ciently small j�j

�
�t�
j 
�� �

MX

��

ztj�
�

�X
m��


�z��
��
m
Y
���


�� �z����� �

�
�X
m��

�m

�
MX

��

ztj�
�z
m
��
�

�
MY
���


�� �z����� �

�

�
�X
m��

Sme��tej�
m

�

� � b�� � � � �� bM�

M��

where Sme��tej is a power sum for multiindex me� � tej � 
m� �� � � � � �� t� �� � � � � ���
and bj are the coe�cients of the polynomial R
z��� Comparing this expression with
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�
�t�
j 
��� we get recursive relations for the calculation of a

�t�
j� �

a
�t�
j� �

���X
���

b�S�������e��tej � 
���	�

In particular�

a
���
j� �

���X
���

b�S�������e��ej � 
�����

If the system 
����� has only �nite roots 
i�e� if it is non�degenerate�� then the
power sums can be computed by using Theorem ��� or the corresponding Newton

formulas from Sec� ��� In this way we �nd P
�t�
j 
z���

Theorem ���� 
Aizenberg � Bolotov � Tsikh�� Let the zeros of the polynomial

R
z�� be simple� and let the coe�cients of the polynomials P
���
j 
z�� be given by the

formulas �

���� The j�th coordinates of the roots of system �

�
� are then equal to

zj�
� �
P

���
j 
z��

R�
z��

�����
z��z����

� � � �� � � � �M�

Corollary ����� If the system �

�
� with real coe�cients is such that all
zeros of R
z�� are simple� then the number of real roots coincides with the number
of real zeros of the polynomial R
z���

Proof� If the system 
����� has real coe�cients then all the power sums S�
of the roots are real� Therefore the polynomials R
z�� and P

�t�
j 
z�� also have real

coe�cients� If the �rst coordinate of the root z�
� is real� then Theorem ���� shows
that the zj�
� are also real� and hence z�
� has all its coordinates real�

This corollary allows us to determine the number of real roots of the system

����� by using� for example� the Hermite theorem�

Example ����� Consider the system of example ����

z�� � a�z� � b�z� � c� � ��

z�� � a�z� � b�z� � c� � �� 
�����

We must compute S�j��� for j � �� �� 	� ��

S�j��� �M

� X
������j��


��������
JfQ

��
� Q��

�

z������j
� z����

�
�

where

Jf � �z�z� � 	z�a� � 	z�b� � a�b� � b�a��

Q� � a�z� � b�z� � c�� Q� � a�z� � b�z� � c��
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Then we obtain S����� � �	b��
S����� � a�b� � �a�b��
S����� � 	c�b� � �b�c� � 	b�b

�
� � a��b� � �a�a�b��

S����� � a��b� � �a��a�b� � �a�b
�
�b� � �a�b�b

�
��

�
a�b�c� � �a�b�c� � �a�b�c��
In Example ��� we showed that

R
z�� � z
� � 	a�z
�
� � 
a�� � b�b� � 	c��z

�
��

�
a�b
�
� � 	a�c� � a�b�b��z� � b��c� � c�� � b�b�c��

This together with 
����� implies that

P
���
� 
z�� � �	b�z

�
� � �
a�b� � a�b��z

�
� � 
a�a�b� � a��b� � �b�c��

�	c�b��z� � �a�b�c� � �a�b�c� � a�b�c� � 
a�b�c��

Let us now consider the general case when the resultant R
z�� can have multiple
zeros� Let z��
� denote the di�erent zeros of the resultant� � � �� � � � � k� and let each
zero z��
� have multiplicity r
� r� � � � �� rk � M � Then

R
z�� �
kY


��


z� � z��
��
r� �

MX
���

b�z
M��
� �

We introduce the polynomial

P
�t�
j 
z�� �

kX

��

�
ztj�
��� � � � � � ztj�
�r��

�
�

�
z� � z��
��
r���

Y
���

� ��



z� � z�����
r� �

MX
���

a
�t�
j�z

M��
� �

where zj�
���� � � � � zj�
�r�� are the j�th coordinates of the roots with �rst coordinate
equal to z��
�� Then we have

dr	��P
�t�
j 
z��

dzr	���

&
dr	R
z��

dzr	�

����
z��z����

�
�

r�



ztj����� � � � � � ztj���r	�

�
� 
�����

The relations 
����� allow us to write out the power sums of the j�th coordinates

of the roots zj������ � � � � zj���r	� if we know R
z�� and P
�t�
j 
z��� Setting t � �� � � � � r�

we compute r� di�erent power sums� Then using the Newton recursion formulas

	��� we �nd a polynomial P in z� having these zeros� Solving the equation P � �
we �nd the roots zj������ � � � � zj���r	��

One �nds the coe�cients a�t�j� by the same formulas 
���	��

Theorem ���� 
Aizenberg�Bolotov�Tsikh�� Suppose we know the �rst coordi�
nates of the roots of system �

�
�� Then by formula �

�	� we can obtain the power
sums of the j�th coordinates of the roots having this given �rst coordinate� � � j � n�
In this way we reduce the problem of �nding the j�th coordinates to �nding the zeros
of a polynomial of one variable whose degree is equal to the number of roots of system
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�

�
� with the given �rst coordinate� Moreover� the coe�cients of the polynomials

R
�t�
j are found by formula �

�
�� and the power sums are found by Theorem ��
 and

Corollary ��
�

Corollary ���� does not hold in the presence of multiple zeros of R
z��� If the
coe�cients of system 
����� depend on some parameters then generically R
z�� has
only simple zeros� Moreover� to determine the number of real zeros we do not need
the polynomial R
z���

Indeed� let the system 
����� be non�degenerate� with real coe�cients� and
deg fj � kj� Then by Theorem ��� we �nd the power sums Se� � � � � � S��M���e� �
where M � k� � � � kn and e� � 
�� �� � � � � ��� We consider the matrix 
see Corollary
����

B �

�BB�
M Se� S�e� � � � S�M���e�

Se� S�e� S�e� � � � SMe�

� � � � � � � � � � � � � � �
S�M���e� SMe� S�M���e� � � � S��M���e�

�CCA �

If the matrix B is non�singular 
i�e� detB �� � � then the polynomial R
z�� has only
simple zeros 
since detB is the discriminant of R
z�� 
see Sec� 
��� Then by the
Hermite theorem the number of real zeros of R
z�� 
i�e� the number of real roots of
system 
������ is equal to the signature of the quadratic form with the given matrix�

No simple assertions� like the Descartes sign rule or the Budan�Fourier theorem�
are known in general for counting the real roots of a system� Therefore this question
is usually reduced to analogous questions for the resultant R
z���

Corollary ���� may be extended to a more general situation� Let P 
z� be a
polynomial in Cn with real coe�cients� If z � Cn and Im z � � then z � x �

x�� � � � � xn� � Rn� We denote by

Da�b � fx � Rn � a � P 
x� � bg
the set consisting of level surfaces of the polynomial P� a � b� a� b � R� How can
we determine the number of real roots of the system 
����� lying in Da�b$ Consider
the complex numbers P 
z����� � � � � P 
z�M��� i�e� the projections in C of the roots
z���� � � � � z�M� of the system 
������ By Theorem ��� 
or corollary ���� we can �nd
the power sums SP

j of the form 
degP � k�

SP
j �

X
ksj��

P
ksj�jk� �s�

nP

j��
ksj


���
P

ksj
nQ
s��

�
nP
j��

ksj

�
�

nQ
s�j��

ksj�
M

����
P jQ�Jf detA

Q
s�j��

a
ksj
sj

nQ
j��

z
�jNj��j�Nj

j

���� �

Then by the Newton formulas 
	��� we �nd a polynomial RP 
w�� w � C� having
the zeros P 
z�j��� j � �� � � � �M � If z�j� is a root of 
����� with some non�real
coordinate then z�j� is also a root of 
������ If P 
z�j�� is a real number then so is
P 
z�j��� i�e� the number P 
z�j�� is a multiple zero of the polynomial RP 
w�� We thus
have the following result�
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Theorem ���� 
Kytmanov�� If the system �

�
� is non�degenerate with real
coe�cients� and if the polynomial RP has only simple zeros� then the number of real
roots of the system �

�
� in the domain Da�b coincides with the number of real zeros
of the polynomial RP in the interval 
a� b��

The number of real zeros of RP in 
a� b� can be determined either by the Sturm
method or by the Descartes sign rule 
see Sec� ��� The existence of multiple zeros
can be checked by using the discriminant� This theorem permits us to �nd the
number of real roots of system 
����� in a strip fx � Rn� a � x� � bg� in a ball
fx � Rn � jxj � rg� in an ellipsoid and so on�

Another method for counting real roots was considered in  ���!
Example ���	� 
continuation of Example ������
For the system 
������ aj� bj� cj � R� we consider the polynomial P 
x� � x�� �x���

We want to determine the number of real roots of 
����� in a disk or inside a ring�
First we compute S�j�k�� j � k � � by means of the formulas 
����� We obtain

S����� � �	a�� S����� � �	b�� S����� � 	b�b� � 	a�� � �c��

S����� � a�b� � �a�b�� S����� � 	a�a� � 	b�� � �c��

S����� � �	a�� � �a�b
�
� � �a�b�b� � 
a�c��

S����� � �	b�� � �b�a
�
� � �b�a�a� � 
b�c��

S����� � 	c�b� � �b�c� � 	b�b
�
� � a��b� � �a�a�b��

S����� � 	c�a� � �a�c� � 	a�a
�
� � b��a� � �b�b�a��

S�
��� � 	a
� � �a��b�b� � 	b��b
�
� � �a��c� � �b��c� � �c�� � �a�a�b

�
� � �b�b�c��

S����� � a��b� � �a��a�b� � �a�b
�
�b� � �a�b�b

�
� � 
a�b�c� � �a�b�c� � �a�b�c��

S����� � b��a� � �b��b�a� � �b�a
�
�a� � �b�a�a

�
� � 
b�a�c� � �b�a�c� � �b�a�c��

S��

� � 	b
� � �b��a�a� � 	a��a
�
� � �b��c� � �a��c� � �c�� � �b�b�a

�
� � �a�a�c��

S��
�� � �a�a�b�b��	a��a��	b�b
�
��a

�
�b

�
���a��b

�
��
a�a�c��	a��c��
b�b�c��	b��c���c�c��

We must keep in mind that when we have found the sum S�j�k�� then for sym�
metry reasons we obtain the sum S�k�j� by the permutation a� � b�� a� � b�� b� �
a�� c� � c�� c� � c�� Then we must compute the sums SP

j � j � �� 	� �� �� cor�

responding to degrees P j� But in this case it is easier to use either the multidi�
mensional Newton formulas 
����� or the following observation� From 
����� we get
z�� � z�� � �
a� �a��z�� 
b� � b��z�� 
c� � c�� and summing over all roots of system

������ we have

SP
� � �
a� � a��S����� � 
b� � b��S����� � �
c� � c���

i�e�
SP
� � 	a�
a� � a�� � 	b�
b� � b��� �
c� � c���

By the same reasoning we can also �nd SP
j � j � 	� �� ��

These expressions are rather awkward� but after applying the Newton formulas
they usually simplify�

To SP
j we now apply formulas 
	���� 
In order to avoid confusion we denote by �j

the coe�cients of the desired polynomialRP � i�e� RP 
z� � z
����z
�
����z

�
����z���
��
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Since �� � SP
� � �� we have �� � �
c� � c��� 	a�
a� � a��� 	b�
b� � b��� Similarly�

SP
� � SP

� �� � 	�� � � implies that

�� � 

c� � c��
� � 
a� � a��

��
�
a�� � b�b� � 	c�� � 
b� � b��

�
b�� � a�a� � 	c�� � �
a� � a���
�
b� � b��
a�b� � a�b��� 
a�
a� � a��
c� � c��� 
b�
b� � b��
c� � c���

Further we have SP
� � SP

� �� � SP
� �� � ��� � �� and hence

�� � �
c� � c��
��

�
a� � a��
�
a�b�b� � 	a�c� � a�b

�
�� � 
b� � b��

�
a�a�b� � a��b��
�	b�c�� � 
a� � a��

�
b� � b��
a�a�b� � a��b� � 	b�c� � �b�c���

�
b� � b��
�
a� � a��
a�b�b� � a�b

�
� � 	a�c� � �a�c��� 
a�
a� � a���

�
c� � c��
� � 
b�
b� � b��
c� � c��

� � 

a� � a��
b� � b��
c� � c���
�
a�b� � a�b�� � 	
a� � a��

�
c� � c��
	c� � b�b� � a����

�	
b� � b��
�
c� � c��
	c� � a�a� � b����

Finally� SP

 � SP

� �� � SP
� �� � SP

� �� � ��
 � � gives

�
 � 
a� � a��

�

�
b��c� � c�� � b�b�c�� � 
b� � b��


a��c� � c�� � a�a�c�� � 
c� � c��


�

�
a� � a��
�
b� � b��
�a�b�c� � a�b�c� � a�b�c� � 
a�b�c���

�
b� � b��
�
a� � a��
�b�a�c� � b�a�c� � b�a�c� � 
b�b�c���

�	a�
a� � a��
c� � c��
� � 	b�
b� � b��
c� � c��

��

�
a� � a��
�
b� � b��

�
a��c� � a�a�c� � b�b�c� � b��c� � 	c�c���

�
a� � a��
�
c� � c��

�
	c� � �a�� � b�b�� � 
b� � b��
�
c� � c��

��
�
	c� � �b�� � a�a�� � 
a� � a��

�
b� � b��
c� � c��
	b�c� � �a��b��
��a�a�b� � b�b

�
�� � 
b� � b��

�
a� � a��
c� � c��
	a�c� � �b��a��
��b�b�a� � a�a

�
�� � 

a� � a��
b� � b��
c� � c��

�
a�b� � a�b���

We have thus constructed the polynomial RP 
z� provided it has only simple
zeros 
which may be checked with the discriminant�� Then by Theorem ���� the
number of real zeros of RP 
z� in the interval 
a� b� coincides with the number of real
roots of system 
����� inside the ring f
x�� x�� � a � x�� � x�� � bg�

In conclusion we present a result of Tarkhanov  ���!� which in some cases gives
the number of real roots in a domain D � Rn�

Let the system 
����� have real coe�cients�

Theorem ���� 
Tarkhanov�� If D is a bounded domain in Rn with piecewise
smooth boundary� and if the Jacobian Jf 
 � in D� then the number of real roots of
system �

�
� in domain D is equal to

�

	n

X
��

signJf � 
���
�

where #� � �D 
 fx � Rn � jf�j � �� � � � � jfnj � �g�
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The condition Jf 
 � is quite restrictive� Usually it will imply that the mapping
f is one�to�one� i�e� the system 
����� has only one real root� In general� when Jf is
allowed to change its sign in D the formula 
���
� gives the index of the mapping f
in D 
i�e� the sum of roots in D where every root is multiplied by signJf ��

We provide also a more complicated formula� in which the Jacobian Jf may
change its sign� permitting us to compute power sums of any form 
see  ���!��

Let D be a bounded domain in Rn with piecewise smooth boundary �D� Con�
sider the system

f�
x� � ��

� � � 
�����

fn
x� � ��

where the fj are real valued smooth functions� We shall assume that the system

����� has a �nite set Ef of simple roots in D� with no roots on the boundary �D�
With the help of the Poincar�e index formula we can compute the index of system

����� 
i�e� the number of roots counted according to the sign of the Jacobian�� Then
we invoke the Tarkhanov Theorem ���� to compute this index in closed form�

We wish to determine the number of roots of system 
������ and we �rst consider
the situation when the Jacobian does not change sign in "D� For de�niteness we shall
assume Jf � � on "D� Consider the di�erential form 
for the Poincar�e index�

�
x� � cn

nX
k��


���k��
xk
jxjndx k!�

where the constant cn is de�ned so thatZ
fjxj��g

�
x� � ncn

Z
fjxj��g

dx � ��

It is known that the form �
x� is closed in Rn n f�g�
Lemma ����� Suppose � is a real�valued function from C�
 "D�� ThenX

x�Ef

�
x� �

Z
�D

��
f��
Z
D

d� 
 �
f��

The proof of Lemma ���� is standard� The integrals over the domain D are well
de�ned since they are absolutely convergent 
we recall that all roots of system 
�����
are simple� so near these roots the mapping

f � 
f�� � � � � fn�

is a di�eomorphism�� Applying the Stokes formula in the domain

D	 � D n fx � jf
x�j � �g
and using the identity Z

fjyj�	g

�
y� � �

we obtain the required formula�
Now we allow the Jacobian Jf to change sign in D�
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Theorem ���� 
Kytmanov�� If fj � C�
 "D�� j � �� � � � � n� and � � C�
 "D��
then X

x�Ef

�
x� � cn��

Z
�D

�If

nX
k��


���k��fkdf  k!�

�cn��

Z
D

Ifd� 

nX

k��


���k��fkdf  k!� 
�����

�	�cn��

Z
D

�'f 
jf j� � ��J�
f ��

n��
� dx�

where jf j� � f �
� � � � � � f �

n� � 
 ��

'f �

�������������

f�
�f�
�x�

� � �
�f�
�xn

� � � � � � � � � � � �

fn
�fn
�x�

� � �
�fn
�xn

Jf
�Jf
�x�

� � �
�Jf
�xn

�������������
and

If �

#


$


%
	s
���s


	s� ���

ds

d�s
ln

�Jf �
q
��J�

f � �

��If �
p
��If � �

� n � 	s�

	
���s

s�

ds

d�s

�
�p
�

arctan
�Jfp
�

�
� n � 	s � ��

for � � jf j�� The integrals in this formula converge absolutely�

Proof� Consider 
as in  
�!� the auxiliary system of equations

f�
x� � ��

� � �

fn
x� � �� 
�����

fn��
x� xn��� � xn��Jf 
x� � ��

The roots of the system 
����� are points in Rn�� of the form 
x�� � � � � xn� �� where

x�� � � � � xn� � Ef � Moreover� the Jacobian of the system 
����� is equal to J�

f � ��
This means that Lemma ���� can be applied to 
������ The domain of integration
we take to be D� � D �  ��� �! � Rn�� 
� 
 ��� Then we getX

x�Ef

�
x� �

Z
�D�

�&�
&f��
Z
D�

d� 
 &�
&f��

where &f � 
f�� � � � � fn� fn���� fn�� � xn��Jf � and

&�
&f� � cn��
jf j� � f �
n���

�n��
�

�
nX

k��


���k��fkdf  k! 
 dfn�� � 
���nfn��df

�
�
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Since �D� � �D �  ��� �! � D �  �!�D �  ��! we haveZ
D
��	�

�&�
&f� �

� ��cn��

Z
D

�

�
nX

k��


���k��fkdf  k! 
 dJf � 
���nJfdf

�

jf j� � ��J�

f ��
n��
� �

� ��cn��

Z
D

�'f 
jf j� � ��J�
f ��

n��
� dx�

We also see thatZ
�D
��	�	�

�&�
&f� �

Z
�D

�Jf

nX
k��


���k��fkdf  k!

Z 	

�	


jf j� � x�n��J
�
f ��

n��
� dxn���

and similarlyZ
D�

d� 
 &�
&f� �

Z
D

Jfd� 

nX

k��


���k��fkdf  k!

Z 	

�	


jf j� � x�n��J
�
f ��

n��
� dxn���

Computing the integral Z 	

�	


jf j� � x�n��J
�
f ��

n��
� dxn��

we now obtain formula 
������
Letting n � � in 
������ we have the following result�

Corollary ����� If D � 
a� b� � R�� thenX
x�Ef

�
x� �
�

	

Z b

a


f ��� � ff ��

f � � ��
f ���
�dx� 
������

� �

	

Z b

a

�� arctan
�f �

f
dx �

�

	

�
�� arctan

�f �

f

�����b
a

�

In particular� if f
x� � sin 	x and � � ��	 then formula �

�
�� becomes the
classical Euler�Maclaurin formula with remainder term R in integral formX

k��a�b�

�
k� �

Z b

a

�
x�dx � R�

If � � �� then formula 
����� 
which occurs in  
�!� gives the number of roots of
the system 
����� in the domain D�

If we use formula 
����� to compute the power sums

S�
j �

X
x�Ef

�j
x�� j � �� 	� � � � �M�


where M is the number of roots of system 
����� in the domain D�� then by the
Newton recursion formulas 
	��� we can construct a polynomial R�
w�� w � C��
whose zeros are

�
x�� x � Ef �
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Corollary ����� Assume that R� has only simple zeros� Then the number of
roots of the system �

��� in the set

fx � D � a � �
x� � bg
coincides with the number of zeros of the polynomial R� in the interval 
a� b��
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APPLICATIONS IN MATHEMATICAL KINETICS

An important �eld of applications for the methods we have developed is that of
mathematical kinetics� The basic objects of study in this �eld are the equations of
chemical kinetics� and these are nonlinear as a rule� In the simplest but commonly
encountered case their right hand sides are algebraic functions� which are formed
according to the mechanism of a chemical reaction� Recently� the interest in the
nonlinear problems of mathematical kinetics has grown considerably in connection
with the vast accumulation of experimental facts revealing critical e�ects of di�erent
kinds 
see e�g�  ��� 
	� �
� �	� ��� ��	� �
�� �
�!�� An essential point in the
analysis of the appropriate mathematical models is to determine all steady states�
i�e� to �nd all real roots of certain systems of nonlinear algebraic equations in some
bounded domain� In connection with the equations of chemical kinetics this problem
was considered for the �rst time in a number of papers  �� 
� �� �� 
� ��� �
!� which
used both traditional approaches as well as methods based on modi�ed elimination
procedures for systems of nonlinear algebraic equations  ��!�

Let us consider the general form of the kinetic equations that correspond to a
closed homogeneous isothermal system� The transformation scheme or the mecha�
nism of a complex reaction can be represented in the form

nX
i��

�jiZi �

nX
i��

�jiZi� j � �� � � � � m�

where Zi stands for the i�th intermediate� �ji and �ji are stoichiometric coe�cients

nonnegative integers�� n is the number of reagents� m is the number of stages

elementary reactions�� To every stage there corresponds a numerical characteristic�
the rate of the stage�

wj � w�
j � w�

j � w
����
j � w

����
j 
z�� � � � � zn��

where w
����
j is the rate of the forward 
reverse� reaction at the j�th step� and zi is

the concentration of the intermediate Zi�
The equations for the steady states are given by

mX
j��

�jiwj
z� � �� i � �� � � � � n�

where �ji � �ji � �ji� and z � 
z�� � � � � zn�� Introducing the matrix B � jj�jijj� and
the vector w � 
w�� � � � � wm�� the stationary equations of chemical kinetics can thus
be written in matrix form

BTw
z� � ��

��
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This system must be supplemented by appropriate linear relations which repre�
sent the conservation laws� These determine a linear dependence between the lines
and columns in the matrix B�

Az � a�

where A is a matrix whose entries are proportional to the molecular weights� and a
is a vector of mass balances� The mass conservation laws for atoms of a given are
at each stage expressed by the relation

BA � ��

The balance relations together with the non�negativity condition for the concen�
trations zi � �� i � �� � � � � n� determine the domain of de�nition� the so�called
reaction polyhedron D� for the kinetic equations� In general the construction of D
is a separate problem  �
!� We shall mainly consider the case when D is a simplex�
i�e�

D �

'
z �

nX
i��

zi � �� zi � �

(
�

The steady state equations together with the balance relations form a system of
generally nonlinear equations� whose solutions in D are to be found� The nonlinear�
ity is determined by the character of the dependence on w
z�� In the simplest case
corresponding to the mass conservation law� one has

w
����
j � k

����
j

nY
i��

z
�ji��ji�
i �

where k
����
j are the rate constants at the j�th stage of the forward and reverse

reactions� so the stationary equations are algebraic in this case�
It can be shown  ��! that the polyhedron D is a ��invariant set for the dynamical

system

z� � B
T
w
z��

i�e� for any initial data z
�� � D� the solutions z
t� stay in D for all t 
 �� This
ensures the existence of at least one solution to the stationary system� However�
this condition holds also for more general kinds of dependencies of wj
z��

Scienti�c �ndings have shown  ��! that already simple nonlinear models of chem�
ical kinetics may possess several steady states� General conditions that give rise
to critical e�ects related to structural peculiarities of the chemical transformation
scheme can be found� for example� in  ��� ��� ���!� Moreover� it is important to
�nd the solutions themselves 
and all of them� in the given domain D� Standard nu�
merical methods for solving nonlinear equation systems� based on various iteration
procedures� are suitable only when the initial data are su�ciently close to a root of
the system�

Additional di�culties arise when searching for solutions for which the stability is
of �saddle� type character� Methods based on variation of parameters are quite ap�
plicable here  ��� ��� 	
!� However� such methods do not guarantee that all steady
state solutions in the given domain are found� During the variation of parameters
there may appear �isols� in the corresponding system of equations�
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A large number of examples of such situations in models of automatic control
are given in  
�!� Zeldovich  ���! was �rst to point out the possibility of �isols� in
the chemical kinetic equations under nonisothermal conditions�

In order to solve the stated problem we propose to use an approach based on
elimination of unknowns from a system of nonlinear algebraic equations  ��!� As a
result of this elimination we obtain a polynomial in one variable� and for these there
are well developed methods for �nding all roots in a given segment� In this chapter
we carry out this scheme for various kinds of equations of chemical kinetics� Some
special systems have already been considered above 
see Examples ��	� ���� ��	� ����
system 
������ The questions of �nding the number of solutions in a given domain
are analyzed in Sec� �	 for so�called short transformation schemes� The problem of
determining all steady states is settled in Sec� ��� Finally� the speci�c problem of
elimination of unknowns from a system of chemical kinetic equations 
construction
of the kinetic polynomial� is studied in Sec� �� and ���

��� Short schemes

In the papers  ��� ��� ��� �
� �	� 
�! mechanisms for chemical reactions with
a minimal number 
two� of independent reagents were proposed� These so�called
short schemes do not contain autocatalytic stages but they do admit non�uniqueness
of solutions�

�	��� THE PARALLEL SCHEME

One such short scheme is the three�stage scheme of the general form

mZ
�

�
��

mX�

nZ
�

�
��

nY� 
�	���

pX � qY
�� 
p � q�Z�

where Z�X� Y are intermediates� and m� n� p� q are positive integers 
stoichiometric
coe�cients�� The digits above and below the arrows indicate the number of reac�
tions� The scheme 
�	��� is typical for catalytic reactions� The substance Z 
the
catalyst� is used in the �rst and second stages and is then stored� In 
�	��� there is
a stage of interaction between the di�erent substances X and Y � This is a necessary
condition for the existence of several steady states  ��!� This fact will be proved
below as we develop our approach�

Here we analyze in detail how the number of steady states varies with di�erent
relations between m� n� p� q and with di�erent reversibility of the stages in 
�	����
Simple mechanisms containing autocatalytic stages 
reactions of the type A�X �
	X� were considered in  �	� ��� 
�� ��� 	�!� The assumption of autocatalysis
allows one also to construct simple models of autooscillations  ��!� In this section
we restrict our attention to mechanisms of type 
�	���� focusing on the cases of one�
three or �ve steady states� Here the nonlinearity of the corresponding kinetic model
comes solely from the nonlinearity of the given transformation scheme�
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Mathematical model� To the scheme 
�	��� there corresponds the following
kinetic model

*x � mk�z
m �mk��x

m � pk�x
pyq�

*y � nk�z
n � nk��y

n � qk�x
pyq�


�	�	�

where x� y and z � � � x � y are the concentrations of the intermediates Z� X�
Y respectively� and ki is the rate constant of the corresponding step 
k�� k�� k� 

�� k��� k�� � ��� The solutions of 
�	�	� are de�ned in the reaction simplex

S � f
x� y� � x � �� y � �� x � y � �g� 
�	���

The fact that S is a ��invariant set for the dynamical system 
�	�	� guarantees the
existence of at least one stationary point�

Steady states� For system 
�	�	� the steady states 
s�s�� are de�ned as the
solutions to the system of algebraic equations

mk�z
m �mk��x

m � pk�x
pyq � ��

nk�z
n � nk��y

n � qk�x
pyq � �� 
�	���

x � y � z � ��

The solutions of 
�	��� having physical sense lie in the reaction simplex 
�	����
and it is in this domain S that we shall estimate the number of solutions of system

�	���� We shall distinguish between interior s�s� and boundary s�s� An interior s�s�
is strictly contained in S� i�e� x 
 �� y 
 �� x � y � �� For a boundary s�s� we have
either x � �� y � � or x� y � �� The reaction rate� which for 
�	��� is given by the
expression

W � k�x
pyq� 
�	���

always satis�es W 
 � for interior s�s� but may vanish for boundary s�s�
Let us �rst consider some particular cases�
��� k�i � �� i � �� �� The system 
�	��� takes the form

mk�z
m � pk�x

pyq � ��

nk�z
n � qk�x

pyq � �� 
�	�
�

x � y � z � ��

For 
�	�
� there always exist two boundary s�s�

x� � �� y� � �� z� � �� 
�	���

x� � �� y� � �� z� � �� 
�	���

having zero stationary rate 
�	���� We shall examine whether or not there are any
interior s�s� of system 
�	�
��

���� m � n� If the parameters are related by

qk� � pk�� 
�	���
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then there exists a curve y � y
x� of interior s�s�� connecting the two boundary s�s�

�	��� and 
�	��� in S� The equation of this curve is implicitly given by

F 
x� y� � mk�
�� x� y�m � pk�x
pyq � �� 
�	����

Using the formula
�y

�x
� ��F

�x

&
�F

�y

it is easy to show that
�y

�x
� ��

Moreover� if

m � n � p � q� 
�	����

then by 
�	���� the function y � y
x� can be written down explicitly as

y �
�� x

� � �x
� � � m

p
k��k�� 
�	��	�

The value of the stationary rate is represented by

W � W 
x� � k�x
m

�
�� x

� � �x

�m

�

The function W 
x� on the segment  ���! is non�negative and vanishes only at the end
points � and �� so W 
x� must have a maximum on the interval 
����� In particular�
for m � n � p � q � � the maximum point x� for W 
x� is given by

x� � ���� �
p

� � ����

and the corresponding maximal rate is

Wmax � W 
x�� � k�x�
�� x�

� � �x�
�

The value y� corresponding to x� is calculated according to 
�	��	�� If the equal�
ity 
�	��� does not hold� i�e� if pk� �� qk� then we have no interior s�s�

���� m 
 n� We will show that in this case� apart from the two boundary s�s��
there may also occur two interior s�s� Multiplying the �rst and the second equations
in 
�	�
� by q and p respectively� and subtracting term by term we have

z � m�n

s
npk�
mqk�

� a� 
�	����

Using the balance relation 
�	�
� we get the following nonlinear equation for the
stationary value x

f
x� � xp
b� � x�q � b�� 
�	����

where

b� � �� a� b� �
mk�
pk�

am�
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It is clear that a necessary condition for the existence of interior s�s� is imposed by
the inequalities b� 
 � and a � �� i�e�

npk� � mqk�� 
�	����

A necessary and su�cient condition for the existence of interior s�s� is obtained from
the requirement f
x�� � b� when f �
x�� � ��

ppqq
�

b�
p � q

�p�q

� b�� 
�	��
�

So in order to have two interior s�s� condition 
�	���� is necessary while the
inequality 
�	��
� is necessary and su�cient� Notice that to solve 
�	���� in gen�
eral� we must resort to numerical methods� However� in some particular cases this
equation can be solved analytically� For example� if p � q then

x��� �
�

	
b� �

r
�

�
b�� � b

��p
� �

The stationary value y is determined from the stationary value x according to the
relation y � b� � x� It is interesting that the stationary rate of the reaction in this
case is the same in interior s�s�� and it has the value

W �
mk�
p

zm �
mk�
p

am� 
�	����

The interesting case n � 	� m � p � q � �� corresponding� for example� to the
three�stage mechanism of oxidation�


O���	Z � 	ZO�

H���Z � ZH��
ZH��ZO � 	Z�H�O

has been investigated in detail in  ��!� Here the reagents in brackets we have con�
centrations that are kept constant�

���� m � n� Except for notation this case is analogous to the previous one� All
conclusions obtained in ��	 will be valid here after interchanging n � m� p � q�
k� � k�� For example� the necessary and su�cient conditions for the existence of
two interior s�s� together with two boundary s�s� can be written 
in accordance with

�	����� as follows

n�m

s
mqk�
npk�

� a � �� mqk� � npk��

ppqq
�

b�
p � q

�p�q

� b��

where

b� � �� a� b� �
nk�
qk�

an�

The stationary rate of reaction corresponding to the interior s�s� is given� in view of

�	����� by

W �
n

q
k�a

n�



APPLICATIONS IN MATHEMATICAL KINETICS �	�

��� k�� �� �� k�� � �� The system 
�	��� takes the form

mk�z
m �mk��x

m � pk�x
pyq � ��

nk�z
n � qk�x

pyq � �� 
�	����

x � y � z � ��

Here it is obvious that the only boundary s�s� is given by 
�	���� As before we
shall analyze the number of interior s�s�

���� m � n� From 
�	���� we have


pk� � qk��z
m � qk��z

m� 
�	����

so if the parameters satisfy

pk� � pk� 
�	�	��

we have no interior s�s� But if

pk� 
 pk� 
�	�	��

we have from 
�	����

z � m

s
mk��

pk� � qk�
x � �x� 
�	�		�

������ m 
 p� Taking into account 
�	�	��� 
�	�		� we get 
from 
�	����� the
following nonlinear equation for positive stationary values x�

f
x� � bxm�p � 
�� 
� � ��x�q � g
x�� 
�	�	��

where

b �
mk��

m

qk�
�

The solution of equation 
�	�	�� is represented by the point of intersection of the
two curves f
x� and g
x� in the interval 
�� ��� It is clear that such an intersection
point always exists� and it is unique because g
x� decreases monotonically to �
and f
x� increases monotonically from �� We have thus shown that under the
parameter relation 
�	�	�� there exists only boundary s�s� whereas the condition

�	�	�� produces also an interior s�s� with nonzero rate of reaction�

������ m � p� Taking into account 
�	�		� from the second equation of 
�	�����
one easily obtains

y �
q

s
mk��

qk�
�

The stationary value x is found from the balance relation

x �

�� y�


� � ��
�

It is clear that for the existence of interior s�s� we must require 
in addition to

�	�	��� that

y � � i�e� mk�� � qk��
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������ m � p� The equation corresponding to 
�	�	�� takes the form

xp�m
�� 
� � ��x�q � b� 
�	�	��

Introducing the notation

�� �
�


� � ��
� �� � b
� � ���q

we can represent equation 
�	�	�� in a form analogous to relation 
�	����� There�
fore a necessary and su�cient condition for the existence of two interior s�s� 
in
accordance with 
�	��
�� is given by

qq
p�m�p�m
�

��
q � p�m

�q�p�m

� ��� 
�	�	��

Notice that the necessary condition 
�	���� for the existence of interior s�s� is au�
tomatically ful�lled in this case� since �� 
 �� Moreover� equality in 
�	���� and

�	�	�� implies the existence of non�rough s�s�� whereas a strict inequality guarantees
the existence of two rough isolated interior s�s�

���� m 
 n� The equations 
�	���� imply that

xm �
�

qmk�

qmk�z

m � nk�pz
n��

from which

x � 
zm�n � a���mzn�m
k��k���
��m� a �

nk�p

mk�q
� 
�	�	
�

y �
z���p�m�n�q


zm�n � a�p��mq�

�
nk�
qk�

�
k��
k�

�p�m
���q

� 
�	�	��

Substituting 
�	�	
� and 
�	�	�� into the identity �� x� y � z we get an equation
with respect to z�

�� z � a�
z
m�n � a���mzn�m � a�

z���p�m�n�q


zm�n � a�p��mq�
� 
�	�	��

where

a� � m
p
k��k��� a� �

�
nk�
qk�

�
k��
k�

�p�m
���q

�

It is obvious that a necessary condition for the existence of a positive solution to
equation 
�	�	�� is a � �� i�e�

nk�p � mk�q� 
�	�	��

When the inequality 
�	�	�� is satis�ed all solutions of 
�	�	�� with a physical sense
are located in the interval 
�� ��� where

� � a���m�n��

������ m � p� In this case 
�	�	�� may be rewritten in the form

�� z � a�
z
m�n � a���mzn�m �

a�

zm�n � a�p��mq�z�p�m���n�q

� f� � f�� 
�	����
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It is clear that the functions f�� f� given on the interval 
�� �� are monotone 
f�
increases and f� decreases�� Hence their sum f� � f� can either decrease or have at
most one minimum for z � 
�� ��� The intersection points of the line � � z with
the curve f�
z� � f�
z� are solutions of equation 
�	����� Therefore we either have
no interior s�s� or at least two 
rough� s�s�� but by virtue of the convexity of f� and
f� we can have no more than two such s�s�

������ m 
 p� We write equation 
�	�	��� which is analogous to 
�	����� in the
form

�� z � f�
z� � f�
z��

where

f�
z� � a�
z���p�m�n�q


zm�n � a�p��mq�
� 
�	����

It is obvious that the function f�
z� can have at most one minimum on the interval

�� ��� Therefore the conclusion on the number of s�s� from case 	�	��� are true here
too� i�e� we either have two s�s� 
f� � f� is convex�� or none�

���� m � n� From 
�	���� we express 
analogously with 
�	�	
�� 
�	�	��� the
values of x and y through z�

x �

�
npk�
qmk��

���m


b� zn�m���mz�

y �

�
nk�
qk�

���q �qmk��
npk�

�p��qm� z�n�p��q


b� zn�m�p��mq�
�

In this case the equation for positive values of z takes the form

�� z � b�
b� zn�m���mz � b�
z�n�p��q


b� zn�m�p��mq�
� 
�	��	�

where

b �
qmk�
npk�

� b� �

�
npk�
qmk��

���m

� b� �

�
nk�
qk�

���q �qmk��
npk�

�p��qm�

�

In order that all positive solutions of 
�	��	� belong to the interval 
���� it is neces�
sary that b � �� i�e�

qmk� � npk� 
�	����

which is opposite to 
�	�	��� Under condition 
�	���� all positive solutions of 
�	��	�

of interest to us lie in the interval 
�� ��� � � b
���n�m�

�
������ n � p� Equation 
�	��	� can be written as

�� z � g�
z� � g�
z��

where the function g� has a maximum for z � 
�� ��� and vanishes at the end points
of the interval� while the function g�
z� increases monotonically towards in�nity
as z � �� Therefore we have either one or three interior s�s� 
odd integer�� The
question of more than � s�s� is here left open�

������ n � p� Equation 
�	��	� can be written as

�� z � g�
z� � g�
z��
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where the function g� has a minimum for z � 
�� ��� and tends to in�nity as z � �
and z � �� Therefore we will here have an even number of s�s�� a� no interior s�s��
b� two interior s�s�� c� four interior s�s�

With the stationary equation written in the form 
�	��	� it is easy to choose
the parameters kj so that we have four interior s�s� We must take k�� su�ciently
small� which ensures that b� is large and b� is small� In this way a situation with
four interior s�s� will be realized�

Observe that in this case we can have up to �ve s�s� � one on the boundary
and four interior ones� As will be shown later� for k�� 
 � the boundary s�s� can
become an interior s�s�� so that we get �ve interior s�s�

It is probable that the number of s�s� cannot exceed �ve� Moreover� the above�
mentioned case of �ve s�s� is rather exotic� m � n � p� i�e� at least m � �� n � 	�
p � � and the third stage in 
�	��� is more than three�molecular� If we restrict to

m � 	� n � 	� p � q � �

then a situation with more than three s�s� would seem improbable�
��� k�� �� �� k�� � �� All conclusions obtained in item 	� are true in this case

too if we make the permutation m� n� p� q� k� � k��
��� k��� k�� �� �� In this case the boundary s�s� are absent�

Theorem ����� If m � n then for m � p� m � q the system �

��� has only
one root in S�

Proof� The �rst equation in system 
�	��� de�nes a decreasing curve in S starting
at the point 
����� Indeed� if we rewrite 
�	��� in the form

P�
x� y� � �mk�
�� x� y�m � mk��x
m � pk�x

pyq � �� 
�	����

P�
x� y� � �nk�
�� x� y�n � nk��y
n � qk�x

pyq � �� 
�	����

then equation 
�	���� gives the curve y � y
x� implicitly� Let us show that it is
unique and monotonically decreasing in S� The curve y
x� has only one singular
point 
���� in S� because the gradient

gradP� � 
m�k�
�� x� y�m�� � m�k��x
m�� � p�k�x

p��yq�

m�k�
�� x� y�m�� � pqk�x
pyq���

vanishes in S only if m 
 � and x � �� y � �� To examine how many branches of
y
x� there are in S� we take x � �� so that

�mk�
�� �� y�m � mk���
m � pk��

pyq � �

or equivalently


���m��mk�
y � � � ��m � mk���
m � pk��

pyq � ��

If m is odd then

pk��
pyq � mk���

m � �mk�
y � � � ��m� 
�	��
�
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On the left hand side of this equation stands an increasing function 
for y 
 ���
while the right hand side is a decreasing function� Hence 
�	��
� has at most one
solution� If m is even� say m � 	s� then

pk��
pyq � mk���

�s � mk�
y � � � ���s� 
�	����

On the segment  �� �� �! equation 
�	���� can have only one root� for the left side
of 
�	���� is increasing whereas the right side decreases�

Consider the intersection points of the curve y
x� with the axis Ox� For y � �
we get the equation

mk�
�� x�m � mk��x
m�

i�e� for even m

�� x � �
�
k��
k�

���m

x�

and for odd m

�� x �

�
k��
k�

���m

x�

Consequently

x��� �

�
��

�
k��
k�

���m
���

�

and therefore either x� 
 � or x� 
 �� i�e� the curve y
x� has only two points of
intersection with the sides of the triangle S� Hence in the interior of S there is only
one branch of the curve� and this curve is decreasing� since

y�x �
m�k�
�� x� y�m�� � m�k��x

m�� � p�k�x
p��yq

m�k�
�� x� y�m�� � pqk�xpyq��
� ��

If we multiply 
�	���� by k�� 
�	���� by k�� and subtract� then we have

P � mk�k��y
m �mk�k��x

m � xpyq
k�q � k�p� � ��

Hence this curve y � y
x� contains the point 
�� �� and

gradP � 
�mk�k��xm�� � pk�x
p��yq
k�q � k�p� �

mk�k��y
m�� � qk�x

pyq��
k�q � k�p���

If k�q�k�p 
 � then the gradient vanishes only for y � �� and hence x � � 
m 
 ���
If k�q � k�p � � then again we must have x � y � � in case gradP � 
�� ��� For
k�q � k�p � � the same is true� Thus� the only singular point of this curve is 
�����

Now we analyze how many branches of this curve in our triangle S emanate from
the point 
����� Fixing x � � we get

P � mk�k��y
m � k��

p
k�q � k�p�yq �mk�k���
m � ��

If m � q then this equation has only one positive solution� If m � q then it can
have two solutions� Thus for m � q this curve has one branch lying in S�

Let us consider the derivative

y�x � ��m
�k�k��x

m�� � pk�x
p��yq
k�q � k�p�

m�k�k��ym�� � qk�xpyq��
k�q � k�p�
�
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If k�q � k�p 
 � then the denominator does not vanish� and for the numerator

�m�k�k��x
m�� � pk�x

p��yq
k�q � k�p�

to vanish we must have

k�x
pyq
k�q � k�p� � m�k�k��x

m�p�

Inserting this expression in P we get

P � mk�k��y
m � mk�k��x

m
m� p��p � ��

So if m � p then the numerator is non�vanishing 
y�x 
 �� in our domain and the
equation P � � de�nes an increasing curve y
x��

If instead k�q�k�p � �� then the numerator does not vanish� but we would have
y�x � 	 if

m�k�k��y
m � qk�x

pyq
k�q � k�p� � ��

This in turn would mean that

k�x
pyq
k�q � k�p� � �m�k�k��y

m�q�

P � �mk�k��xm �mk�k��y
m
m� q��q�

i�e� y�x 
 � for m � q� If k�q � k�p then it is obvious that y�x 
 �� �
Now we restrict our considerations to cases with small values for the stoichio�

metric coe�cients� m � 	� n � 	� p � q � ��
���� m � �� n � �� p � q � �� The system 
�	��� takes the form

k�
�� x� y�� k��x� k�xy � ��

	k�
�� x� y�� � 	k��y
� � k�xy � ��


�	����

Solving for y in the �rst equation we have

y �
k� � k�x� k��x

k�x � k�

 ��

From here it follows that

� � x �
k�

k� � k��
� k�� �� x� y �


�� x�k�x � k��x

k�x � k�
�

Substituting y into the second equation of 
�	���� we obtain

P � 	k�k
�
�x


 � k

k�k� � k�k�� � �k�k� � �k�k���x
� �

�
k��k� � k�k�k�� � 	k�k
�
� � �k�k�k�� � 	k�k

�
�� � k��k�� � �k�k��k�� �

�	k���k�� � k�k
�
��x

� � k�
�k�k�� � �k��k�� � k�k��x� 	k��k
�
� � ��

Let us now determine the number of zeros of P in the interval  �� k�!� This can
be done by means of the Budan�Fourier theorem 
Theorem ��
� in combination with
the Descartes sign rule and the Hermite theorem 
Theorem ��	� 
the Sturm method
is too cumbersome��

Let P 
x� be a polynomial of degree n with real coe�cients� In order to determine
the number of zeros of P in the interval 
a�b�� we form the two number sequences�

�� P 
a�� P �
a�� � � � � P �n�
a�� 	� P 
b�� P �
b�� � � � � P �n�
b��
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If none of these numbers is equal to zero� then by the Budan�Fourier theorem the
di�erence between the number V 
a� of sign changes in system �� and V 
b� in system
	� either equals the number of roots of P in 
a� b�� or is less than this number by an
even integer�

By the Hermite theorem the number of real zeros of a real polynomial P of
degree n is equal to the di�erence between the number of sign repetitions and the
number of sign changes in the sequence

'� � �� '� � s�� '� �

���� s� s�
s� s�

���� � � � � �'n �

��������
s� s� � � � sn��
s� s� � � � sn
� � � � � � � � � � � �
sn�� sn � � � s�n��

�������� �
where sj are the power sums of the zeros of the polynomial P � and all determinants
are non�vanishing� The power sums s�� s�� ���� sn for the polynomial

P � xn � b�x
n�� � � � � � bn � �

are calculated by the recursion formulas 
	���

sj � sj��b� � sj��b� � � � � � s�bj�� � jbj � �� for j � n�
sj � sj��b� � � � �� sj�nbn � �� for j 
 n�

Let us now apply these theorems to our case� Since P 
�� � �	k��k� � � and

P 
k�� �
	k��k�

k� � k���
k� � k���� k�k��

�


k� � k���


 ��

we see that P has one or three zeros in the given interval� We make up two columns
of numbers

�� P 
�� � �� 	� P 
k�� � 	k��k�
k�k�� � k����
�k�k���

� 
 ��

P �
�� � �k�k�� � �k��k��� P �k� � k�k�
k�
k� � k����

�k�k�� �k�k�� � �k
�

�k�
k�k�� � k����

�k�k���
��k�� � �k

�

�k�
k�k�� � k����
�k�k����k� 
 ��

P ���
�� � k��k� � k�k�k��� P ���
k�� � 	k�k
�
�
k� � k���

��
�	k�k

�
� � �k�k�k�� � 	k�k

�
��� ��	k�k�k

�
�k�� � �	k�k�k�k��
k��

�	k��k�� � �k�k��k��� �k���k�k�
k� � k���
� � 
k��

�	k���k�� � k�k
�
�� �k���

�
	k�k
�
� � �k�k�k�� � 	k�k

�
����

�	k��
k� � k���

�

P ���
�� � k�k� � k�k��� P ���
k�� � �k�k�k� � �k�k�k���
��k�k� � �k�k��� �k��k� � 	k�k�k�� � k�k

�
�� � �k�k���

�
k� � k����

P �
�
�� 
 �� P �
�
k�� 
 ��

In order for P to have three roots in the interval it is necessary that the right
column should have no sign change� i�e� P ���
k�� 
 � and P ���
k�� 
 �� while the
left column should have three sign changes� Since we can assume that k�� and k��
are small in comparison to the other kj� we have that P �
�� � �� from which we get



��� CHAPTER ��

that P �
�
�� 
 � and P ���
�� � �� This means that the following inequalities must
be satis�ed� P ���
k�� 
 �� P ���
k�� 
 � and P ���
�� 
 �� P ���
�� � �� or P �
�� 
 ��
P ���
�� � �� or P �
�� 
 �� P ��
�� � �� These inequalities are compatible� since for
k�� � k�� � ��

P ���
�� 
 �� P ���
�� 
 ��

P ���
�� � k��k� � 	k�k
�
� � k�k

�
�� P ���
�� � k�k� � �k�k��

Therefore the domain of three roots can be described by the inequalities k� � �k�
and k�� � 	k�k� 
 k�k�� In other words� if k�� k�� k� satisfy these inequalities then
we can always choose small k�� and k�� so that the other inequalities hold�

Now let us consider the number of real zeros of the polynomial P � In order for
three zeros to lie in the interval  �� k�! it is necessary and su�cient that P has four
real zeros� i�e� '� 
 �� '� 
 � and '
 
 �� Since P has at least one zero on  �� k�! it
has at least two zeros on the real axis� so if '
 
 � we must necessarily have '� 
 �
and '� 
 �� Let

P � a�x

 � a�x

� � a�x � a
�

We have

'
 � ��a��a�a�a
 � a��a
�
�a� � ���a�a

�
�a�a

�

 � ��a�a�a�a

�
� � �
a�a



�a
�

����a��a�a
�
�a
 � 	�
a��a

�

 � 	�a
�a

�

 � �a��a

�
� � 
a��a

�
�a
 � �a��a

�
�a
�

���a�a�a
�
�a�a
 � ��	a��a�a�a

�

 � �a�a

�
�a

�
� � �	�a��a

�

a

�
� � 	�a��a



��

So the domain of three zeros is given by the inequalities

P ���
k�� 
 �� P ���
k�� 
 ��

P ���
�� 
 �� P ���
�� 
 � '
 
 ��

Let us show that these inequalities are compatible� Suppose k�� � �� k�� � ��
Then we can replace the inequalities k� � �k� � � and k�� � 	k�k� � k�k� 
 � by the
single inequality k� � 	k� representing a somewhat smaller domain� In this way all
inequalities 
except '
 
 �� will be satis�ed� The inequality '
 
 � is equivalent
to the following�

Q � k�
k� � �k��
�
k�� � 	k�k� � k�k��

� � �k��k
�
�
�k� � k��

��
��
k��k�k�
�k� � k��
k

�
� � 	k�k� � k�k��� �k�
k

�
� � 	k�k� � k�k��

��
����k
�k

�
�k� 
 ��

Expanding the polynomial Q in powers of k� we obtain

Q � k��k
�
�
	k� � k��

� � 	k��k
�
�
��k�� � �k��k� � 	�k�k

�
� � �	k����

�k�k


�
k�� � �	k�k� � 	�k���� �k
�k��

Since the coe�cient of k�� is positive we have Q 
 � for su�ciently large k��
Moreover� Q has only one zero for �xed k� and k�� since the coe�cient of k� is
negative 
k� � 	k��� Hence '
 
 � for su�ciently large k�� Therefore we get that
'
 
 � for su�ciently small k�� and k��� Thus the domain of three zeros is not
empty�
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���� m � �� n � �� p � �� q � �� The system 
	��� takes the form

k�
�� x� y�� k��x� 	k�x
�y � ��

k�
�� x� y�� k��y � k�x
�y � ��

Solving for y in the �rst equation we obtain

y �
k� � k�x� k��x

	k�x� � k�
�

and hence

P � k�x
�
k� � k�� � 	k�� � k�x

�
	k� � k�� �

�x
k�k�� � k�k�� � k��k���� k�k���

We need to determine the number of zeros of P in the segment  �� k�!� where

k� �
k�

k� � k��
�

Since P 
�� � �k�k�� � � and

P 
k�� � k
�

�k�
k��
k� � k���
� � 	k�k�k����k

�
� 
 ��

we see that P has one or three zeros in this segment� We have

�� P 
�� � �� 	� P 
k�� 
 �

P �
�� 
 �� P �
k�� � k�k
�
�
k� � 	k�� � �k�k�k�k���

�k�k
�
�k�� � 
k� � k���

�
k�k�� � k�
k� � k���
���

P ���
�� � 	k� � k�� P ���
k�� � k�
k� � 	k�� � 	k�k�� � 	k�k���

P ���
�� � k� � k�� � 	k�� P ���
k�� 
 ��

In order that the left column should have three sign changes it is necessary and
su�cient that k� � 	k� 
 �� and then the right column will have no sign change�
Therefore a necessary condition for the existence of three zeros is k��	k� 
 �� Now
we seek a necessary and su�cient condition for all zeros of P to be real� As in the
previous case it is given by the inequality '� 
 ��

'� � k�
	k� � k��
�
k�k�� � k�k�� � k��k���

��

���k�k�k��
k� � k�� � 	k��
k� � 	k��
k�k�� � k�k�� � k��k����
��k�k

�
�k��
k� � 	k��

� � �
k� � k�� � 	k��
k�k�� � k�k���

�k��k���
� � 	�k��k�k

�
��
k� � k�� � 	k��

� 
 ��

This domain is not empty� since for k�� � �

'� � k��k�k��
k� � 	k��
� � �k��k

�
��
k� � k�� � 	k���

and if k� � 	k� is su�ciently large then '� 
 �� so that for small k�� and large
k��	k� the inequality '� 
 � holds� If k�� � �� then '� � � and we have one root�

Notice that k� is bounded in this domain when the other ki are kept �xed� since
k� � k��	� and k� is bounded when the other ki are �xed� since if we expand '� in
powers of k� then the coe�cient of k
� is

��k��k�� � �k��� � �k�k
�
�� � ��
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Also k� is bounded for the other ki �xed� since

'� � ��k�k
�
�k��
k� � 	k��

� � k�

	k� � k��
�
k�k�� � k�k�� � k��k���

��

���k�k��
k� � k�� � 	k��
k� � 	k��
k�k�� � k�k�� � k��k����

�	�k��k��
k� � k�� � 	k��
��� �
k� � k�� � 	k��
k�k�� � k�k�� � k��k���

��

Here the leading coe�cient is less than zero� Moreover� this domain can have the
form

� k	r r r� �� � �

or

�r k	
� �

but as a whole it is not bounded� as shown by the above reasoning�
���� m � �� n � �� p � �� q � �� The system 
�	��� takes the form

k�
�� x� y�� k��x� 	k�x
�y � ��

	k�
�� x� y�� � 	k��y
� � k�x

�y � ��

From the �rst equation we get

y �
k� � k�x� k��x

	k�x� � k�
�

and inserting this into the second equation we have

P 
x� � �k��k�x

 � 	k��x

	
k� � k�� � �k�� � 	k�x

�

�
�k�k� � �k�k�� � k�k�� � k�x
�
�k�k�� � k�k�� � k����

�x�
	k�k
�
�� � k�k

�
� � 	k���k�� � 	k��k

�
��k��k��k���

��k�k��x
k� � k���� 	k��k�� � ��

We have to �nd the number of zeros of P in the segment  �� k�!� where

k� �
k�

k� � k��
�
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Since P 
�� � � and P 
k�� 
 �� we know that P can have one� three or �ve zeros in
this segment� We have

�� P 
�� � �� 	� P 
k�� 
 �

P �
�� 
 �� P �
k�� 
 ��

P ���
�� � 	k�k
�
�� � k�k

�
�� P ���
k�� � �k�k

�
�k

�
�
k

�
� � �k�k�� � 
k�����

�	k��
k� � k���
�� ��k��k

�
�
k� � k���

� � 	k��
k� � k���

�

�	�k�k�k�k��
k� � k���
�
k�� � k���

�	k��k�
k� � k���

 � 	k�k

�
��
k� � k���


�

P ���
�� 
 �� P ���
k�� 
 ��

P �
�
�� � �k�k� � �k�k�� � k�k�� P �
�
k�� � k�k�

k
�
� � �k�k�� � k�����

��
k� � k���
k�k� � k�k���

P �	�
�� � k� � k�� � �k�� P �	�
k�� 
 ��

P �
�
�� 
 �� P �
�
k�� 
 ��

P �	�
�� and P �
�
�� cannot both be positive� since if k� � k�� � �k� 
 �� then

�k�k� � �k�k�� � 	k�k� � k�k� � k��k� � �k�k�� � 	k�k� �

� k�
k�� � k��� �k�k�� � �

So the left column can have either three or �ve sign changes� for

	k�k
�
�� � k�k

�
� � 	k��
k� � k���

� � ��

If we suppose that k��� k�� � O
k�� k�� then we can obtain �ve sign changes� Hence
the number of zeros can be determined by forming the power sums s�� s�� � � � � s� and
the determinants '��'�� � � � �'
�

Let us show that the polynomial P may have at least three zeros� Suppose
k�� � k�� � �� Then P has a zero x � � of multiplicity 	 and a zero x � � of
multiplicity �� We investigate the polynomial Q on the segment  ���!�

Q � �k�k�x
� � 	k�x

�
k� � �k�� � k���

Q
�� � �� Q
�� 
 ��
Q�
�� � �� Q�
�� 
 ��
Q���
�� � k� � �k�� Q���
�� 
 ��
Q���
�� 
 �� Q���
�� 
 ��

We see that for k� � �k� � � there are two sign changes� and for k� 
 �k� we have
no sign change and no zeros� Therefore the inequality k� � �k� � � is a necessary
condition for having more than one zero� Being a polynomial of odd degree Q has
at least one real zero� Hence the number of real zeros is determined by the sign of
'�� If '� 
 � then Q has three zeros� and if '� � � then Q has one zero� We have

'� � �	k��k
�
�
�k� � k��

� � 	� � 
�k��k
�
�k



� � �	k��k

�
�
k�
�k� � k��

� � ��k��k
�
�� 
 ��

so if k� is su�ciently large this condition is ful�lled and Q has two zeros on the
segment  �� �!� Then for small nonzero k�� and k�� the polynomial P will have
three zeros�
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For �nding the zeros we must 
as a rule� solve the nonlinear system 
�	��� nu�
merically� It is only in particular cases that we can write the solutions of 
�	��� in
closed form� For example� letting m � n � p � q� we get from 
�	���


qk� � pk��z
m � qk��x

m � pk��y
m� 
�	����

Substituting 
�	���� into the second equation of 
�	���� we have

��x
m�py�q � ��y

m�qx�p � ��� 
�	����

where �� � qmk��k�� �� � qmk�k��� �� � qk�
qk� � pk��� Equation 
�	���� can
also be written

up�q � ��u
p � �� � ��

where u � x�y� �� � ������ �� � ������ Suppose in addition that p � q� Then

x � cy� c �
p

s
�

	
�� �

r
�

�
�� � ���

and since the second equation of 
�	��� gives

mk�
�� 
� � c�y�m � 
mk�� � qk�c
p�ym�

we �nally get

y �

�
� � c �

�
k��
k�

�
qk�c

p

mk�

���m
���

�

In general� when there is a possibility of having several s�s�� we must either solve
the initial system of equations numerically� or use elimination of unknowns to reduce
it to a single equation in one unknown� and then look for the zeros of the obtained
polynomial� An account of elimination methods for more general situations will be
given in Sec� ���

Conclusions� The analysis of the number of s�s� for a three�stage mechanism of
the general form 
�	��� shows 
Theorem �	��� that a di�erence between the kinetic
exponents of the �rst and second stages 
i�e� m �� n� is a necessary condition for
having several s�s� We considered various cases corresponding to irreversibility of
the adsorption stages 
the �rst and second stages�� with di�erent relations between
the stoichiometric coe�cients m� n� p� q� We indicated the cases with one� three�
�ve s�s� For parallel schemes 
�	��� the case of �ve s�s� appears to be rather exotic

for example m � n � p� i�e� m � �� n � 	� p � ��� Moreover� it seems likely that
for the given mechanism the number of s�s� does not exceed � for any m� n� p� q� So
the most typical situations� in which several s�s� occur� are the ones with three s�s�

�	�	� THE SEQUENTIAL SCHEME

There exists one more important type of three�stage mechanisms which admits
several s�s�  
�!

mZ
�

�
��

mX�

nX
�

�
��

nY� 
�	����
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pX � qY
�� 
p � q�Z�

where m� n� p� q are stoichiometric coe�cients positive integers�� Z is a catalyst� and
X� Y are intermediates� The scheme 
�	���� can be called sequential in accordance
with the character of the �rst two stages�

The scheme 
�	���� contains a stage of interaction between the di�erent sub�
stances X and Y 
stage ��� Its presence in the detailed mechanism is a necessary
condition for the plurality of s�s� But it is not by itself su�cient for the appearance
of several s�s� As the investigations of the parallel scheme have shown� some special
relations must hold between the kinetic exponents of the various stages� In this
section we shall describe� in terms of the stoichiometric coe�cients m� n� p� q� those
mechanisms of type 
�	���� for which the kinetic models have more than one s�s��
and we shall also give estimates for the number of these s�s�

Mathematical model� To the scheme 
�	���� there corresponds the following
nonstationary kinetic model

*y � nk�x
n � nk��y

n � qk�x
pqq�

*z � �mk�zm � mk�x
m � 
p � q�k�x

pyq�

�	��	�

where x � � � y � z� y and z are the concentrations of X� Y and Z respectively�
and ki are the rate constants of the corresponding reactions�

The solutions to the two ordinary nonlinear di�erential equations 
�	��	� are
de�ned in the triangle

Sr � f
x� y� z� � x� y� z � �� x � y � z � �g� 
�	����

which� as before� we shall call the reaction simplex� The system 
�	��	� has the
property that Sr is a ��invariant set for it� This ensures the existence of at least
one s�s� belonging to Sr� As the reaction rate we take the rate of stage �� i�e�

W � k�x
pyq� 
�	����

This corresponds to the assumption that a product emerges in stage �� In an interior
s�s� the stationary rate W� is strictly positive� whereas W may vanish in a boundary
s�s�

Steady states� The s�s� of system 
�	��	� are de�ned to be the solutions of the
system of equations

nk�x
n � nk��y

n � qk�x
pyq � ��

�mk�zm � mk��x
m � 
p � q�k�x

pyq � �� 
�	����

x � y � z � ��

We rewrite 
�	���� in the form

nk�x
n � nk��y

n � qk�x
pyq � ��

�mk�
�� x� y�m � mk��x
m � 
p � q�k�x

pyq � �� 
�	��
�

The problem is to �nd the number of roots of the nonlinear algebraic system 
�	��
�
in the triangle

S � f
x� y� � x � �� y � �� x � y � �g� 
�	����
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which� just as the triangle Sr 
�	����� we shall call the reaction simplex� Observe
that for k��� k�� 
 � the system 
�	��
� has no boundary s�s�

Theorem ����� For p � n the system �

���� has only one interior s�s�

Proof� Consider the �rst equation from 
�	��
��

P�
x� y� � nk�x
n � nk��y

n � qk�x
pyq � �� 
�	����

The curve y � y
x� which is de�ned by equation 
�	���� has 
����as its only singular
point� since

gradP� � 
n�k�x
n�� � pqk�x

p��yq � �n�k��yn�� � q�k�x
pyq����

which vanishes if x � �� y � � and n 
 ��
We now analyze how many branches originate from the point 
���� and lie in the

quadrant 
x 
 �� y 
 ��� The point of intersection of our curve with the line x � �
will be determined by the equation

nk��
n � nk��y

n � qk��
pyq � ��

which always has one positive root� since there is only one sign change in the coef�
�cient sequence�

So from the point 
���� there emanates one branch of the curve y
x� into the
positive quadrant of the 
x� y� plane� The derivative of this branch is

y�x �
nk�x

n�� � qpk�x
p��yq

n�k��yn�� � q�k�xpyq��
�

where the denominator is always greater than �� For y�x to vanish we must have

n�k�x
n�� � qpk�x

p��yq�

If x �� � this means that
n�k�x

n � qpk�x
pyq�

or

qk�x
pyq �

n�k�x
n

p
�

From the equation of the curve we thus �nd that

nk�x
n � nk��y

n � n�k�x
n

p
� ��

and hence

n

�
�� n

p

�
k�x

n � k��y
n � ��

If p � n then y � �� and x � �� so in this case the curve y
x� has no extremal points
and is therefore increasing�

Consider the curve given by the second equation from 
�	��
��

P�
x� y� � �mk�
�� x� y�m � mk��x
m � 
p � q�k�x

pyq � ��

This curve y
x� has the only singular point 
���� in S� since the gradient

gradP� � 
m�k�
�� x� y�m�� � 
p � q�pk�x
p��yq � m�k��x

m���

m�k�
�� x� y�m�� � 
p � q�qk�x
pyq����
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vanishes in the triangle S only if m 
 � and x � �� y � �� Taking x � � we get

mk�
�� �� y�m � mk���
m � 
p � q�k��

pyq � ��

or


���m��mk��
y � � � ��m � mk���
m � 
p � q�k��

pyq � ��

If m is odd then


p � q�k��
pyq � mk���

m � �mk�
y � � � ��m�

The left hand side of this equation is an increasing function for y 
 �� whereas the
right hand side is decreasing� Hence this equation has no more than one solution�

If m � 	s is even� then we get an equation of the form


p � q�k��
pyq � mk���

m � mk�
y � � � ��m�

On the segment  ��� � �! the left hand side is increasing� while the right hand side is
a decreasing function� So in this segment there is at most one root� Consider now
the intersection points of the curve y
x� with the axis Ox� For y � � we get the
equation

mk�
�� x�m � mk��x
m�

i�e� for even m

�� x � � m
p
k���k�x�

and for odd m

�� x � m
p
k���k�x�

From here x��� �
�

�� m

q
k��
k�

���
� and hence either x� � �� x� � � or x�x� � �� i�e�

the curve y
x� has only two points of intersection with the sides of the triangle S�
There is thus only one branch of the curve y
x� inside S� and this curve is decreasing�
since

y�x � �m
�k�
�� x� y�m�� � m�k��x

m�� � 
p � q�pk�x
p��yq

m�k�
�� x� y�m�� � 
p � q�qk�xpyq��
� ��

In conclusion� for p � n the �rst curve 
given by P� � �� increases� while the second

P� � �� decreases� The system 
�	��
� therefore has only one interior s�s�

So for p � n� k��� k�� 
 � we have only one interior s�s� and no boundary s�s� So
cases with many s�s� must be looked for among mechanisms with p 
 n� Below we
will estimate the number of s�s� in di�erent particular cases for which the relation
p 
 n holds� Recall that in the parallel scheme the inequality m �� n was a basic
necessary condition for plurality of s�s� Here we have instead the condition p 
 n�
The asymmetry of this latter condition is explained by the asymmetry of the scheme

�	����� in contrast to the scheme 
�	���� In 
�	���� the substances X and Y are
involved in the given scheme in di�erent ways� whereas in 
�	��� X and Y play
identical roles�

Now we consider some particular cases corresponding to di�erent reversibility
assumptions at the stages � and 	 in the mechanism 
�	�����
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��� k�� � k�� � �� The system 
�	���� takes the form

nk�x
n � qk�x

pyq � ��

mk�z
m � 
p � q�k�x

pyq � �� 
�	����

x � y � z � ��

System 
�	���� has one boundary root x � �� y � �� z � �� The other roots satisfy
the system

nk�x
n�p � qk�y

q � ��

mk�z
m � 
p � q�k�x

pyq � �� 
�	����

x � y � z � ��

from which we get

yq �
nk�
qk�

xn�p� qmk�z
m � 
p � q�nk�x

n�

and hence

y �

�
nk�
qk�

���q

x�n�p��q � c�x
�n�p��q�

z �

�
nk�
p � q�

qmk�

���m

xn�m � c�x
n�m�

Then we have

x � c�x
�n�p��q � c�x

n�m � � � ��

and making the substitution x� xmq� we obtain

xmq � c�x
�n�p�m � c�x

nq � � � �� 
�	����

the condition n� p � � then gives

xm�p�q�n� � c�x
nq�pm�mn � x�p�n�m � c� � ��

and� in view of the Descartes theorem� this equation has at most two roots�
Let us verify that the case of 	 roots is indeed possible� Letting k� �	 we get

P 
x� � xm�p�q�n� � x�p�n�m � c� � �� 
�	��	�

We �nd the zero

x� �

�
p� n

p � q � n

����mq�

for the derivative of the function P 
x�� and in order for equation 
�	��	� to have
exactly two positive roots� it is necessary and su�cient that

P 
x�� �

�
p� n

p � q � n

����p�n��q

�
�

p� n

p � q � n

��p�n��q

�

�
nk�
qk�

�q

� ��

This can always be achieved by decreasing k�� So for any m� n� p� q with p 
 n� the
system 
�	���� may have either two interior roots� or no such roots�
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��� k�� � �� Now the system 
�	���� takes the form

nk�x
n � qk�x

pyq � ��

mk�z
m �mk��x

m � 
p � q�k�x
pyq � �� 
�	����

x � y � z � ��

System 
�	���� has the boundary s�s� x � �� z � �� y � �� The other roots satisfy
the system

nk�x
n�p � qk�y

q � ��

mk�z
m �mk��x

m � 
p � q�k�x
pyq � �� 
�	����

x � y � z � ��

From here we get

y �

�
nk�
qk�

���q

x�n�p��q � c�x
�n�p��q�

z � 
mk�p����m
qmk��x
m � n
p � q�k�x

n���m �

� c�
qmk��x
m � n
p � q�k�c

n���m�

Then the equation for x becomes

F 
x� � x � c�x
�n�p��q � c�
qmk��x

m � n
p � q�k�x
n���m � � � �� 
�	����

Let us estimate how many positive roots equation 
�	���� can have� We compute
the second derivative of F and observe that


x�n�p��q��� 
 �

for x 
 �� while


qmk��z

m � n
p � q�k�x
n���m��� �

�
n�
p � q��k��x

�n��
n�m� � q
p � q�k�k��m
�n
n�m�
n�m � ��xm�n��

m�
qmk��xm � n
p � q�k�xn���m����m
�

It follows that F �� 
 � for n � m� So in this case equation 
�	���� can have at most
two positive roots� The case of a greater number of roots is possible only for p 
 n�
m 
 n�

Lemma ����� Let
� � t�
� � t���

with �� � � �� Then ��� � � or � � for t 
 � if and only if either � � � � �� or
� � ��

This lemma is veri�ed by straight�forward di�erentiation�
In order that F should have at least � zeros it is necessary for the function

+
x� � c�x
�n�p��q � c�
qmk��z

m � n
p � q�k�x
n���m

to have at least three extremal points� i�e� +� should have at least three zeros� Now�
the equation

+� � �c� p� n

q
x�n�p�q��q �

c�
m
� qm

�k��x
m�� � n�
p � q�k�x

n��


qmk��xm � n
p � q�k�xn�����m
� �
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can be written

A � Bxn�m � Cx�n�p�q��q
D � Exn�m�����m � ��

Introducing the new variable xn�m � t we obtain

g
t� � A � Bt� Ct�p�q�n���q�m�n��
D � Et�����m � ��

We then apply Lemma �	�� to g
t� with

� �
p � q � n

q
m� n�
� � �

m� �

m
�

which gives us g�� � � or � � if

p � q � n

q
m� n�
� �

or
p � q � n

q
m� n�
�
m� �

m
� ��

i�e� p � q � n � qm � qn � � or pm � qn � mn � �� But since p 
 n the second
inequality cannot be satis�ed� So if p� q � qn � n� qm then +� cannot have three
extremal points� and hence equation 
�	���� has at most two roots�

Finally we get� If p � n then system 
�	���� has no interior s�s�� if p 
 n and
n � m or p � q � qn � n � qm� then 
�	���� has at most two interior s�s�

��� k�� � �� The system 
�	���� takes the form

nk�x
n � nk��y

n � qk�x
pyq � ��

mk�z
m � 
p � q�k�x

pyq � �� 
�	��
�

x � y � z � ��

This system 
�	��
� has no boundary s�s�� i�e� all its s�s� are interior� Estimates of
their number will be made below� under the general assumption k��� k�� �� �� for
di�erent concrete values of m� n� p� q�

We restrict our attention to mechanisms of type 
�	����� for which m� n � 	�
p � q � �� In view of Theorem �	�	 it is enough to analyze only the case p 
 n�

��� m � n � q � �� p � �� Consider the system

k�x� k��y � k�x
�y � ��

k�
�� x� y�� k��x� �k�x
�y � �� 
�	����

Solving for y in the second equation� we get

y �
k� � k��x� k�x

�k�x� � k�
�

Since y � � we must have
k� � k��x� k�x � ��

so that

� � x � k�
k� � k��

� k� � �

and
� � �� x� y �
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�

�� x� 
�k�x

� � k��� k�
�� x� � k��x

�k�x� � k�
�

�
�k�x

�
�� x� � k��x

�k�x� � k�
�

for � � x � �� So for � � x � k� the root of system 
�	���� will be located inside
the triangle S� Substituting y into the �rst equation� we get

P � k�x
�
�k� � k� � k���� k�k�x

� � x
k�k� � k�k�� � k��k���� k�k�� � ��

P 
�� � �k�k�� � �� 
�	����

P 
k�� � k�k��
k� � k��� 
 ��

Hence the polynomial P has at least one� but no more than three zeros in the
segment  ��k�!�

The determination of the number of roots of a polynomial in an interval is based
on the Budan�Fourier theorem and the Hermite theorem� In order to apply the �rst
of these� we must calculate the two sequences�

�� P 
�� � �k�k�� � �� 	� P 
k�� � k�k� 
 ��

P �
�� � k�k� � k�k��� P �
k�� � �k��k�k� � k��k�
k� � k����
�k��k�� 
 �� �
k� � k���

�
k�k� � k��k� � k��k��� 
 ��

P ���
�� � �k�k� � �� P ���
k�� � ��k��k�k��
��k�k�
k� � k���

� 
 ��

P ���
�� � k�
�k� � k� � k��� 
 �� P ���
k�� � 
k�
�k� � k� � k��� 
 ��

We see that the di�erence between the numbers of sign changes in the left and right
columns is equal to three� By the Budan�Fourier theorem it then follows that this
polynomial has either one or three zeros� Now we apply the Hermite theorem� To
this end we need to calculate the power sums s�� s�� s�� s�� s
 of the zeros of P by
means of the Newton formulas 
	���� We have

s� � �� s� � �b�� s� � b�� � 	b�� s� � �b�� � �b�b� � �b��

s
 � b
� � �b��b� � �b�b� � 	b���

Then we get
'� � �� '� � �� '� � 	b�� � 
b��

'� � b��b
�
� � ��b�b�b� � �b��b� � �b�� � 	�b���

Now� substituting the coe�cients of the polynomial P 
�	���� into these formulas�
we get 
up to positive factors��

'� � �� '� � ��

'� � k��k� � �
�k� � k� � k���
k�k� � k�k�� � k��k����

'� � k��k�
k�k� � k�k�� � k��k���
� �

���k�k
�
�k��
�k� � k� � k���
k�k� � k�k�� � k��k����

��k
�k
�
�k�� � �
�k� � k� � k���
k�k� � k�k�� � k��k���

� �
�	�k��k�k

�
��
�k� � k� � k���

��
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The polynomial 
�	���� has three real zeros if '� 
 � and '� 
 �� and one real zero
if '� � �� '� � �� or '� 
 �� '� � �� i�e� if '� � �� 
The case '� � �� '� 
 � is
not possible since '� 
 � implies '� 
 ���

So together with the Budan�Fourier theorem this result shows that for '� 
 �
the polynomial P has three zeros in the segment  �� k�!� and for '� � � it has one
zero�

The domain of three s�s� is de�ned by the inequality

Q � k��k�
k�k� � k�k�� � k��k���
� �

���k�k
�
�k��
�k� � k� � k���
k�k� � k�k�� � k��k����

��k
�k
�
�k�� � �
�k� � k� � k���
k�k� � k�k�� � k��k���

� �
�	�k��k�k

�
��
�k� � k� � k���

� 
 ��

Let us analyze this domain in more detail� Fixing all the variables in Q� except
k�� we get

Q � k
�
k�
k� � k���
� � ��k�k��
k� � k���� �k��k�� � �
k� � k���

� �
�	�k�k

�
��� � k��
	k�k��k��
k� � k��� � ��k�k��k

�
�� �

���k�k��
�k� � k���
k� � k���� �	
k� � k���
�k��k�� �

��
�k� � k���
k� � k���
� � ��k�k

�
��
�k� � k���� � k��
k�k

�
��k

�
�� �

���k�k��k
�
��
�k� � k���� �	
k� � k���k

�
��k

�
�� � �	
�k� �

�k���
k� � k���
�k��k�� � 	�k�k

�
��
�k� � k���

��� k�
�k
�
��k

�
�� �

��	
�k� � k���
k� � k���k
�
��k

�
���� �
�k� � k���k

�
��k

�
���

The constant term of this polynomial and the coe�cient of k� are both negative�
It is easily checked that the coe�cient of k�� is also negative� By the Descartes
theorem it follows that Q can have at most two positive zeros� If

k�
k
�
� � 	�k�k�� � �k����� �k��k�� � �
k� � k���

� 
 ��

then Q has one zero� so the intersection with the domain of three s�s� looks like

�r k�r�� � �

If on the other hand

k�
k
�
� � 	�k�k�� � �k����� �k��k�� � �
k� � k��� � �

then either Q has no zeros or two zeros� and its qualitative structure has the form

� k�r r r� �� � � �

One can also investigate this domain by �xing the other ki� At any rate it is
clear that the domain of three s�s� is unbounded in k�� and that it has a conic form�


�� m � p � �� n � q � �� The system 
�	��
� take the form

k�x� k��y � k�x
�y � ��

	k�
�� x� y�� � 	k��x
� � 	k��x

� � �k�x
�y � �� 
�	����
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Computing y from the �rst equation we obtain

y �
k�x

k�x� � k��

 �� if x 
 ��

Inserting this expression for y into the second equation of system 
�	����� we have

P � 	k��x


k� � k���� k��x

	
�k� � �k�� � 	k�x


k�k� � 	k�k��

�	k�k�� � 	k��k���� k�x
�
�k�k� � �k�k�� � �k�k����

�	x�
k�
k� � k���
� � 	k�k�k�� � k��k

�
����

��k�k��
k� � k��� � 	k�k
�
�� � ��

Now we examine in what interval we should look for the zeros of P � If x 
 �� y 
 ��
and �� x� y 
 �� then

�� x� y �
�k�x� � k�x

� � x
k� � k��� � k��
k�x� � k��


 ��

P� � �k�x� � k�x
� � x
k� � k��� � k���

P�
�� � k�� 
 �� P�
�� � �k� � ��

P �
�
�� � �k� � k�� � � P �

�
�� � ��k� � ��

P
���
� 
�� � 	k� 
 �� P

���
� 
�� � ��k� � ��

P
���
� 
�� � �
k� 
 �� P

���
� 
�� � �
k� � ��

By the Budan�Fourier theorem the polynomial P can have either one or three zeros
in the unit interval  ���!� As in the previous example the condition for P� to have
three zeros is given by the inequality '� 
 �� Here

'� � k�
k� � k���
� � ��k�k��
k� � k���� �k��k�� � �
k� � k���

��
�	�k�k

�
�� � k�
k

�
� � 	�k�k�� � �k����� �
k� � k���

� � �k��k�� 
 ��

So if '� 
 � and the zeros of P� are x� � x� � x�� then we must look for zeros of P
in the segments  �� x�! and  x�� x�!� If '� � � then P� has one zero x�� and we must
seek for zeros of P in the interval  �� x�!� In any case P 
xi� � �� because

P 
xi� � �	k��x
�
i 
k�x

�
i � k���

� � �k�k�x
�
i 
k�x

�
i � k��� � ��

It is equally simple to show that P �
xi� � ��
We conclude that the polynomial P has at least one zero� but no more than �

zeros in the above intervals� i�e� the possible numbers of s�s� are ��� and ��
Since the construction of plurality domains is cumbersome in general we consider

only the particular case k�� � �� In this case 
�	���� has at most three roots in S�
Then we have

P � 	k��x


k�� k���� k��x

	
�k� � �k�� � 	k�x


k�k� � 	k�k��� k�x

��k�k� � 	x�k�k��

so x � � is a zero of multiplicity 	� If we assign a small non�zero value to k�� then
this zero splits in two� whereby one of the zeros moves into the domain S� and the
second moves outside S� Let us investigate the polynomial

Q � 	k��x


k� � k���� k��x

�
�k� � �k�� �

�	k�k�x
�
k� � 	k��� �k�k�k�x � 	k�k

�
�
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in the interval 
�� ��� We have in this case

�� x� y � 
�k�x� � k�x� k���
k�x� 
 ��

so that
�k�x� � k�x� k� 
 �� k�x

� � k�x � k� � �

and

x��� �

�
k� �

q
k�� � �k�k�

�&

	k���

Hence� if k� 
 �k� then the roots x��� will be real� and moreover�

� � x� �
�

	k�

�
k� �

q
k�� � �k�k�

�
� x� �

�

	k�

�
k� �

q
k�� � �k�k�

�
� ��

For the polynomial Q in the segment  x�� x�! we have

�� Q
x�� � �� 	� Q
x�� � ��

Q�
x�� � �� Q�
x�� � ��

Q��
x�� � �k�k� � 	�k��k�k�� Q��
x�� � �k�k� � 	�k��k�k��
�
�	k�k�� � �k�k��� �
�	k�k�� � �k�k���
�
p
k�� � �k�k� � �
k�k�k�� �

p
k�� � �k�k� � �
k�k�k��

��k�k
�
� � �	k��k

�
�� ��k�k

�
� � �	k��k

�
��

Q���
x�� � ��k��k� � �k�k�� Q���
x�� � ��k��k� � �k�k��
��
k� � k���

p
k�� � �k�k� � �� ��
k� � k���

p
k�� � �k�k� � �

Q�
�
x�� 
 �� Q�
�
x�� 
 ��

In order for Q to have zeros in the segment  x�� x�! it is necessary that Q��
x�� 
 ��
If Q���
x�� � � then

�
k� � k���
k
�
� � �k�k�� � 
�k��k� � �k�k��

q
k�� � �k�k��

Q��
x�� � �
�k��k� � 
k�k��
q
k�� � �k�k� � �k��
k

�
� � �k�k���

�	�k��k�k� � �k�k
�
� � �	k��k

�
� � �
�k��k� � 
k�k��

q
k�� � �k�k��

��k��k�k� � �k�k
�
� � �k��k

�
��

Since k� � k��� it follows that Q��
x�� � �� and hence the right column 	� always
has one sign change� while the left column �� has either one 
if Q��
x�� � �� or three
sign changes 
if Q��
x�� 
 ��� Therefore Q can have two roots in  x�� x�!� there will
then also be two roots outside the segment  x�� x�!� for the leading coe�cient of Q
is positive and Q is a polynomial of fourth degree�

Now we form the power sums

s� � �� s� � �b�� s� � b�� � 	b�� s� � �b�� � �b�b� � �b��

s
 � b
� � �b��b� � �b�b� � �b
 � 	b���

s	 � �b	� � �b��b� � �b��b� � �b�b
 � �b�b
�
� � �b�b��

s
 � b
� � 
b
�b� � 
b��b� � 
b��b
 � �b��b
�
� � �	b�b�b� � b�b
 � 	b�� � �b���

Then we get
'� � �� '� � ��
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'� � �b� � �b� � c
�
k��k� � �	k�k�k� � 	�k��k� �
�
�k��k� � �	k�k��k� � 
�k�k��k���

Taking the condition k� 
 �k� into account� we see that '� 
 ��
Thus the polynomial Q has two zeros in the segment  x�� x�! if

k� 
 �k�� Q��
x�� 
 � and '� 
 ��

It follows that for small k�� the polynomial P may have three zeros�
Conclusions� For the system 
�	���� a necessary condition for the existence of

several s�s� is the inequality p 
 n 
Theorem �	�	�� We have analyzed particular
cases corresponding to irreversibility of the adsorption stages 
the �rst second stages�
and to di�erent combinations of the stoichiometric coe�cients m� n� p� q� We have
also distinguished the situations with one� three or �ve interior s�s�

Just as in the case of the parallel scheme above� it seems plausible that also the
sequential scheme can have no more than � s�s� for any values of

m� n� p� q�

And again the case of �ve s�s� appears to be quite exotic� At least it can occur only
in a very limited domain of parameters ki� Hence� if in an experiment more than
three s�s� 
� or more� with a nonzero reaction rate were discovered� then it would
be necessary to describe the process by more complicated schemes than 
�	�����
containing for example a larger number of stages and reagents�

For a qualitative interpretation of three s�s� it could be su�cient to use of the
simple three�stage schemes considered here�

��� The search for all stationary solutions

In the previous section� where we estimated the number of s�s� for kinetic models
of short schemes� it was quite su�cient to use elementary mathematical methods�
For real transformation schemes whose corresponding systems consist of three or
more nonlinear equations it becomes necessary to use the complete arsenal of math�
ematical tools for analyzing nonlinear system�

In Chapter 	 we proposed an elimination algorithm based on multidimensional
logarithmic residues as an e�ective approach to this problem  ��!�

The classical Kronecker method  ���! permitting to eliminate all variables except
one from a system of nonlinear algebraic equations is well known� This method
is useful for proving a number of theorems in theoretical mathematics� but it is
inconvenient for practical calculations if the number of equations exceeds 	� A
general procedure for solving two algebraic equations� based on the classical method
of resultants� is described in  �
	!� However� this approach is limited to the case of
	 equations� since it becomes too cumbersome for systems of three equations� The
elimination method based on multidimensional residue theory 
see  ��!� is more
e�cient� It leads to fewer calculations� and in the case of � equations allows one
to eliminate the unknown quantities without the use of a computer� This modi�ed
elimination algorithm provides the resultant in symbolic form� which is particularly
useful when the given system is to be repeatedly solved for di�erent values of the
parameters�
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Consider the following 
rather general� scheme of oxidation on a catalyst Z  	�!�

�� O��	Z � 	ZO�
	� H��	Z � 	ZH�
�� H��ZO � Z�H�O�
�� ZO�ZH � Z�ZOH�
�� ZOH�ZH � 	Z�H�O�

� H��	ZOH � 	Z�	H�O�


�����

Our mechanism 
����� is modi�ed in comparison to  	�!� The possibility of adsorp�
tion of a product 
H�O� on the catalyst 
for example Pt� is taken into account� i�e�
stage � is reversible� This stage is monomolecular� in contrast to the bimolecular
stages � and 
�

Under the assumption of conservation of partial pressures in the gas phase 
H��
O�� H�O� the following steady state equation may be written for the mechanism

����� 
with intermediates Z� ZO� ZH� ZOH��

	k�z
� � 	k��x

� � k
xy � k�
zu� k�x � k��z � ��
	k�z

� � 	k��y
� � k
xy � k�
zu� k	yu � ��

k
xy � k�
zu� k	yu� 	k
u
� � ��

x � y � z � u � ��


���	�

where x� y� z� u are the concentrations of the intermediates ZO� ZH� Z� ZOH respec�
tively� and the partial pressures O�� H�� H�O enter as factors in the rate constants
ki of the respective stages� The system 
���	� consists of � algebraic equations of
the second order� the �rst � of which are nonlinear� Therefore� in general 
���	� may
have up to � solutions 
according to the B�ezout theorem�� We are only interested
in non�negative solutions lying in the reaction simplex

S � f
x� y� z� u� � x� y� z� u � �� x � y � z � u � �g� 
�����

Those roots 
x� y� z� u� � S which have some zero coordinates will be called boundary
s�s� 
they are situated on the boundary of the simplex 
������� whereas interior s�s�
correspond to roots 
x� y� z� u� � S with positive coordinates x� y� z� u 
 �� Note
that if all ki 
 �� then 
���	� has no boundary s�s�

By eliminating u � � � x � y � z and making the substitution z � ty� we can
write system 
���	� as

f� � a�x
� � a�xy � a�y

� � a
x � a	y � a
 � ��

f� � b�x
� � b�xy � b�y

� � b
x � b	y � b
 � �� 
�����

f� � c�x � c�y � c� � ��

where

a� � 	k��� a� � k
 � k�
t� a� � 
k�
 � 	k��t
� � k�
t�

a
 � k�� a	 � �
k� � k�
�t� a
 � �� b� � k
�

b� � 	k
t � 	k
 � k	� b� � 
k
 � k��t
� � 
	k
 � k	�t � k
 � k�� � k	�

b
 � 	k
� b	 � �	k
t � k	 � 	k
� b
 � k
� c� � k	 � k
 � k�
t�

c� � 
	k� � k
�t
� � 
k	 � k�
�t � k	 � 	k��� c� � k�
t� k	�
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The coe�cients ai� bi� ci depend on the new variable t� Now we denote

X � c�x � x�y � c�� Y � y�

so that

x �
X � c�Y � c�

c�
y � Y�

In the new variables X� Y system 
����� can be written as

f� � A�X
� � A�XY � A�Y

� � A
X � A	Y � A
 � ��

f� � B�X
� � B�XY � B�Y

� � B
X � B	Y � B
 � �� 
�����

f� � X � ��

where

A� � a�� A� � a�c� � 	a�c��

A� � a�c
�
� � a�c�c� � a�c

�
�� A
 � a
c� � 	a�c��

A	 � 	a�c�c� � a�c�c� � a
c�c� � a	c
�
�� A
 � a�c

�
� � a
c�c� � a
c

�
��

B� � b�� B� � b�c� � 	b�c�� B� � b�c� � b�c�c� � b�c
�
��

B
 � b
c� � 	b�c�� B	 � 	b�c�c� � b�c�c� � b
c�c� � b	c
�
��

B
 � b�c
�
� � b
c�c� � b
c

�
��

We are not going to use the concrete form of the coe�cients Ai� Bi and ai� bi� ci�
The resultant obtained for 
����� and 
����� 
in symbolic form� will be suitable also
for more general systems than 
���	�� Since there are only two nonlinear equations
in 
������ one could in principle apply the classical elimination method in this case�
However� we shall here illustrate our modi�ed approach which gives an alternative
way of obtaining the resultant explicitly�

Consider the �rst two equations from 
�����

f�
X� Y � � ��
f�
X� Y � � ��


���
�

where deg f� � deg f� � 	� Then� following our general elimination scheme from
Chapter 	� we write

P� � A�X
� � A�XY � A�Y

�� Q� � A
X � A	Y � A
�
P� � B�X

� � B�XY � B�Y
�� Q� � B
X � B	Y � B
�

Using the results obtained when solving Example ���� we get from the system

a��P� � a��P� � X��

a��P� � a��P� � Y ��
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the expressions

a�� �
�

R

��������
A� A� A�

B� B� �
B� B� B�

������X �B�

���� A� A�

B� B�

����Y
�A �

a�� �
�

R

��B�

���� A� A�

B� B�

����X �

������
A� A� A�

B� B� B�

� B� B�

������Y
�A �

a�� �
�

R

��������
A� A� �
A� A� A�

B� B� B�

������X � A�

���� A� A�

B� B�

����Y
�A �

a�� �
�

R

���A�

���� A� A�

B� B�

����X �

������
A� A� A�

� A� A�

B� B� B�

������Y
�A �

where

R �

��������
A� A� A� �
� A� A� A�

B� B� B� �
� B� B� B�

�������� �� ��

Calculating aij and R� we get

a�� �
�

R




A�B

�
� � A�B

�
� � A�B�B� � A�B�B��X �B�
A�B� � A�B��Y

�
�

a�� �
�

R



B�
A�B� � A�B��X � 
A�B

�
� � A�B

�
� � A�B�B� � A�B�B��Y

�
�

a�� �
�

R




A�

�B� � A�
�B� � A�A�B� � A�A�B��X � A�
A�B� � A�B��Y

�
�

a�� �
�

R



A�
A�B� � A�B��X � 
A�

�B� � A�A�B� � A�A�B� � A�
�B��Y

�
�

R � 
A�B� � A�B��
� � 
A�B� � A�B��
A�B� � A�B���

Furthermore�

'� �
D
f�� f��

D
X� Y �

and

'� �

���� a�� a��
a�� a��

���� �
R� � a��Q� � a��Q�� R� � a��Q� � a��Q��

If we write

dij �

���� Ai Aj

Bi Bj

���� � AiBj � AjBi�
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then

'� � 	X�d�� � �XY d�� � 	Y �d�� � X
	d�	 � d�
� � Y 
d�	 � 	d�
� � d
	�

'� �
�

R

�X�d�� � XY d�� � Y �d����

R� �
�

R

X�
d�
d�� � d�
d��� � XY 
d�
d�� � d�	d�� � d�	d��� �

�Y �d�	d�� � X
d�
d�� � d�
d��� � Y d�
d����

R� �
�

R

�X�d�
d�� � XY 
d�
d�� � d�
d�� � d�	d��� �

�Y �
d�	d�� � d�	d����Xd�
d�� � Y 
d�
d�� � d��d�����

Now� for the power sums Sj� j � �� 	� �� �� we have

Sj � N

�
Xj'�'�

X
������j


��������R��
� R��

� X
���

Y
���

�
� 
�����

where the linear functionalN is equal to � on the monomialsX�����Y �����X
���

Y
���

and � on the others 
see  ��� Sec� 	
!�� A computation shows that

S� �
�

R
d��
	d�	 � d�
��

S� �
	

R

d�	d�	 � d��d�
 � d��
 � d�	d�
� �

�

R�
d���d

�
�
�

S� � ��d�

R


	d�
 � d�	� �
d��
R�


�d��d�
d�
 � �d�
d
�
�
 � 	d��	d�	 �

�
d�
d�
d�	 � �d�
d�	d�	 � �d�
d�	d�
�� d���d
�
�


R�
�

S
 � ��d���
R

�
�

R�

	d���d

�
�
 � �
d��d�	d�
d�
 � d��d�
d�	d
	 �

��d��d�
d�	d�	 � �d��d�
d�	d�	 � d��d�	d�	d
	 � �d��d�
d�
d�
 �

��d��d�
d
�
�
 � �d��d�	d�
d�
 � �d��d�
d�	d�
 � d�	d�
d

�
�	 � 	d��	d

�
�	 �

�d��
d��	 � 
d�	d�	d�
d�	 � �d�
d�	d�
d�	 � 
d�
d�
d
�
�	 � d�
d�	d

�
�	 �

��d�
d
�
�
d�	 � 
d�	d

�
�
d�	 � 	d��	d

�
�
 � 	d
�
 � �d�	d

�
�
��

��d���d
�
�


R�

d��d�
 � d��
 � d�	d�
� �

d
��d


�


R

�

Here the expressions for Sj are given under the assumption d�� � �� which causes
no loss of generality� For calculating Sj we have used the relations

dijdki � dikkjl � �dijkjk� i �� j �� k �� l�

For example� d��d�
 � d��d�
 � d�
d���
The resultant of system 
����� can be computed by means of the Newton recur�

sion formulas 
	����

r � 
S
 � S�S� � 
S�
�S� � �S�

� � S

� �
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Inserting the expressions for Sj� we have

r �
�	�
d��
 � d�	d	
�

R
�

and after one more substitution this becomes

r � �	�

R


A�B
 � A
B��

� � 
A�B	 � A	B��
A	B
 � A
B	��� 
�����

If we now assign an arbitrary value to d�� this expression will not change� The
resultant 
����� is a rational function 
a quotient of two polynomials� in one variable
t� After cancelling out common factors in numerator and denominator what is left
in the numerator will be the desired resultant in t for 
������

For 
����� we have

r � �	�R�
�

R�
�

�

where� in the notation

eij �

���� ai aj
bi bj

���� � aibj � ajbi�

the numerator and denominator have the form

R�
� � c
�
e

�
�
 � e�	e	
� � c��c�
e�	e	
 � e�
e	
 � e�
e	
 � e

e�	�

�	e�
e�
� � c��c�
e�
e�	 � e�	e
	 � e��e	
 � 	e�
e�
� � c��c
�
�
e

�
�
�

�	e�
e�
 � e�	e	
 � e�
e	
 � e�	e

� � c��c�c�
�e�
e�
 � e�	e�
 � e�	e
	�

�e��e	
 � e�
e
	 � 	e�
e�	� � c��c
�
�
e��e�
 � 	e��e�
 � e
	e���

�e�
e�	 � e�	e�	 � e��
� � c�c
�
�
e�
e	
 � 	e�
e	
 � �e�	e

 � e�
e

��

�c�c
�
�c�
�e�
e�	 � 	e�
e�
 � e��
 � e��e	
 � e�
e
	 � 	e��e

��

�c�c�c
�
�
	e��e�
 � e�
e�
 � e�	e�
 � e�	e�	 � �e��e
	 � 	e�
e�
��

�c�c
�
�
	e��e�
 � e�
e�� � e��e�	 � e��e�	� � c��c

�
�
	e��e�
 � e��e
	�

�e�
e�	� � c�c
�
�
e��e�	 � e�
e�� � 	e�	e�� � e��e�
� � c
�
e

�
�� � e��e�
��

R�
� � e��� � e��e���

If R�
� and R�

� have no common factors then the equation

R�
�
t� � � 
�����

will not contain X or Y � Thus the method of elimination has been carried out
completely for the variables x� y� t of system 
������ and the resultant is written in
the symbolic form 
������

Let us indicate some simple generalizations of the just obtained result�
�� The elimination scheme described above may be applied to 
������ where

f� � 
c�x � c�y � c��
�� In this case the power sums 
����� for the new system are

&S� � S�� &S� � S
� where S�� S
 are the previously calculated sums 
in x�� x
�� The
power sums corresponding to x
 and x� remain to be calculated� In order to simplify
the procedure a square should be cancelled in f� � �� The roots of 
����� will have
double multiplicity compared to the roots of the new system�

	� All the above conclusions are valid for f� � 
c�x�c�y�c��
n� n � �� Hence� the

resultant 
����� obtained for system 
����� is accurate also for a system of � algebraic
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equations� one of which is a power of a linear function in two of the variables and
the other two are quadratic forms in these variables�

�� If there is a linear transformation of the quadratic forms in the initial system
of � algebraic equations which turns one of the functions� f� say� into a perfect
square� then all the above results are valid for the transformed system�

�� The coe�cients ai� bi� ci in 
����� may contain any powers of the distinguished
variable t� because in calculating 
����� the particular dependence of ai
t�� bi
t��
ci
t� was not used� Therefore the resultant R�

�
t� is valid also for systems containing
greater powers� In this case the variable t should be such that f�� f� and f� �
c�x � c�y � c� are quadratic forms with respect to x and y�

It is not quite clear whether a general system of � algebraic equations� each of
which is of the second order� could be transformed into 
����� 
even by a nonlinear
change of variables�� It is however quite likely that a general system of � quadratic
equations always can be transformed into 
������ with f� � c�x � c�y � c� or f� �

c�x � c�y � c��

��
The polynomial R�

�
t� in 
����� has been written for system 
���	� with arbitrary
coe�cients ai� bi� ci� We can write the coe�cients of R�

�
t� in terms of the rate
constants ki� substituting ai� bi� ci into R�

� and making the necessary algebraic
transformations� The �nal result will not be given here� Quite simple expressions
are obtained if k
 � �� i�e� if step 
 is absent in the scheme 
������ In this case we
have the factorization R�

�
t� � t�P 
t�� and

P 
t� � P�t

 � P�t

	 � � � � � P	t � P
� 
������

where

P� � k��k
�
�

	k�� � k���

P� � k�k�

�k�k	k�� � 	k�k�k	 � k�k�k
��

P� � 	k��k
�
	k�� � k��k�k

�
	 � k��k�k
k	 � k�k�k
k	k�
 � �k�k��k��k

�
�
 �

�	k�k�k��k
�
�
 � k�k
k	k��k�
�

P� � k�k�k
k
�
	 � k�k�k
k	k�
 � �k�k	k��k��k�
 � �k�k�k	k��k�
 �

�	k�k�k
k��k�
 � k�k
k
�
	k�� � k�k

�

k	k���

P
 � 	k��k
�
��k�
 � k�k

�

k

�
	 � k�k

�
��k

�
�
 � k�k�k
k

�
	 � k
k	k��k��k�
 �

�	k�k
�

k

�
	 � �k�k

�
	k��k�� � k�k
k	k��k�
 � 	k�k�k
k	k�� �

�	k�k�k
�
	k�� � k�
k

�
	k���

P	 � �k	k��k
�
��k�
 � 	k�k	k

�
��k�
 � k�k
k

�
��k�
 � k�
k	k��k�� �

�k
k
�
	k��k�� � k�k
k

�
	k�� � k�k
k	k��k�
 � k�
k

�
	k���

P
 � k��k	
	k��k��k	 � k�k
k�� � k�k	k�� � k�
k	 � k�k
k	��

If t � �� so that x � �� we get from 
���	� 
still with k
 � �� the two simple roots
r� � 
�� �� �� �� and

r� �

��k�
	k�

� �� ��
	k�� � k�

	k��

�
�

The root r� is on the boundary of S� and the root r� is outside the simplex S� For
�nding the other 
 roots of system 
���	� it is necessary �rst to solve the equation
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P 
t� � �� The remaining coordinates of the roots may then be found using 
if
necessary� the method described in  �! 
see also Ch� 	� Sec� ����

Let us �rst consider the number of positive roots of system 
���	�� We will have
to apply the Descartes theorem and the Budan�Fourier theorem� It is evident� that
a positive solution of system 
���	� corresponds to a root t of the equation P 
t� � �

precisely if t � t�� where t� �
p
k���k� is the only positive root of the equation

Q
t� � k�
k�t
� � k�k	t

� � k��k�
t� k��k	 � �� 
������

Equation 
������ is obtained from the system 
���	� with k
 � �� It follows that the
number of positive solutions of system 
���	�� counted with multiplicity� is equal to
the number of zeros of the polynomial P 
t� to the right of t�� It is easy to see that
P 
t�� � �� Consequently� in the interval 
t��	� the polynomial P 
t� has an odd
number 
at least �� of zeros� On the other hand� the total number of zeros does not
exceed �� since in the sequence P 
t��� P

�
t��� � � � � P
�
�
t�� the sign cannot change

more than three times�
Let us show that for k�� � � the system 
���	� has at most one positive root�

We have

P 
t�� � ��

P �
t�� � k�k��k�
 � k�k	k�� � t�
k�k��k�
 � k�k�k	 � 	k�k
k	 �

�k�k
k	��

P ��
t�� � �k��k
�
��k

�
�
 � �k�k

�
��k

�
�
 � �k�k

�
	k��k�� � �k�k�k

�
	k�� �

��k�k�k
k�� � �k�k
k	k��k�
 � k�k�k
k
�
	 � k�k

�

k

�
	 �

�	k�k
�

k

�
	 � t�
�
k�k	k��k��k�
 � �k�k�k	k��k�
 �

��k�k�k
k��k�
 � �k�k�k
k
�
	 � �k�k�k
k	k�
��

P ���
t�� 
 �� P �
�
t�� 
 �� P �	�
t�� 
 �� P �
�
t�� 
 ��

where the equalities are to be understood up to some positive factors� If P �
t�� 
 ��
then P ��
t�� 
 � since P ��
t�� � k
k	P

�
t�� 
 �� So there is only one sign change in
this sequence�

Next we show that in the interval 
t��	� the equation P 
t� � � may have
three distinct positive roots� Letting k�� � k�� � k�
 � �� we have t� � � and
P 
t� � tR
t�� where

R
t� � k��k�
k
 � k	�t
� � k�k

k�k	 � k	k�� � k
k���t

� �

�k
k	
k�k� � k�k
 � 	k�k
 � k
k���t� k�
k	k���

The boundary roots 
�� �� �� �� and 
�� �� �� �� correspond to the solution t � �� The
polynomial R
t� has three positive zeros� if all its roots are real and if there are three
sign changes in its coe�cient sequence� In order that all the roots of a polynomial
f
t� of degree n be simple and real� it is necessary and su�cient that the quadratic
form with matrix �BB�

n S� � � � Sn
S� S� � � � Sn��

� � � � � � � � � � � �
Sn Sn�� � � � S�n��

�CCA �
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where Sj are the power sums of the zeros of the polynomial f
x�� be positive� In
our case 
n � �� the sums Sj are easily calculated by the Newton formulas 
	���
and the necessary and su�cient requirements for the polynomial R
t� to have three
distinct positive roots become

K�K	 �K	K�� �K
K�� � �

K�K
 � 	K�K
 � K�K� �K
K�� 
 ��

K�
� � �K�K� 
 ��

K�
�K

�
� � ��K�K�K� � �K�K

�
� � 	�K�

�K
�
� � �K�

�K� 
 ��


����	�

where Ki is the coe�cient of ti in the polynomial R
t�� Some of the solutions to the
inequalities 
����	� may be found by considering the following equations

K� � �K�� K� � �K�� K� � ��K�� � � �� 
������

Each solution of 
������ satis�es 
����	�� In particular� one may take k� � ������
k� � ����� k� � �� k
 � 	�� k	 � � and k�� � ��
�
� In this case R
t� has three
positive zeros and the system 
���	� has the three positive solutions

x� � �����	� y� � ������� z� � ����		� u� � ��	����
x� � ���	��� y� � ������� z� � ������� u� � ����
��
x� � �����	� y� � ����	
� z� � ������� u� � �������


������

Moreover� 
���	� also has the boundary solution x � y � z � �� u � � of multiplicity
	� If k�i� k
 
 � these last roots may produce two more solutions inside S�

As this example shows� the reversibility of the product building step can give
rise to multiple steady states�

Thus� in the case studied above there is only one interior s�s� for k�� � �� while
for k�� �� � three such steady states 
������ are possible�

Let us consider the case k� � k�� � � separately� 
Step � is then absent in
the scheme 
������� We will show that system 
���	� then has a unique positive
solution� A special feature of 
���	� in this aces is that the �rst three equations are
homogeneous with respect to the variables x� y� z� u� So� in order to analyze the
number of positive solutions we may set u � � in these equations� Instead of 
���	�
we then have the system


	k� � k��z
� � 	k��x

� � k��y
� � k
 � ��

k�z
� � k��y

� � k	y � k
 � �� 
������

k
xy � k�
z � k	y � 	k
 � ��

It may be easily shown that the equations obtained by solving for z in the third
equation and substituting it into the �rst two� give rise to two monotone curves�
one increasing and one decreasing� in the �rst quadrant of the 
x� y��plane� There is
hence a unique intersection between the curves� and therefore at most one positive
solution of system 
�������

Let us examine two particular mechanisms which have been discussed in the
literature  	�!�
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�� O��	Z � 	ZO� �� O��	Z � 	ZO�
	� H��	Z � 	ZH� 	� H��	Z � 	ZH�
�� H��ZO � Z�H�O� �� H��ZO � Z�H�O�
�� ZO�ZH � ZOH�Z� �� ZO�ZH � ZOH�Z�
�� ZH�ZOH � 	Z�H�O� �� H��	ZOH � 	Z�	H�O�

Here the enumeration of the stages agrees with 
������ The uniqueness for the
interior s�s� of the kinetic model corresponding to the �rst mechanism has already
been established above in a somewhat more general case� The same conclusion
is also valid for the second mechanism� with the corresponding stationary kinetic
model 
���	� satisfying k�� � k�� � k�
 � k	 � �� The elimination of variables
can in this particular case be done with elementary methods� Indeed� from the �rst
three equations of system 
���	� it is easy to obtain

x �
	k�k��y

�

k�k� � k

k� � k��y
�

z� �
x
k� � k
y�

	k�
� u� �

k�xy

	k

�

Since there are no boundary s�s� in this case� so that only positive solutions are
available� we must have

k�k� � k

k� � k��y 
 ��

Under this condition it is easily shown that z�y� x
�
y� u

�
y 
 �� and hence the interior s�s�

is unique�
Now we add one more stage in 
������ namely

�� ZO�	ZH � �Z�H�O�

Taken together� the stages ����� provide a fairly complete description of today�s
understanding of the mechanism for catalytic hydrogen oxidation� Steps ����� and
�� represent one of the possible particular mechanisms� It may be shown here that
there is only one positive s�s� for k�� � �� even though the scheme is substantially
nonlinear� The occurrence of several s�s� is ensured by the reversibility of step ���
The same phenomenon takes place in the more general case ������ For simplicity
we consider irreversible steps ����� having as corresponding system

	k�z
� � k
xy � k�x� k�xy

� � ��

	k�z
� � k
xy � k	yu� 	k�xy

� � �� 
����
�

k
xy � k	yu� 	k
u
� � ��

x � y � z � u � ��

We add the third equation to the �rst and second ones� then we divide the second
equation by 	� and subtract it from the �rst one� We thus obtain


	k� � k��z
� � k�x� k
u

� � ��

from which we see that system 
���
� has no positive roots for 	k� � k�� For 	k� 
 k�
there may exist a positive solution� apart from the boundary solution z � u � x � ��
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y � �� After simple transformations one obtains

x � u
k	y � 	k
u��
k
y��

	k�k
z
� � u
k	y � 	k
u�
k�y

� � k
y � k���y� 
������

u �
k	
	k


y � k�
	k� � k��y
� � k

	k� � k��y � k�k�

k�
k� � 	k��y� � k

k� � k��y � k�k�
�

These functions x� z� u of the variable y are monotonically increasing in the domain
of variation of y 
recall that x� z� u are assumed to be positive�� On the other hand�
the function z � �� z � y� u is decreasing� and hence the system 
����
� can only
have one positive solution�

Thus� in all considered cases the reversibility of step ��� the water producing
step� proves to be responsible for the plurality of s�s�� which in turn may result in a
complex dynamical behavior of the reaction� Hence� in the multi�stage mechanism
at hand the reversibility constitutes a natural �feedback�� As seen in the above
examples� the full procedure for elimination of variables is sometimes not needed
for analyzing the number of possible solutions� For this it may be su�cient to
make some indirect considerations� for example� to establishment the monotony of
dependencies such as 
������� However� in cases when several s�s� can occur� the
construction of the one�variable resultant may be e�ective for the determination of
their number� and also for a parametric analysis of the solutions� As we have shown
in this section� this may be done �manually� without the use of a computer� The
main appeal of our approach is that one sometimes manages to perform a qualitative
study of the obtained resultant with letter coe�cients� As an example of this� we
have in this section been able to reveal the crucial role played by the reversibility of
the water producing step for the appearance of multiple steady states�

��� The kinetic polynomial� Single�route mechanisms

The concept of kinetic polynomials was introduced in the articles  ���� ����
�

!� and in  �
� �	� ��	� ���� �
�� �
�! it was further developed and applied
to the kinetics of catalytic reactions� The mathematical basis for the new approach
was presented in  ��� ��� 		!� and here we provide the complete proofs of the fun�
damental assertions� On the basis of results from  	
! we give a simpli�ed algorithm
for the determination of the coe�cients in the kinetic polynomial� and analyze in
detail its use for a typical transformation scheme of catalytic reactions�

In the stationary case the basic kinetic equation for catalytic reactions can be
written as

�Tw
z� � �� Az � a� 
�����

where � is a matrix of stoichiometric vectors for the stages of the initial mechanism of
the reaction� w
z� is the rate vector of the stages� z is the vector of concentrations of
the reagents� A is a matrix with entries proportional to the molecular weights of the
reagents� and a is a vector of balance quantities� The relations Az � a correspond
to the conservation laws �A � �� Moreover� the catalytic transformation scheme is
cyclic precisely if there is a linear dependence between the rows of � arising from a
linear dependence of the columns of A� i�e� there exist non�zero vectors 	 such that
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	� � �� The vectors 	 are made up from stoichiometric numbers and correspond
to di�erent routes in the original transformation scheme�

For a n�stage single�route catalytic reaction the system 
����� takes the form

ws
z� � �sw� s � �� � � � � n� L
z� � �� 
���	�

where �s is the stoichiometric number for the s�th stage� w is the observable reaction
rate� n is the number of intermediates� and L
z� is a linear function� The equations

���	� are in general nonlinear with respect to z� For example� if w�

s are found
according to the mass�action law� then 
����� and 
���	� are systems of algebraic
equations� By eliminating z from 
���	� one obtains a new representation for the
stationary equations in terms of the quantity w� which can be measured in experi�
ments� In  ���� �

! this new representation was called the kinetic polynomial�

In the simplest linear case the kinetic polynomial� then having the form B�w �
B� � �� can be easily found by using methods from graph theory  ��� ��
� ����
���� ��
� �
�!� For example� for a linear single�route mechanism  ��
!

B� �
nY
i��

b�i �
nY
i��

b�i � B� �
X
x

Dx� 
�����

where b�i are the weights of the forward and reverse reaction at the i�th stage� and
Dx is the weight of the vertex x in the reaction graph 
see e�g�  �
�!�� The coe�cient
B� in 
����� corresponds to the kinetic equation of a brutto�reaction 
in the case of
a stage� one for which the mass�action law is valid�� In equilibrium 
when w � ��
one has B� � ��

The equations 
����� and 
���	� are in general nonlinear� and we shall apply the
special elimination method which we developed in Chapter 	� The kinetic polyno�
mial can be represented in the following form 
w�

s are found in accordance with the
mass�action law��

R
w� � BNw
N � BN��w

N�� � � � �� B�w
� � B�w � B� � �� 
�����

The degree of the polynomial R
w� is determined by the nonlinearity of system

���	� and its coe�cients are certain functions of the rate constants� R
w� is the
resultant of system 
���	� with respect to w 
see� for example�  ���!��

We thus consider the system of equations

b�s

nY
i��

z
�si
i � b�s

nY
i��

z
�si
i � �sw� s � �� � � � � n� z� � � � �� zn � �� 
�����

where the constants b�s correspond to the reaction weights of the forward and reverse
directions at the s�th stage� zi are concentrations� and �si � �

s
i are stoichiometric

coe�cients 
nonnegative integers�� For convenience we rewrite 
����� in vector form�

b�s z
�s � b�s z

�s � �sw� s � �� � � � � n� z� � � � �� zn � �� 
���
�

where

z�
s

� z
�s�
� � � � z�

s
n

n �

with

�s � 
�s�� � � � � �
s
n� and �s � 
�s�� � � � � �

s
n�
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being multi�indices of equal lengths

jj�sjj � �s� � � � � � �sn � jj�sjj�
Moreover� the rank of the matrix

� � 

�si � �si ��
s���


 �n
i���


 �n

is equal to n� �� Introducing the determinants

'j � det

�si � �si ��
s���


 ��j��


 �n
i���


 �n�� 
�����

where the symbol  j! indicates that the number j is being omitted� we see that the
�j are proportional to 
���j��'j� so that the components of 
��� � � � � �n� have no
factors in common� We note that in order to de�ne this system of determinants� we
could have deleted any column from � instead of the last one� since the sum of the
columns of � is equal to �� and the vector 
��� � � � � �n� would then be the same up
to a sign�

Our purpose is to construct of the resultant for the system 
���
�� with respect
to w� and to determine its coe�cients�

Lemma ����� Consider the system

z�
s

� Cs� s � �� � � � � n� 
�����

where
�s � 
�s�� � � � � �

s
n��

the �sk are integers �not necessary positive� and

' � det

�jk��k�j���


 �n �� �� C� �� �� � � � � Cn �� ��

Then� a� the number of roots z of the system �
���� with nonzero coordinates i�e�

z � 
C n f�g�n
is equal to j'j� b� all such roots are simple� c� they all have the form

zj � C�j��e��i�m��j���� j � �� � � � � n� 
�����

where
�j � 
'j

�� � � � �'
j
n�

is the vector formed from the algebraic complements 'j
k to the elements �jk in the

matrix 

�jk��� m � 
m�� � � � � mn� is a vector of integers� �a� b 
 denotes a scalar
product of the vectors a and b i�e�

�a� b 
 � a�b� � � � � � anbn�

C�j�� � C
�j
���

� � � � C
�j
n��

� �

Proof� a�� We make use of a result of Bernstein  ��! to the following e�ect�
The number of roots of the system 
����� lying in 
C n f�g�n is equal to the mixed
volume of the system of sets Sj� where 
in our case� Sj is the segment  ���j! in
Rn� This mixed volume is equal to the volume Vn of the set S� � � � � � Sn� since
Vn
Si� � � � � � Sik� � � for k � n� The set S� � � � � � Sn consists of all vectors
x � 
x�� � � � � xn� of the form

x� �� ��� t 
� � � � � xn �� �n� t 
� t � Rn� � � tj � �� j � �� � � � � n�
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Thus

Vn
S� � � � � � Sn� �

Z
S��


�Sn

dx� � � � dxn �

� j'j
Z
Jn

dt� � � � dtn � j'j�
where Jn is the unit cube in Rn� It is also easy to check that the system 
����� does
not belong to the class of systems for which the number of roots is less than the
mixed volume�

b�� Let z be a root of 
����� lying in 
C n f�g�n� Then the Jacobian of 
����� is
given by

J �

������
���z

��
� z�

�
� � � ��nz

��
n z�

�

� � � � � � � � �
�n� z

��
� z�

n
� � � �nnz

��
n z�

n

������ � z�
��


��n�I' �� ��

where I � 
�� � � � � ��� and we conclude that z is a simple root�
c�� Let

Cj � rje
itj and zj � �je

i�j � j � �� � � � � n�

The system 
����� gives rise to the following two linear systems of equations

� ln�
 �� 
� ln r�� � ��� t 
� t� � 	m�	�
� � � � � �

� ln�
 �n 
� ln rn� � �n� t 
� tn � 	mn	�

Solving them we get

�j � r�
j��� �j �� t��j�' 
 �		 �m��j�' 
�

from which assertion c� follows�
We remark that for w � � the system 
���
� has no roots in 
C n f�g�n� Indeed�

suppose that z is a root lying in 
C n f�g�n and '� �� � i�e� �� �� �� Then for z we
have the system

z�
���� � b�� �b

�
� � C��

� � �

z�
n��n � b�n �b

�
n � Cn�

or

z
�����

�
�

� � � � z
��n����

�
n��

n�� � C�z
��n��

�
n

n �

� � � � � 
������

z
�n���

n
�

� � � � z
�nn����

n
n��

n�� � Cnz
�nn��

n
n

n �

Moreover�

z�
���� �

b��
b��
�

so applying Lemma ���� to 
������ we obtain

z� � C����zne
��i�m��������

� � � � �
zn�� � C�n����zne

��i�m��n�������
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Here we used the identity
nX
j��


�jn � �jn�'s
j � '�� s � �� � � � � n� ��

Now substituting these solutions into the �rst equation z�
���� � b�� �b

�
� we have

zjj�
�jj�jj��jj

n C������������e��i � b�� �b
�
� �

From here we arrive at a contradiction� since

zjj�
�jj�jj��jj

n � ��

and only the constants b�� � � � � � b
�
n � b�� � � � � � b

�
n are contained in C� Therefore the last

equality is impossible if the constants b�s are to be arbitrary�
From now we shall assume that for w � � the system 
���
� has no roots in Cn�

Lemma ����� If w � � is not a root of system �
���� and if �j �� �� then the
system

b�� z
�� � b�� z

�� � ��w�
� � �

b�j��z
�j�� � b�j��z

�j�� � �j��w�

b�j��z
�j�� � b�j��z

�j�� � �j��w�
� � �

b�n z
�n � b�n z

�n � �nw�
z� � � � �� zn � �


������

has only isolated roots in Cn� and it has no roots in the hyperplane at in�nity
CPn nCn �for almost all b�j ��

Proof� We can assume that �� �� �� For the proof of Lemma ���	 it is su�cient�
by Lemma ���� to show that the system

b�� z
�� � b�� z

�� � ��
� � �

b�n z
�n � b�n z

�n � ��
z� � � � � � zn � �


����	�

has only the root z � 
�� � � � � ��� First we show that 
����	� has no roots in 
C n
f�g�n� Indeed� if z were such a root� then from the system

z�
���� � b�� b

�
� � C��

� � � � �
z�

n��n � b�n b
�
n � Cn�

we would by Lemma ���� get

z� � znC
�����e��i�m��������

� � � � �
zn�� � znC

�n�����e��i�m��n�������
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Substituting these solutions into the last equation of 
����	� we would have

zn

�
� �C�����e��i�m������� � � � � �C�n�����e��i�m��n������

�
� ��

Since here the coe�cient of zn is not identically equal to zero� this means that zn � ��
But this would imply that zj � �� j � �� � � � � n� and we reach a contradiction�

Suppose now that 
����	� has a root z such that z� �� �� � � � � zk �� � and zk�� �
�� � � � � zn � �� Inserting this root into 
����	� we get 
after re�labelling the variables�

b�� z
�� � b�� z

�� � ��
� � �

b�s z
�s � b�s z

�s � ��
z� � � � � � zn � ��


������

We see that the form of system 
����	� is retained� since if z�
�

� � then z�
�

� � too�
otherwise some other coordinate� except zk��� � � � � zn� would also have to be zero�
Let us prove that s � k in 
�������

a�� Let s � k and consider the system

b�� z
�� � b�� z

�� � ��
� � �

b�s z
�s � b�s z

�s � ��
z� � � � � � zn � ��


������

where zk�� � � � � � zn � �� We claim that this system has roots� which then
means that the system 
���
� with w � � also has roots� Indeed� setting z� �
�� � � � � zj�� � �� zj � �� zj�� � � � � � zk � � in 
������ we �nd that 
������ must

contain a monomial zj�� � � � � � z
jk
k � unless we just obtain the trivial system� Therefore

at least one equation in 
������ has the form

b�j z
jj�j jj
k � b�j z

jj�j jj
k�� � ��

from which we get zk � czk��� Substituting this solution into 
������ we are left
with

b
�

� z
�� � b

�

� z
�
�

� ��
� � �

b
�

s��z
�s�� � b

�

s��z
�
s��

� ��
z� � � � � � zk��
� � c� � ��

This system has the same form as 
������� and we apply the same method to it�
Finally we obtain the system

c�z
�
� � c�z

�
� � �� c�z� � c
z� � �� 
������

where c�� c� are products of b�s � and c�� c
 are sums of such products� From 
������
we have z� � c	z� and z�
c� � c
c	� � �� Moreover� c� � c
c	 �� � since it is obvious
that c��c
c	 is a non�constant polynomial in b�s � We thus found the claimed solution
to the system 
������� and thereby produced a contradiction�

b�� Let now s 
 k� In this case '� � �� since this determinant must contain a
s� 
n� k � �� minor consisting of zeros� and s � n� k � � 
 n� ��
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Thus� system 
������ takes the form

b�� z
�� � b�� z

�� � ��
� � �

b�k z
�k � b�k z

�k � ��
z� � � � �� zk � ��


����
�

This means that the matrix



�sj � �sj ��
s���


n
j���


n

is equal to

A �

�BBBBBB�
��
� � ��

� � � � ��
k � ��

k � � � � �
� � � � � � � � � � � � � � � � � �

�k� � �k� � � � �kk � �kk � � � � �
�k��
� � �k��

� � � � �k��
k � �k��

k � � � � � � �k��
n � �k��

n

� � � � � � � � � � � � � � � � � �
�n� � �n� � � � �nk � �nk � � � � � � �nn � �nn

�CCCCCCA �

Since

'� � det

�sj � �sj ��
s���


 �n
j���


 �n�� �� ��

it follows by the Laplace formula that one of the determinants of order k� � in the
left corner� say

det

�sj � �sj ��
s���


 �k
j���


 �k���

must be non�zero� To 
����
� we may then apply the same reasoning that we used
in the beginning of Lemma ���	� The proof of Lemma ���	 is thereby completed�

For �� �� � we can� in view of Lemma ���	� compute the resultant of 
���
� with
respect to w by the formula

R
w�

Q
w�
�
B� � B�w � � � � � BNw

N

Q
w�
�

�
MY
j��


b�� z
��

�j�
w�� b�� z
��

�j�
w�� ��w�� 
������

where z�j�
w� are roots of the system

b�� z
�� � b�� z

�� � ��w�
� � �

b�n z
�n � b�n z

�n � �nw�
z� � � � �� zn � �


������

for �xed w�
Since w � � is not a root of system 
���
�� we have B� �� �� Our �rst purpose is

now to �nd those terms in B� which may vanish for b�� � � � � � b
�
n � b

�
� � � � � � b

�
n �� �� We

shall write that B� � B if B��B �� �� for b�� � � � � � b
�
n �� ��
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Theorem ����� If the system �
���� �for w � �� does not have any roots� then
the constant term B� satis�es

B� � 

b�� ��� � � � 
b�n ��n � 
b�� ��� � � � 
b�n ��n�p� 
������

�we are assuming that none of the rational fractions B�� � � � � BN is reducible��

Proof �

B� �
MY
j��

�
b�� z

��

�j� � b�� z
��

�j�

�
� 
���	��

where z�j� are roots of system 
������ for w � � 
i�e� z�j� � z�j�
����

Lemma ����� Suppose �k�� � � � � � �n � �� �� �� �� � � � � �k �� �� Then in
formula �
��
�� it su�ces to take into account only those roots z�j� that have at
least k non�zero coordinates�

Proof� Consider a root z for which z� �� �� � � � � zk�� �� � and zk � � � � � zn � ��
There are three possible cases� a� z�

� �� �� z�
�

� �� b� z�
�

� �� z�
� �� � and c�

z�
� �� �� z�

� �� �� Let us show that case c� does not occur� Indeed� the system

������ will� for w � � and zk�� � � � � � zn � �� contain exactly k equations and
hence the matrix � will have the form

� �

�BBBB�
��
� � ��

� � � � ��
k�� � ��

k�� � � � � �
� � � � � � � � � � � � � � � � � �

�k��� � �k��� � � � �k��k�� � �k��k�� � � � � �
� � � � � � � � � � � � � � � � � �

�n� � �n� � � � �nk�� � �nk�� � � � � � � �nn � �nn

�CCCCA �

Therefore if the last column is deleted at least n� k � � of the determinants of
order n� � are equal to zero� and hence besides �k�� � � � � � �n � � one more �j is
equal to zero� which is impossible 
as before we use the relation jj�jjj � jj�jjj��

Let us return to the proof of Theorem ����� First we consider the roots z�j� for
which none of the coordinates vanishes� Finding these roots by means of Lemmas
���� and ���	� we get

z� � znC
�����e��i�m�������

� � � � �
zn�� � znC

�n�����e��i�m��n������

where

C � 
C�� � � � � Cn� � C� � b�� �b
�
� � � � � � Cn � b�n �b

�
n �

Hence Y
j


b�� z
��

�j� � b�� z
��

�j�� �
Y
j

�
b��
b��
z�

����

�j� � �

�
�

Y
j

�
b��
b��

�
b��
b��

�������

� � �

�
b�n
b�n

�����n���n���

e��i��m����


�mn�n����n������ � �

�
�
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�
Y
j

�
b��
b��

�
b��
b��

������

� � �

�
b�n
b�n

��n���

e��i�m����


�mn�n���� � �

�
�

Assuming �� 
 � we get that the set of roots z�j� may be divided into �� classes�
according to the remainders after division of m���� � � ��mn�n by ��� These remain�
ders are all distinct� because the numbers ��� � � � � �n being relatively prime� one can
�nd m�� � � � � mn such that m��� � � � �� mn�n � �� i�e�

m��� � � � �� mn�n
��

�
�

��
�m��

Now it is su�cient just to multiply m�� � � � � mn by j� to obtain any remainder

����Y
j��

��
b��
b��

��
b��
b��

������

� � �

�
b�n
b�n

��n���

e��i��� � �

�
�

� 
�������

�
nY
j��

�
b�j
b�j

��j

� �

�
�

It follows that Y
j

�
b�� z

��

�j� � b�� z
��

�j�

�
�

�Y
j

�
b�j
b�j

��j

� �

�p

�

where the product is taken over all roots in 
C n f�g�n�
Let now �� � �� Consider the roots 
if any� for which one coordinate vanishes�

say z� �� �� � � � � zn�� �� � and zn � �� If zn is contained in z�
�

or in z�
�

then this
root gives no contribution to B�� If zn occurs neither in z�

�
nor in z�

�

then� setting
z equal to zero� we get a system of 
n��� equations of the same form as 
������ but
with 
n� �� unknowns� Moreover� from the form of the matrix � it is clear that the
determinants of order 
n � 	� in this new system are proportional to ��� � � � � �n���
Applying the previous reasoning to this system� we then getY

j

�
b�� z

��

�j� � b�� z
��

�j�

�
�

�Y
j

�
b�j
b�j

��j

� �

�p

�

etc�
The original proof of the formula for the constant term B� in the kinetic poly�

nomial was given by Lazman in  ���! under some additional assumptions� In our
proof these restrictions have been removed� Moreover� it enables us to determine
the degree p of the cycle characteristic of B��

Corollary ����� If �� �� �� � � � � �n �� � then the exponent p in formula �
��
��
is equal to ����'�

��

���� � � � � �

����'n

�n

���� �
Proof� Since �� �� �� � � � � �n �� �� then in B� we only have to account for the

roots with z� �� �� � � � � zn �� �� and their number is equal to j'�j by Lemma �����
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How can we �nd p in the general case� for instance if �n � �$ Apart from the
roots in 
C n f�g�n we must take into account also the roots having one coordinate
equal to zero 
if such roots exist�� Choose such a zj� say zn� which is not contained

in z�
�

and in z�
�
� Then set w and zn equal to zero in 
������� If there remain exactly


n � �� equations consisting of two monomials� then there exist roots with zn � �
and z� �� �� � � � � zn�� �� �� Assume that it was the last equation that disappeared�
Then the number of such roots is equal to

j'�j
j�nn � �nn j

�

Hence the exponent p increases by

j'�j
j��j
�nn � �nn�

etc�

Corollary ����� If p 
 � and if ��� � � � � �n �� �� then the factor

BC �



b�� ��� � � � 
b�n ��n � 
b�� ��� � � � 
b�n ��n

�
�BC is the cycle characteristic of the rate of the catalytic reaction  �
�!� is contained
in the coe�cients Bs of the resultant with an exponent at least equal to p � s� s �
�� �� � � � � p� �� but is not contained in the leading coe�cient BN �

Proof� Let �� �� �� Then the roots of system 
���
� are not isolated or their
number is less than usual� precisely if BN � � and

� �

�
b��
b��

�s�

ei�� � � � � �

�
b�n
b�n

�sn

ei�n � ��

This latter surface intersects the surface

b���� � � � b��nn � b���� � � � b��nn

transversally� and it follows that BN �� � for b���� � � � b��nn � b���� � � � b��nn �
Furthermore�

R
w� �
Y
j


w�
z�j�
w��� ��w��

B� � R�
w�jw�� �
X
m


w�
�
z�m�
���� ���

Y
j ��m

w�
z�j�
����

Since the set of roots z�j�
�� is divided into classes #�� and sinceY
j��


w�
z�j�
��� �
�Y

i

b��ii �
Y
i

b��ii

�
�

it follows that if we delete one root� thenY
j ��m

w�
z�j�
��� �
�Y

i

b��ii �
Y
i

b��ii

�p��

�

For the second derivatives the exponent decreases by two units� for the third by three
and so on� 
Here we may safely di�erentiate the product R
w�� for �� �� �� � � � �n �� �
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we only have to consider roots with non�zero coordinates in this product� and such
roots are simple by Lemma ������

Lemma ����� The function R
w� given by formula �
��
�� is a polynomial in
w �i�e� Q
w� � ���

Proof� General arguments 
see e�g� Ch� 	 and  ��!� show that R
w� is a rational
function� In order to prove that R
w� is a polynomial it is su�cient to show that
for k � �� �� � � � �M� the integrals

M�X
j��

Z
�j�w�


b�� z
�� � b�� z

�� � ��w�kd
b�� z
�� � b�� z

��� 
 � � � 
 d
z� � � � � � zn�


b�� z
�� � b�� z

�� � ��w� � � � 
z� � z� � � � � zn � ��


���	��

are polynomials in w� Here

#j
w� � fz �
���b�� z�� � b�� z

�� � ��w
��� � ��� � � � � jz� � � � �� zn � �j � �ng

is a cycle corresponding to the j�th root of system 
������� and M� is the number
of roots of system 
������� Since these integrals are equal to the sums of the values
of the function �

b�� z
�� � b�� z

�� � ��w
�k

in the roots of 
������� we see from the Newton recursion formulas 
	��� that R
w�
is a polynomial in these sums�

We now introduce the notation

wj
z� � b�j z
�j � b�j z

�j � j � �� � � � � n�

wn��
z� � z� � � � �� zn � ��

and we let #j be a cycle of the form

#j � fz � jw�
z�j � ��� � � � � jwn��
z�j � �n��g � #j
��

corresponding to the j�th root of system 
������ with w � �� For su�ciently small
jwj� � and �� the cycle #j is homological to #j
w�� since w � � is not a root of R
w�

we can suppose that jwjj 
 j�jwj� j � 	� � � � � n� on #j�� Therefore the integral

���	�� is equal to

M�X
j��

Z
�j


w�
z�� ��w�kdw� 
 � � � 
 dwn��


w� � ��w� � � � 
wn � �nw�wn��
�

Expanding the integrand in a geometric series we get a series in w� and in order that
this series should terminate it is necessary that integrals of the form

M�X
j��

Z
�j

wk�s�
� dw� 
 � � � 
 dwn��

ws�
� � � � wsn

n wn��

���		�

should vanish for su�ciently large jjsjj � s� � � � � � sn 
� � s� � k�� Passing to
homogeneous coordinates

z� �
��
��
� � � � � zn �

�n
��
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we obtain the integrand

� �
w�k�s�
� 
��dw�

� 
 � � � 
 dw�
n��

w�s�
� � � � w�sn

n w�
n���

l
�

�

where

l � jj��jjk � jj��jj� � � � � jj�njj� ��
nX
j��

sjjj�jjj�

For su�ciently large jjsjj we clearly have l � �� Hence the integrand has no singular�
ities on the hyperplane at in�nity CPn nCn 
recall that system 
����� has no roots
at in�nity�� It therefore follows from the theorem on the complete sum of residues
 
�!� that the integrals 
���		� vanish for su�ciently large jjsjj�

Let us now write

R
w� � BNw
N � � � �� B�w � B� � BN
w � w�� � � � 
w � wN��

with B� �� �� Then for su�ciently small jwj we may talk about the logarithm
lnR
w�� Introducing the notation

dk �
dk lnR
w�

dwk

����
w��

�

we have dk � 
k � ���sk� where

sk �
X
j

�

wk
�j�

�

The numbers ��wk
�j� are zeros of the polynomial

P 
w� � wNR

�
�

w

�
� B�w

N � � � �� BN �

and hence the sk are the power sums of the zeros of P 
w�� Therefore the Newton
formula and the Waring formula 
Theorems 	�� and 	�	� are valid for them�

skB� � sk��B� � � � � � s�Bk�� � kBk � �� k � N�

Bk

B�

�

���k

k�

��������
s� � � � � � �
s� s� 	 � � � �
� � � � � � � � � � � � � � �
sk sk�� � � � s�

��������
Substituting the expressions for dk into these formulas we get relations between Bk

and dk�

Lemma ����� The coe�cients of R
w� and dk are connected by the following
formulas�

Bk �
�

k�

kX
j��

Bk�j
dj


j � ���
� � � k � N�
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Bk

B�

�
�

k�

��������
d� �� � � � � �
d� d� �	 � � � �
� � � � � � � � � � � � � � �
dk

�k����

dk��
�k����

� � � d�

�������� � 
���	��

Observe that the determinant in 
���	�� is a polynomial in d�� � � � � dk with posi�
tive coe�cients� From here it is obvious that in order to �nd the coe�cients of R
w�
we must �nd dk� We get

d� � �
NX
l��

�

wl

�

d� � �
NX
l��

�

w�
l

�

� � � � �
ds � �
s� ���

NX
l��

�

ws
l

�

In particular� Lemmas ���� and ���	 imply that

d� �
B�

B�
� d� �

	B�B� �B�
�

B�
�

�

It is clear from this that in order to �nd B�� � � � � BN one must �rst �nd the corre�
sponding derivatives of lnR
w� or� equivalently� the sums

NX
l��

�

ws
l

�

We can also apply Theorem 	���

Theorem ����� Suppose that the system �
���� satis�es the conditions of The�
orem 
��
� Then

�B�

B�
�

NX
l��

�

wl
�

nX
j��

�j

MjX
s��

�

ws

�
zj�s�

� 
���	��

where Mj is the number of roots of system �
��

� and zj�s� are the roots of system

�
��

� for w � ��

Theorem ��� 
and Corollary ���� imply formula 
���	���
Thus� knowing all the roots of the subsystems 
������ we can calculate one of

the coe�cients of the resultant R
w� 
namely B��B��� Let us next show how to �nd
the second derivative d� lnR�dw� for w � ��

d� lnR

dw�

����
w��

�

M�X
j��

� X
��s�l

	

Z
�j

lnw�
�s�ldw �!

wswlw �!
�

�	
X
s��

Z
�j

���sdw �!

wsw �!
�

Z
�j

���dw �!

w�
�w �!

�
�
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�
M�X
j��

�X
s��l

Z
�j


���s�s�ldw s!

wlw
�

nX
s��

Z
�j


���s��sdw s!

wsw

�
�

Here we used the formula

	
lnw�

w�
s

dws � �d
�

lnw�

w�
s

�
�

dw�

w�w�
s

�

Now� using Theorem ��� to pass to the global residue #l
j� we get

d� lnR

dw�

����
w��

�
nX

s�l��

MlX
j��

Z
�lj


���s�l���s�ldw s!

wlw
� 
���	��

Theorem ����� If all the roots of system �
��

�� corresponding to non�zero �l�
are simple for w � �� then

�	
B�

B�

�

�
B�

B�

��

�
NX
l��

�

w�
l

�
nX

s�l��

MlX
j��


���s�l�s�lJs
z�

Jl
z�w�
l 
z�

����
z�zl

�j�

� 
���	
�

where Js is the Jacobian of the system �
��

� for j � s�

Proof� In formula 
���	�� we make the transformation

dw s!

wlw
�
JsJldz

Jlwlw
�
Jsdw l!

Jlwlw


since the roots are simple we have Jl �� � on #l
j�� This gives us the logarithmic

residue of the function Js�
Jlwl��
In general� to �nd

ds lnR

dws

����
w��

we must calculate integrals of the form

M�X
j��

Z
�j

dw �!

ws�
� w

s�
� � � � wsn

n wn��
�

They can be rather easily computed if all roots of all subsystems are simple� In this
case� introducing new variables in neighborhoods of the roots w�� � � � � wn��� we get
that Z

�j

dw �!

ws�
� � � � wn��

� c
�s��


�sn�n��

�ws���
� � � � �wsn��

n

� �

ws�
�


z�j���

and these derivatives can be found by using the implicit function theorem� Thanks
to Theorem ��� one can decrease the order of derivation by one 
for the case of
multiple roots see  ��!� where such integrals are computed�� In just the same way
as 
���	��� formula 
���	
� can be derived directly from Theorem ����

In the proofs of Theorems ���	 and ���� obtained by Kytmanov methods from
multidimensional residue theory play an essential role� Another proof of these as�
sertions was given by Lazman 
see  ��!�� using traditional methods of mathematical
analysis and the Euler�Jacobi formula 
see  ��!��
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Theorems ��������� thus enable us to write down explicitly the �rst coe�cients
B�� B�� B� of the kinetic polynomial� For �nding the other coe�cients one can use
the algorithm described above� Examples indicate that the expressions for the coef�
�cients B�� � � � � BN are rather unwieldy� and here the tools from computer algebra
can be useful� The explicit form of B�� � � � � BN can simplify the asymptotic analysis
of the dependence of w on di�erent parameters� The simple structure of B� allows
one to deduce a number of substantial results  �
� �	� ��	� ���� ���� ���� �
��
�

� �
�!�

Originally the form of the constant term in the kinetic polynomial was obtained
 ���!� and the algorithm based on multidimensional logarithmic residues for �nding
the other coe�cients was given later� By using the modi�ed transformation formulas
for the Grothendieck residue given in  	
!� we shall now provide simpler formulas
for Bj� j � �� and also give various applications of the new algorithm�

Consider the system 
������ and write as before

wj � b�j z
�j � b�j z

�j � j � �� � � � � n� wn�� � z� � � � �� zn � �� 
���	��

By Lemma ���� and the Hilbert Nullstellensatz 
or by the Macaulay theorem�
there exists a set of homogeneous polynomials ajk
z�� j� k � �� n� such that

zL��
j �

nX
k��

ajkwk
z�� j � �� � � � � n� 
���	��

Moreover� the degree L can be chosen so that L � r� � � � �� rn�n 
the polynomials
ajk
z� can be found by using e�g� the method of indeterminate coe�cients��

Denote by A the matrix


ajk
z���nj�k��

and by Js the Jacobian of the subsystem obtained from 
����� by deleting the s�th
equation 
w is �xed��

In our earlier formulas for the coe�cients of the resultant� the coe�cients were
calculated in terms of the roots of subsystems� Here we shall give formulas for
computing these coe�cients directly from the coe�cients of the initial system� The
di�erence comes from the fact that the resultant is now calculated with respect to
the linear equation of 
������

Theorem ����� If system �
��	� has no roots for w � �� then

d� �
B�

B�
�

nX
s��


���n�s���sM

�

z� � � � � � zn�rs��Js detA

zL� � � � z
L
n

�
� 
���	��

where M is the linear functional assigning to a Laurent polynomial

Q �
P 
z�� � � � � zn�

zL�� � � � zLnn

its constant term� �In other words� in the polynomial P 
z�� � � � � zn� we must take
the coe�cient of the monomial zL�� � � � zLnn ��

The proof is carried out with the use of multidimensional residues theory 
see
 	
! and also Ch� 	� Sec� ��� First we give a formula for computing d��
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Theorem ����� Under the conditions of Theorem 
��� we have

d� � 	
B�

B�
�

�
B�

B�

��

�

�
nX

k��

nX
s�l��


���n�s���s�lM

�

z� � � � � � zn�rs�rl��aklJs detA

zL� � � � z
�L��
k � � � zLn

�
� 
������

For the calculation of the other coe�cients of the resultant we obtain the follow�
ing formulas�

Theorem ���	 
Kytmanov  	
!�� Under the conditions of Theorem 
��� we
have

ds �
nX
l��

X
jj�jj�s

���


��l����� �l��


���n�l���s
s�

��
	�

nX
j��


 �js����

Cj��


 �js��M Q
z�!� 
������

where

Q
z� �

z� � � � �� zn�rl�l�


�rn�n��aj�l � � � �js��nJl detA

zL��
j�

� � � zL��
js��

zL� � � � z
L
n

�

� � 
��� � � � � �l� � � � � �n�� �� � ��� � � � �n�� 	� � ���� � � � ��nn �

and if the set j�� � � � � js�� contains �� ones� �� twos and so on� then

Cj�


js�� � ��� � � � �n��

An alternative version of formula �
���
�is given by�

ds � �
X
jj�jj�s

s�	�

��
r��� � � � � � rn�n�

nX
j�


js��

Cj�


jsM Q�
z�!� 
����	�

where

Q�
z� �

z� � � � � � zn�rl�l�


�rn�naj�� � � � �jsnJn�� detA

zL��
j�

� � � zL��
js zL� � � � z

L
n

�

Formula 
����	� was obtained by considering the resultant of the system 
���
�
with respect to the last equation 
i�e� the balance equation�� It is somewhat simpler
than the expression 
������ since there is no summation over l� However� the degree
of the numerator is greater� In particular� starting from 
����	� we can write�

d� � �
nX
i��

�l
rl

nX
k��

M

�

z� � � � �� zn�rlaklJn�� detA

zL��
k zl� � � � z

L
n

�
�

d� � �
nX

l�s��

�l�s
rl � rs

nX
k�p��

CkpM

�

z� � � � � � zn�rl�rsaklapsJn�� detA

zL��
k zL��

p zl� � � � z
L
n

�
�

Formulas 
���	���
����	� are nothing but Corollaries of Theorem ���� We now give
some applications of these formulas�
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Example ����� The linear transformation scheme� Assuming that the system

����� is linear� we can write it in the form

bjzj � b�jzj�� � w� j � �� � � � � n�

z� � � � � � zn � � 
zn�� � z���

Since rj � � we have L � � so that

zj � ajl
b�z� � b��z�� � � � � � ajn
bnzn � b�nz��� j � �� � � � � n�

with ajk
z� � const�
Writing z � Aw we then have w � A��z� where

A�� �

�BB�
b� �b�� � � � � �
� b� �b�� � � � �
� � � � � � � � � � � � � � �
�b�n � � � � � bn

�CCA �

From here we get

detA � �� detA�� � ��
b� � � � bn � b�� � � � b�n��

and further
Js � 
���n�sJ s�

Js � b� � � �  s! � � � bn � b� � � �  s! � � � bn��b�n � � � �� b�� � � �  s! � � � b�n�

As usual�  s! means that the term with number s should be omitted� This yields

B�

B�
�

nX
s��


���n�s���sJs detA � �
nX
s��

Js
b� � � � bn � b�� � � � b�n

�

and hence

R
w� �

�
nX
s��

Js

�
w � 
b� � � � bn � b�� � � � b�n��

in complete accordance with 
������
Example ���	� A two stage nonlinear mechanism� The system

b�z
�
� � b��z

�
� � w�

b�z� � b��z� � 	w�

z� � z� � �

corresponds to the tranformations scheme

	Z� � 	Z�� Z� � Z��

It is easy to check that for the system

w� � b�z
�
� � b��z

�
� � w� � b�z� � b��z�

the entries of the matrix A have the form

a�� �
b��
B
� a�� �

b��
b��z� � b�z��

B
�

a�� �
b���
B

� a�� �
b�
b��z� � b�z��

B
�
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B � b�b
�
� � b��b

�
���

Furthermore�

detA �
b��z� � b�z�

B
�

J� � �
b� � b���� J� � 	
b�z� � b��z���

Using Theorems ���� and ���� we therefore get

B�

B�
� � �

B

�b��b�� � �b�b� � 
b� � b���

���

	
B�

B�
�

�
B�

B�

��

� � �

B�


b� � b���


 � �

b� � b���
�
b�b� � b��b����

��	b�b�b��b�� � �b��b
�
� � �b���b

�
�� � �b�b

�
�b�� � �b�b��b

�
����

In conclusion we have

R
w� � �
b� � b���w
� � 
�b��b�� � �b�b� � 
b� � b���

��w � B�


See also Example ��	��
Example ����� Consider the system

b�z
p
� � b��z

p
� � w�

b�z� � b��z� � pw�

z� � z� � �

corresponding to the transformation scheme

pZ� � pZ�� Z� � Z��

In this case we �nd

a�� �
bp�
B
� a�� �

b��

b�z
p��
� � � � � � � 
b��z��

p���

B
�

a�� �
bp��
B

� a�� �
b�

b�z

p��
� � � � � � � 
b��z��

p���

B
�

where B � b�b
p
� � b��b

p
��� We also obtain

detA �
�

B


b�z��

p�� � � � � � 
b��z��
p����

J� � �
b� � b���� J� � pb�z
p��
� � pb��z

p��
� �

and hence by Theorem ����

B�

B�
� � �

B




b� � b���

p � p�


b�b

p��
� � b��b

p��
��

��
�

Example ����� Three stage mechanism� The system

b�z
�
� � b��z

�
� � w�

b�z� � b��z� � 	w�

b�z�z� � b��z
�
� � 	w�

z� � z� � z� � �
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corresponds to the transformation scheme

	Z� � 	Z�� Z� � Z�� Z� � Z� � 	Z��

To �nd the entries of the matrix A we solve a linear system of equations� This
gives us

a�� �
b�b

�
�b��z�
B

�

a�� �
Bz�� � b�b�b��b��b��z�z� � b�b��b

�
��b��z�z�

b�B
�

a�� �



b��b�b��z� � b��b

�
��b��z�

�
b��

b�B
�

a�� �
�Bz� � b�b�b

�
��b��z�

b��B
�

a�� �

b�z�z� � b��z�z��b

�
�b

�
�

b��B
�

a�� �

b��b��z� � b�b�z��b�b

�
��

b��B
�

a�� �
b
�b

�
�z�

b���B
�

a�� �
�

b��B


�b��Bz�� � b��b�b��b��z�z��
�b�Bz�z� � b��b�b��b��b��z�z�

�
�

a�� �



b��b�z� � b���b��z�

�
b��b��

b���B
�

where
B � b�b

�
�b

�
� � b��b

�
��b

�
���

The determinant of the matrix A has the form

detA �


b��z�



b
�b�z

�
�z� � b��b

�
�
b��z

�
�z� � z�z�z�b

�
�b�b���

�z�z
�
�b

�
�b�b

�
�� � z��b



��b�� � z�z

�
�b�b

�
��b��

�
� z��z

�
�b�b

�
�b�b

�
���

� z��
z�b� � z�b���b�b�b
�
��

� �

b�b��b���B
�

and the Jacobians J�� J�� J� are equal to

J� � 	b��b��z� � b�b�z� � z�b�
b� � b����

J� � 	b�b�z�z� � 	z�z�
	b��b�� � b�b��� 	b�b��z
�
� �

J� � 	b�b��z� � 	b��b�z��

Applying Theorem ���� we get

B�

B�
�



b�b�b��b

�
��b� � b��b

�
�b��
b� � b���

� � 	b��b


��b

�
���

�b�b��b��b��� � b�b�b��b
�
��b��
b� � b��� � b��b�b�b

�
��b���
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��b�b
�
�b

�
�b��b�� � b���b

�
��b

�
�� � �b�b�b��b

�
��b�� � �b�b��b



��b���

��b�b
�
�b�b��b

�
�� � �b�b�b�b��b

�
�� � �b��b

�
��b

�
��b�

� �

b��b��B
�

Example ����� Schemes without interactions between di�erent intermediates�
Consider the system of equations

b�z
��
� � b��z

��
� � ��w�

� � � 
������

bnz
�n
n � b�nz

�n
� � �nw�

z� � � � �� zn � ��

corresponding to a single�route transformation scheme with no interactions between
di�erent intermediates� It is known  �
�! that this rather wide class of nonlinear
mechanisms has the following quasi�thermodynamic properties� The steady state is
unique and stable for �xed values of balances� As will now be shown this result can
be obtained within the framework of the approach developed here  ��!�

For 
������ we have the matrix

# �

�BB�
�� ��� � � � � �
� �� ��� � � � �
� � � � � � � � � � � � � � �
��n � � � � � �n

�CCA �

and the algebraic complement 'j to the j�th entry of the last column is equal to

'j �
Y
i��j

�i�

Therefore we can take them as �j�
It is obvious that for w � � the system 
������ has no roots� so the theory devel�

oped here applies to it� We consider �rst the equation determining the coe�cients
of the resultant R
w��

We assume that
R
w� � B� � B� � � � � � BNw

N �

with B� �� �� and we write L� � � �� � � � �n� We must �nd polynomials ajk
z� such
that

zL��
j � aj�
z�
b�z

��
� � b��z

��
� � � � � � � ajn
z�
bnz

�n
n � b�nz

�n
� �� j � �� � � � � n�

These polynomials can be chosen of the form

ajk
z� � cjk

bkz
�k
k ��k�� � 
bkz

�k
k ��k��
b�kz

�k
k��� � � � � � 
b�kz

�k
k���

�k����

with the convention that k � � � � for k � n� Indeed� we then have

aj�w� � � � �� ajnwn � cj�
b
��
� z

L��
� � b����z

L��
� � � � � ��

�cjn
b�nn zL��
n � b�n�nz

L��
� � � zL��

j �

where wk � bkz
�k
k � b�kz

�k
k��� So if we write zL��

j � �j and

b
�j
j �j � b

�j
�j�j�� � ��j
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we �nd that the matrix C � 

cjk�� satis�es the condition

C�� � ��

Then �� � C���� and hence

C�� �

�BB�
b��� �b���� � � � � �
� b��� �b���� � � � �
� � � � � � � � � � � � � � �
�b�n�n � � � � � b�nn

�CCA �

From this we obtain the expression


detC��� � detC�� � b��� � � � b�nn � b���� � � � b
�n
�n � B

for the cycle characteristic�

Lemma ���	� The adjoint of the matrix

T �

�BB�
a� �b� � � � � �
� a� �b� � � � �
� � � � � � � � � � � � � � �
�bn � � � � � an

�CCA
is given by

T� �

�BBBB�
a� � � � an b�a� � � � an � � � b� � � � bn��
b� � � � bn a�a� � � � an � � � a�b� � � � bn��
a�b� � � � bn b�b� � � � bn � � � a�a� � � � bn��

� � � � � � � � � � � �
a�a� � � � bn b�a� � � � an��bn � � � a�a� � � � an��

�CCCCA �

Knowing C�� we can now easily �nd the matrix C with the help of Lemma ���
�
Using the form of ajk we �nd that

detA �
�

B

nY
j��


b
�j��
j z

L��j��
j � � � � � b

�j��
�j z

L��j��
j�� ��

To �nd the Jacobians Js we �rst note that

Js � 
���n�s�sJs�

where

Js �

������������

b�z
����
� �b��z����� � � � � �
� b�z

����
� �b��z����� � � � �

� � � � � � � � � � � � � � �
� � � � � � sth line
� � � � � � � � � � � � � � �

�b�nz�n��� � � � � � bnz
�n��
n

������������
�
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Lemma ���
� If

Js �

�����������

a� �b� � � � � �
� a� �b� � � � �
� � � � � � � � � � � � � � �
� � � � �� sth line
� � � � � � � � � � � � � � �
�bn � � � � � an

�����������
�

then

J s � b� � � �  s! � � � bn � b� � � �  s!as��bs�� � � � bn � � � � � a�a� � � �  s! � � � an�

Notice that the Js are polynomials with positive coe�cients� From here we get
that

B�

B�

�

� � �

B

nX
s��

��sM

����

z� � � � � � zn��s��Js

nQ
j��

�
b����j z

L����j
j � � � � � b�����j z

L����j
j��

�
zL� � � � z

L
n

���� �

Moreover� theorem ���
 
formula 
����	�� implies that

dk � �Ck

Bk

� Ck 
 ��

We claim that system 
������ has only one root with positive coordinates z�� � � � �
zn� To prove this we need a result from  ���! 
see also Theorem ������

Let f � 
f�� � � � � fn� be a system of polynomials in Rn and D a bounded domain
with piecewise smooth boundary �D� The degree ,
f�D� of the mapping f in D is
then equal to

,
f�D� �
�

	n

X
��

sign
�
f�� � � � � fn�

�
x�� � � � � xn�
�

where

#� � �D 
 fx � jf�j � �� � � � � jfnj � �g�
Recall that if the Jacobian �f��x preserves the sign in D then , is the number

of roots of the system f in D�

Lemma ����� The matrix

'n �

����������
a� �b� � � � � � ���
� a� �b� � � � � ���
� � � � � � � � � � � � � � �
�bn � � � � � an ��n

� � � � � �

����������
satis�es the relation

'n � ��J� � � � � � �nJn�

where Js are the determinants from Lemma 
����
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Since the Jacobian of system 
������ is equal to

J �

����������
b���z

����
� �b����z

����
� � � � � � ���

� b���z
����
� �b����z

����
� � � � � ���

� � � � � � � � � � � � � � � � � �
�b�n�nz�n��� � � � � � bn�nz

�n��
n ��n

� � � � � �

����������
�

we see from Lemmas ���� and ���� that J 
 � if zj � xj and either x� 
 �� � � � � xn 

�� or x� � �� x� 
 �� � � � � xn 
 �� or x� 
 �� xn�� 
 �� xn � ��

Consider now the cube

Dn
R � f
x� w� � � � x� � R� � � � � � � xn � R� �R � w � Rg � Rn��

and the set

#n
R � fx � �Dn

R � jw�j � �� � � � � jwn��j � �g�
Then #n

R lies entirely in the sides fx� � �g� � � � � fxn � �g� since the hyperplanes

x� � � � � � xn � �� �

do not intersect the sides fx� � Rg� � � � � fxn � Rg� and jw�j � � does not meet
fw � �Rg 
for su�ciently large R��

By the Tarkhanov Theorem ���� the number of roots of 
������ with positive
coordinates x�� � � � � xn is equal to the number of points in #n

R divided by 	n���
So we must consider #n

R on the sides x� � �� � � � � xn � �� If x� � � then
#n
R 
 fx� � �g � � since the equations

b�x
��
� � ��w � ��

�b�x�	
 � ��w � �

have no solutions� Similarly we have fxj � �g 
 #n
R � �� for j � �� If x� � � then

we obtain

b�x
��
� � b��x

�	
� � ��w � ��

bnx
�n
n � �nw � �� 
������

x� � � � � � xn � �� ��

This system has practically the same form as 
������ 
if we assume b�n � ���
but in 
n� �� variables� Applying our previous arguments we reduce it to a system
of the form

bnx
�n
n � �nw � ��
xn � �� ��


������

The system 
������ has four roots� and hence 
by induction over n� the system

������ has 	n roots� The case

fx� � �g 
 #n
R �� �

is handled analogously� We thus �nd that #n
R consists of 	n�� points� and hence the

system 
������ has only one positive solution x� 
 �� � � � � xn 
 �� The following
theorem is thereby proved�
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Theorem ���
� The system �
����� has only one root in the set

x� 
 �� � � � � xn 
 �� w � R��

Example ���
� For n � 	 the system 
������ takes the form

b�z
�
� � b��z

�
� � �w�

b�z
�
� � b��z

�
� � �w�

z� � z� � ��

We then have
J� � ��
b�z

���
� � b��z

���
� ��

J� � �
b�z
���
� � b��z

���
� ��

B � b��b
�
� � b���b

�
��� L � � � ���

detA �

�
�

B


b�z

�
� ���� � 
b�z

�
� ����
b��z

�
� � � � � �� 
b��z

�
� �����

b�z

�
� ���� � � � �� 
b��z

�
� ������

C�� �

�
b�� �b���
�b��� b��

�
� C �

�
b�� b���
b��� b��

�
�

Furthermore�

a��
z� �
b��
B




b�z

�
� ���� � � � � � 
b��z

�
� ����

�
�

a��
z� �
b���
B

�

b�z

�
� ���� � � � �� 
b��z

�
� ����

�
�

a��
z� �
b���
B




b�z

�
� ���� � � � �� 
b��z

�
� ����

�
�

a��
z� �
b��
B

�

b�z

�
� ���� � � � � � 
b��z

�
� ����

�
�

It follows that
B�

B�
�

� � �

B
M

h�

��
z� � z��

���
b�z
���
� � b��z

���
� ��

���
z� � z��
���
b�z

���
� � b��z

���
� �

��
� 



b�z
�
� ���� � � � � � 
b��z

�
� ����

� �

b�z

�
� ���� � � � ��

�
b��z
�
� ����

�)�
z����� z�����

�i
�

� � �

B

����

���X
k��

��k���X
�s��k

C�
�s��kb

k
�b

��k��
�� bs�b

��s
�� �

���
�X
s��

�sX
�k���s���

C�
�s��kb

k
�b

��k
�� bs��� b��s��

�A �
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Example ����� Consider the system

b�z
�
� � b��z

�
� � w�

� � �
bn��z

�
n�� � b��n���z

�
n � w�

bnzn � b�nz� � �w�

z� � � � �� zn � ��

corresponding to a mechanism without interactions between di�erent intermediates�
in which one stage is linear and the others are nonlinear and of equal order� In this
case we get

L � � � �� B � b� � � � bn��b
�
n � b�� � � � b��n���b

�
�n�

detA �
�

B




bnzn���� � 
bnzn����
b�nz�� � � � � � 
b�nz��

���
�
�

J� � 
���n���n��
b�� � � � b�nz
���
� � � � z���n �

b� � � � b�nz
���
�  �! � � � z���n � � � � � b� � � � bnz

���
� � � � z���n�� ��

� � � � �
Jn � �n��
b� � � � b��n���z

���
� � � � z���n �

b� � � � z
���
�  	! � � � z���n � � � � � b� � � � bn��z

���
� � � � z���n�� ��

We thus have

B�

B�

�

� � �

B
M

�


z� � � � �� zn����
�n��J� � � � �� �nJn��

� 


bnzn���� � � � �� 
b�nz��

���
��*


z���� � � � z���n �
�

�

� ��
n��

B



��
b� � � � bn��b

���
n � b�� � � � b��n���b

���
�n � � � ��

�b� � � � bn��
bn � b�n��� �

As before we restrict ourselves to �nding the two �rst coe�cients of the kinetic
polynomial�

Formulas 
�������
����	� permit us to write the other coe�cients in symbol�
ic form� Experience shows however that the expressions one obtains are rather
cumbersome� But there does exist a �nite algorithm for �nding all the coe�cients
Bj 
j 
 �� of the kinetic polynomial in symbolic form� The methods and software
of computer algebra can become decisive for this approach� The basic steps of the
algorithm are the determination of the expressions for ajk
z� in 
���	�� and the re�
duction of similar terms in the product of polynomials appearing in 
���	���
����	��
All of these operations can result in rather unwieldy analytic transformations for Bj


only the structure of B� is simple�� and therefore along with the construction of
the kinetic polynomial it is necessary also to develop methods to simplify it� in view
for instance of the sensitivity of its coe�cients to variations of the parameters b�s �
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The results of this section 
Theorem ����� show that� by using our new ap�
proach� we have succeeded not only to simplify the algorithm for �nding the ki�
netic polynomial but also to obtain some meaningful conclusions concerning quasi�
thermodynamic properties of systems without interacting substances�

It seems promising to apply this approach also on many�route schemes� Further�
more� it is quite reasonable to ask for a way of writing the equations of chemical
kinetics in terms of the observed reaction rates also in the nonstationary case� Here
the initial system of equations

x � �Tw
x�

can be written 
after an elimination procedure�� for example� in the form F 
 *w� �
R
w�� where F is a linear di�erential operator and R
w� is the kinetic polynomial�

�
� Construction of the kinetic polynomial in the general case

The general case di�ers from the single�route mechanism 
see Sec� ��� in that
the stationary equation 
����� 
analogous to 
���	�� is of the form

ws
z� �

pX
i��

��i�s w�i�� s � �� � � � � n� Az � a� 
�����

where �
�i�
s is the stoichiometric number at the s�th stage in the i�th route� w�i� is the

reaction rate of the i�th route� p is the number of routes� In general there can be
several linear conservation laws Az � a� The many�routeness of the reaction means
that for the stoichiometric matrix � there exists p vectors 	�i� of stoichiometric
numbers corresponding to linear dependencies among the rows� i�e� 	�i�� � �� It is
these last relations that allow one to write the stationary equations �Tw � � in the
form 
������

In the linear case all necessary quantities can be written explicitly� For this
purpose the language of graph theory is the most natural  �
�!� To each chemical
transformation scheme one associates its reaction graph� For example� a two�route
linear scheme can be represented by the following graphs

��
��
��
��r

�

�

�

�

�

�

�

�
rr


���	�

in which the two cycles correspond to the two routes� The di�erence between the two
graphs 
���	� is that the �rst has one common vertex 
a substance�� while the second
has two common vertices 
an entire stage�� The general form of the stationary kinetic
equations for a complex catalytic reaction with a many�route linear mechanism was
presented and investigated in the papers  ��� ��
� ���� ���� ��
� �
�!� The
equations look like

w�s� �

pP
i��

B
�i�
C PiP

x

Dx

� 
�����
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where B
�i�
C is the cycle characteristic for the i�th route� and Pi is a conjugation

parameter of the i�th cycle� The expressions B
�i�
C are analogous to B� for each cycle�

i�e�

B
�i�
C �

Y
j

b
�
�i�
j

j �
Y
j

b
�
�i�
j

�j �

The conjugation characteristic Pi corresponds to structural singularities of the re�
action graph�

From our experience with the construction of the kinetic polynomial for a single�
route mechanism we expect that also in the general case the structural singularities
of the initial system should appear in the �nal result of the elimination of variables
from the stationary equations�

The problem of constructing the kinetic polynomial for a many�route nonlinear
reaction can be formulated as an elimination problem for the system 
����� with
respect to

w�i�� i � �� � � � � p�

After elimination from 
����� we obtain one kinetic polynomial equation

Ri
w
�i�� � � 
�����

for the determination of each w�i�� This problem �ts quite well into the general
scheme of elimination that we developed in Ch� 	� Here we try to trace the speci�c
character of the structure of the reaction graph in the �nal result� and also to indicate
those cases where the methods we used to construct the kinetic polynomial for a
single�route mechanism are applicable in a more general setting�

In Sec� � 
system 
���	�� Theorem ���� Example ���� we already encountered
a system of nonlinear algebraic equations corresponding to a certain many�route
scheme� Such schemes arise when only one rate w for some route and only one
linear conservation law are singles out in the initial stationary equations

�T 
w
z�� � ��

In this way the problem of constructing the kinetic polynomial can be viewed as
several elimination problems for each route�

In system 
���	� it is the homogeneity assumption on the polynomials

Pj� j � �� � � � � n � ��

that restricts the generality� The scheme for elimination of variables developed in
Ch� 	 can be extended also to the general case but it becomes quite awkward�

We now consider some particular cases of two�route mechanisms� for which we
can apply the construction methods for the kinetic polynomial of a single�route
transformation scheme� The elimination problem for the system 
����� can be for�
mulated as follows� Eliminate all variables zj from 
������ i�e� �nd a system of
polynomials in w�k� for which the zeros are the projections of the roots of the sys�
tem 
����� on the axes w�k�� This procedure can indeed be carried out by using the
classical method of reducing the system to �triangular� form� But in general the
number of equations may increase and the system for the variables w�k� can contain a
greater number of equations than the number of variables w�k�� For general systems
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it is easy to construct such examples� Let us show that this situation is common
also in the case of system 
������

Example ����� We consider the following system of equations for a two�route
mechanism

b�z
�
� � b��z

�
� � w����

b�z
�
� � b��z

�
� � w����

b�z
�
� � b��z

�
� � w����

b
z
�
� � b�
z

�
� � w����

z� � z� � z� � ��

Suppose

b�j � � and bj � �� j � �� 	� �� ��

Then we get

z�� � w����

z�� � w����

z�� � w���� 
�����

z�� � w����

z� � z� � z� � ��

The following vectors are the roots of system 
����� 
z�� z�� z�� w
���w�����
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Assume that the coordinates w��� and w��� of these roots are the roots of the
system

P�
w
���� w���� � ��

P�
w
���� w���� � ��


���
�

and moreover� that 
���
� has no other roots 
including in�nite roots�� Then by the
B�ezout theorem the degrees of P� and P� can be either � and 
� or 	 and �� Let us
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show that there exists no polynomial P� of degree two� whose zero set contains the
six points 
w���� w����� Indeed� assume

P� � a�w
���� � a�w

���w��� � a�w
���� � a
w

��� � a	w
��� � a
�

Substituting the six pairs 
w���� w���� into the equation P� � �� we get six linear
equations with respect to aj� It is not di�cult to check that the determinant of this
system is not equal to zero� and hence the only solution is

aj � �� j � �� � � � � 
�

Therefore� after the elimination of all variables zj from the system 
����� the
number of equations in w���� w��� will be greater than 	�

Now we consider some particular cases of two�route mechanisms�
�� One route is arbitrary and the second is linear�

b�z
�� � b��z

�� � ��w
����

� � �

bkz
�k � b�kz

�k � �kw
����

bk��zk � b��k���zk�� � w���� 
�����

� � �

bn��zn � b��n���zk � w����

z� � � � � � zn � ��

where

�j � 
�j�� � � � � �
j
k�� �j � 
�j�� � � � � �

j
k��

Eliminating all variables except zk from the system

bk��zk � b��k���zk�� � w����

� � � � �
bnzn � b��n���zk � w����

we have

zk�� � ck��zk�

� � �

zn � cnzk�

w��� � c�zk�

where all constants cj �� �� and are expressed through bj and b�j� j � k � ��
Inserting these expressions for zj into the last equation of system 
����� arrive

at

b�z
�� � b��z

�� � ��w
����

� � �

bkz
�k � b�kz

�k � �kw
���� 
�����

z� � � � � � zk�� � czk � ��
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where c � � � ck�� � � � � � cn� In order to exactly get the system of a single�route
mechanism� we must make the change czk � zk� We then have

b��z
�� � b���z

�� � ��w�

� � � � �

b�kz
�k � b��kz

�k � �kw�

z� � � � � � zk � ��

where

b�j � bj c
��jk � b��j � b�j c

��jk�

It is interesting that this transformation does not in�uence the form of the con�
stant term of the kinetic polynomial 
in w�� Indeed� the constant term is given
by

a� �


b��
�� � � � b�k

�k � b���
�� � � � b��k

�k
�s

�

�
�
b��� � � � b�kk c

�
P

�j�
j
k � b���� � � � b

�k
�kc

�
P

�j�
j
k

�
�

�
�
b��� � � � b�kk � b���� � � � b

�k
�kc
P

�j
�jk��
j
k�
�
�

but since � is a singular matrixX
�j



�jk � �jk

� � det� � det



�ij � �ij

��k
i�j��

� ��

and hence

a� � 
b��� � � � bk
�k � b��

�� � � � b�k
�k� �

It is clear that a similar procedure can be applied to a many�route mechanism if all
its stages except one are linear�

	� Consider now the system

b�z
�� � b��z

�� � ��w
����

� � �

bkz
�k � b�kz

�k � �kw
����

bk��t
�k�� � b��k���t

�k�� � �k��w
���� 
�����

� � �

bn��t
�n�� � b��n���t

�n�� � �n��w
����

z� � � � �� zn � ��

where z � 
z�� � � � � zk�� t � 
zk� � � � � zn�� Assuming that all monomials t�
j

and

t�
j
� j � k � �� are of the same degree� and eliminating t from the last equations�
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we get the system

b�z
�� � b��z

�� � ��w
����

� � �

bkz
�k � b�kz

�k � �kw
����

Pk��
z� � �� 
������

� � �

Pn��
z� � ��

z� � � � � � zn � ��

and

bk��t
�k�� � b��k���t

�k�� � �k��w
���� 
������


if �k�� �� ��� The system 
������ together with equation 
������ is equivalent
to system 
������ But for 
������ the Theorem ��� is valid 
Pk��� � � � � Pn�� are
homogeneous�� Therefore� using Theorem ��� we can �nd the coe�cients of the
logarithmic derivative of the resultant R
w���� of system 
������

Thus� if in a two�route mechanism all the equations corresponding to one route
are of the same degrees� then Theorem ��� can be applied to the system 
see also
Example ����� The same goes also for many�route mechanism�

In the general the picture is not yet as clear as it is with single�route mechanisms�
It can be conjectured that the structure of the initial reaction graph entirely deter�
mines the structure of the kinetic polynomials for each route� In addition� the most
transparent results are obtained for mechanisms for which the cycles in the reaction
graph have only common vertices 
as for example in the �rst scheme of 
���	��� The
experience from the analysis of linear schemes shows that the expressions for the
reaction rate essentially depend on the character of the �linkage� among the cycles�
For �soft linkage� 
common vertices� the cycle characteristics are summed with cer�
tain positive weights� but for �rigid linkage� there appears one more conjugation
characteristic of cycles� In terms of systems of equations these two cases correspond
to initial systems having subsystems with intersections in one or several variables�

Now we show that the approaches that we have developed in Ch� 	 and � can
be used in the more general case when the kinetic equations are not algebraic� For
example� nonisothermal systems are transcendental with respect to the temperature
variable� Moreover� the multidimensional logarithmic residue permits us to give a
generalized interpretation of the kinetic polynomial�

Recall that the kinetic polynomial P is the polynomial in the rates w
z� corre�
sponding to the mass�action law� For more complicated kinetic laws at the individual
stages� or in the nonisothermal case we have no longer a polynomial� and here the
elimination procedure does end up� But then the integral form for representing the
kinetic equations can be useful� We assume that it is written in the form

fi
z� � �� i � �� � � � � n� 
����	�

where fj are quite arbitrary 
but holomorphic� functions� and z � 
z�� � � � � zn�� with
n being the number of independent variables� Introducing the additional variable w
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we consider the system

Fi
z� w� � �� i � �� � � � � n � �� 
������

instead of 
����	��
In 
������ we may now try to eliminate all variables except w� i�e� reduce 
������

to a single equation

+
w� � �� 
������

For the function + we then have the following relations 
by a Theorem due to
Yuzhakov 
 ��� p���!� or Sec� ����

ln + �
X
j

lnFn��
z�j�
w�� w� � 
������

�
�


		i�n

X
j

Z
�j

lnFn��
z� w�
dF 
z� w� n� �!

F� � � � Fn
�

where the surfaces #j are given by

#j � fz � jF�
z� ��j � ��� � � � � jFn
z� ��j � �ng�
z�j�
w� are the roots 
for �xed w� of the system 
������ without the last equation�
and

dF  k! � dF� 
 � � � 
 dFk�� 
 dFk�� 
 � � � 
 dFn�

It can be shown that 
������ implies the formulas 
as in Theorem ����

+�
w�

+
w�
�

�


		i�n

X
j

Z
�j

n��X
k��


���n�k��
Fk
z� w�dF  k!

F� � � � Fn��

����
�

and

�

k�

dk ln +
w�

dwk

����
w��

� 
������

�
�


		i�n

X
j

n��X
l��

X
jj�jj�k

���


��l����

�l��


���n�l��

��

Z
�j

�
F �
l

Fl

���l���
�
dF

F
 l!

�
���������������
w��

where 
�� denotes a derivative of order � in w�
Formulas 
������ give expressions for the coe�cients in the power series expan�

sion in w of the logarithm of the resultant +� The coe�cients in the series expansion
of the resultant + itself can then be found by means of the Newton recursion for�
mulas� starting from 
�������

If the Fi are polynomials then the integrals in 
����
�� 
������ may be calcu�
lated in closed form and the resultant + is a polynomial in w� If the Fi are more
complicated functions then we must resort to approximate computations of these
integrals�
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A more general situation� in comparison with the mass�action�law is the kinetics
of Marselen de Donde� In this case the kinetic law of an elementary stage is given
by

w�
j � exp

�X
�ij�i
z�

�
�

where �i
z� is the chemical potential of the i�th substance� For ideal kinetics �i �
��
i � ln zi and w�

j has the usual polynomial form

w�
j � kj

Y
i

z
�ij
i �

If the chemical potentials contain correction terms� so that �i � ��
i � ln zi � fi
zi��

then
w�
j � k�j

Y
i

z
�ij
i e�ijfi�zi��

Introducing the notation xi � zie
fi�zi�� we can represent the kinetic law of the

individual stage in the typical form for the mass�action�law

w�
j � k�j

Y
i

x
�ij
i �

From here on the procedure for obtaining the kinetic polynomial remains without
changes� When �i is a more complicated function of z� for example if fi depends
also on the other concentrations� the algorithm for obtaining the resultant +
w�
becomes substantially more complicated� The kinetic polynomial for the simplest
case of Marselen de Donde kinetics is of the same form as the polynomial P 
w�
obtained for the same reaction mechanism with ideal kinetics�

It is interesting that the structure of P 
w� in the analyzed non�ideal case only
depends on the stoichiometrics� The form of the correction term fi
z� in no way
in�uences the �nal result� According to 
����	��
������ the standard reduction
of the chemical kinetic equations 
CKE� to the kinetic polynomial 
KP� can be
schematically represented by the diagram

CKE
z� � CKE
z� w� � +
w� � exp

Z
+�

+
dw� KP
w�� 
������

where the expression for +��+ is given by formula 
����
��
In the standard procedure 
������ the last passage from the integral representa�

tion of the kinetic equations to the kinetic polynomial is relatively simple to carry
out in the case of the mass�action law� An analogue of the kinetic polynomial for
more complicated kinetic laws can be obtained� if the integrals in 
����
� can be
calculated in closed form� In the general case the elimination procedure terminates
at the stage were ln + is obtained�

ln +
w� �

Z
+�
w�

+
w�
dw� 
������

The representation 
������ can be interpreted as an integral representation of
the kinetic equations� The left hand side in the identity 
������ depends in general
on the measured value w in a complex fashion� while on the right hand side we
have a function which is calculated by the formulas 
����
� and 
������� on the basis
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of theoretical considerations regarding the reaction mechanism� such as the kinetic
law of each individual stage� the steady state equation� the conservation laws� etc�
The integral formula 
������ has a well de�ned physical and chemical sense� If the
integrand +�dw�+ represents the sense of the local reaction order 
which is quite
natural� then relation 
������ shows that the integral of the local reaction order is
the global brutto�order ln +
w� of the reaction� As shown by formulas 
����
� the
local reaction order can be calculated from theoretical representations which are put
into the initial kinetic model� In this context we remark that some of the kinetic
details will be re�ected in the �nal result +
w�� They are cancelled in the process
of elimination of the concentrations zi�

We consider the non�isothermal case separately� The equations of non�isothermal
kinetics can be written in the form

fi
z� T � � �� i � �� � � � � n� 
���	��

G
z� T � � �� 
���	��

where the equations 
���	�� correspond to the stationary concentration conditions�
and 
���	�� expresses the thermal balance� In simplest case T occurs as an expo�
nential function of the rate constants of the isolated stages in the detailed reaction
mechanism� and therefore the system 
���	�� and 
���	�� is already non�algebraic�

Proceeding by analogy with the case of linear dependence in z 
monomolecular
reactions�� we �nd from 
���	�� a relation z � �
T �� After substituting � into

���	�� we get the temperature equation

G
�
T �� T � � �� 
���		�

However� in the general case such an elimination method for z becomes compli�
cated� since for nonlinear transformation mechanisms the function �
T � in 
���		�
can be many�valued�

For a complex reaction the thermal discharge is determined by the brutto�
reaction� and then the equations of mass and thermal balances can be written in
the form

Fi
z� w� T � � �� i � �� � � � � n � �� 
���	��

G
w� T � � �� 
���	��

Regarding T as a parameter in 
���	��� we can� by analogy with the isothermal
case� construct the resultant +
w� T �� and together with 
���	�� get equations for
the steady states w� T �

+
w� T � � ��
G
w� T � � ��


���	��

Systems of type 
���	�� are obtained in the quasi�stationary case with respect to all
or some of the concentrations z� Hence the method of elimination of unknowns that
we have developed in Ch� 	� � can be readily adapted to the non�isothermal case�
Thus� the concept of the kinetic polynomial� originally developed for single�route
reactions with ideal kinetics� can be extended to more general types of kinetics and
also to the non�isothermal case� For the interpretation of complicated experimentally
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observed data of kinetic dependencies the integral version 
������ of the chemical
kinetic equations can be useful�
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CHAPTER �

COMPUTER REALIZATIONS

��� Analytic manipulations on the computer

�
��� SPECIAL FEATURES� FIELD OF APPLICATIONS

Over the last three decades a new part of computational mathematics has been
formed� It is called computer algebra� By de�nition  �
! this is the part of com�
puter science which deals with development� analysis� realization and applications
of algebraic algorithms� Computer algebra has the following special features�

�� The algorithms work with data represented in symbolic form�
	� The solution is carried out on the basis of an algebraization of the given

problem�
�� There exist algebraic analogues of the analytic operations�
In the systems for analytic calculations 
CA� that have been developed� solutions

to most of the classical algebraic problems are realized� Calculation and simpli��
cation of polynomial expressions� determination of the greatest common divisor of
polynomials� matrix algebra� etc�  �
� ���!� Although the word �algebra� is part of
the title of this discipline� the analytic transformations that are performed include
most of the operations from mathematical analysis� The determination of limits�
di�erentiation� integration 
and integrability checking�� the solving of di�erential
equations� expansion in series  ��!�

The use of CA requires 
as a rule� a larger computer capacity than is needed
for numerical analysis� So a pure replacement of �approximate� numerical methods
by �exact� analytic ones is usually not motivated� Computer algebra has its own
speci�c class of problems� some of which are related to mathematical modelling�

Firstly� there are problems where numerical results are uninformative or repre�
sented by a lot of data 
for example� the problem of computing the number of real
roots of a polynomial�� Moreover� the round�o� errors in numerical methods can
lead to a false solution 
for example� in calculating the rank of a matrix��

Secondly� there are problems connected with unwieldy mathematical models and
the development of numerical methods of solution 
for example� generation of dif�
ferential equations of chemical kinetics  �	!�� Here analytic manipulations can be
used to handle the computer programs  
�!�

Thirdly� there exist promising systems� where a combination of symbolic and
numerical methods is used� For example� in  

! the problem of decomposing the
parameter space for a linearized dynamical model into suitable domains was solved
via analytic solutions of the linear algebra problems followed by an application of
numerical methods�

The basic mathematical problems which can be solved with the help of CA are�

���
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Various 
canonical� simpli�cations of expressions� i�e� the construction of a sim�
pler object being equivalent to the given one� or the determination of a unique
representation for equivalent objects 
for example� the simpli�cation of expressions
with radicals��

Analysis of algebraic structures 
for example� groups�� Integration of functions
and summation of series 
this problem is considered in detail in  ��!�� Solution
procedures in algebra� in particular� the method of elimination of quantors� This
type of problems 
Sec� ��� has stimulated a lot of research in computer algebra�
The determination of resultants of polynomials in several variables� the localization
of roots of polynomials� the calculations of greatest common divisors 
GCD� for
polynomials� and of the sequence of polynomial remainders�

The capabilities of modern systems of CA have been widely exploited in di�er�
ent branches of science� One of the most developed systems � MACSYMA � has
for instance been applied in acoustics� econometrics� elementary particle physics�
robotechnology� thermodynamics� genetics� control theory� theory of aerials� defor�
mation theory� sky mechanics� �uid mechanics� solid physics� theory of relativity�
chemistry and chemical technology  ���!� The application of CA systems to physics
have been particularly successful  ��!� On the other hand 
as was pointed out in
 �
!� �the striking feature of the most important applications is that they are based
on simple and rather straightforward computational methods� 
for instance� the
arithmetic of polynomials� calculation of determinants of matrices with symbolic
elements��

A typical example is the evolution of computer algebra applications in chemical
kinetics� In ��
� Silvestri and Zahner  ���! simply used the Cramer rule to derive the
kinetic equation for catalytic reactions with a linear mechanism� 
Cristiansen� Way
and Preter were pioneers in applying determinants to chemical kinetics�� The more
recent PL�program for deriving the equations of fermentative reactions is based on an
analogous transfer  ��!� At the same time ideas based on graph theoretical methods
were developed� First for fermentative  	�!� and later for heterogeneous catalytic
reactions  �
�� �
�!� It was exactly this approach that was used by Semenov  ��! to
create the system ARAP for analysis of the kinetics of complex reactions with linear
mechanisms� In contrast to previous developments he used more complicated and
e�ective mathematical tools� namely nontrivial representations of graphs  
�!� This
system was realized with the help of the specialized language YARMO for analytic
transformations� Problems which were closely related to computer algebra were
solved through the creation of a system for automatic kinetic calculations  ���!�
Here the values of the target function and its derivatives� which are necessary for
solving data processing problems of kinetic experiments� are determined on the basis
of the concept of numerical graphs� The expressions are represented in the form of a
graph with the nodes being algebraic operators� while the edges represent variables
and the expressions are decomposed into blocks of the type

y �
nX
i��

aixi� dx��dx�� exp
x�

etc�
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Another direction for computer algebra applications in chemical kinetics is the
analysis of the dynamics of complex reactions� Procedures for analyzing conditions
for 
non��uniqueness of steady states and their stability� were realized in a program
of Ivanova and Tarnopolsky  	�! which calculates the characteristic equation in
symbolic form� and which permits to distinguish structural fragments of the reaction
graph� thereby predicting the type of dynamic behavior� Clarke created a system 
in
the language APL� for qualitative analysis of the dynamics and stability of reaction
systems  ��!� This allows one 
on the basis of the theory in  ��!� to determine the
basic dynamical features of the given reaction� In particular it generates all reactions
which are possible for a given collection of substances� It also checks the validity�
uniqueness and global attraction of stationary manifolds� as well as the stability of
the steady states in terms of properties of the reaction graph etc�

Thus the level of a computer algebra application is largely determined by the
theoretical level of the branch where it is applied� On the other hand� the methods
of computer algebra also allow one to formulate applied problems in a new way�

�
�	� THE SYSTEM MAPLE

There exist a lot of computer algebra systems� In Russia alone more than ��
di�erent systems have been elaborated  
�!� The best known Russian systems are
ANALITIK� Algebra ���� SIRIUS� and SRM� Their capabilities and applications are
described in  ��� ��!� Widespread western systems such as ALTMAN� FORMAS�
MACSYMA� muMATH� REDUCE� SAC etc� are classi�ed in  �
!� Lately� the sys�
tems Axiom� Maple  
�� 

! and Mathematica  ���! have gained wide recognition�

In the Russian edition of our book we used the system REDUCE  
�!� Earlier
in  ��
! we used a system from  ���!� For the English edition we have chosen the
system Maple� This system was given to us by Sergei Znamenskii 
Krasnoyarsk
EmNet Center� DOS � �	�� � �	��	� � ��� We use the Manual of the authors
 
�� 

!�

Maple is a mathematical manipulation language� A basic feature of such a
language is the ability to perform simpli�cation of expressions and other transfor�
mations involving unevaluated elements�

In Maple� statements are normally evaluated as far as possible in the current
environment� For example� the statement

a �� �� assigns the value � to the name a� If this statement is later
followed by the statement

x �� a�b� then the value ��b is assigned to the name x�
As each complete statement is entered by the user� it is evaluated and the results

are printed on the output device� The printing of expressions is normally presented
in a two�dimensional� multi�line format designed to be as readable as possible on
standard computer terminals�

There is an on�line help facility in the Maple system� To start using it� enter the
command � and some information about the help facility will be displayed at the
terminal� For example�

�index
�gcd�
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A Maple session is typically initiated by the command maple� When a session
is initiated� the maple leaf logo is displayed and a prompt character� such as �
��
appears�

The capabilities of Maple include�
algebraic transformations� simpli�cation� ordering of polynomial and rational

functions�
a developed apparatus of substitutions�
calculation with symbolic matrices�
integer and real arithmetic of arbitrary exactness�
introduction of new functions and extension of syntactical program�
analytic di�erentiation and integration�
factorization of polynomials�

Maple supports univariate and multivariate polynomials in both expanded and
unexpanded form�


 �x���	
��x���	��


x � ��

x � 	���


 expand�
��

x
 � �x	 � 	
x
 � ��x� � ��x� � 	�x � ��


 factor�
��


x � ��

x � 	���

The double�quote symbol -
� refers to the latest expression� 
Similarly the -

�
command refers to the second last expression and so on��

Notice that every Maple statement ends with a semicolon� The exponential
operator is -)�� multiplication is denoted by -��� and division by -��� The assignment
operator is -��� as in Pascal�

Maple does not automatically transform rational expressions into a standard
form


 ��x�y���y	������x�y�����x�y����x	��x	��y�x�y�y	���



xy�	� y����
x� y�
�x � y�


x� � x�y � xy � y��
�

However� facilities are available for simpli�cation on demand

 normal�
��

��


�x� � �xy � 	y��y

x� � y
�

There are explicit functions for greatest common divisor and least common mul�
tiple computations with polynomials� Ending a command with -�� causes Maple to
compute the result without printing it


 gcd�x	� � �� x	� � ��x � ���

x � ��
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 p �� ���x	��y � 

�x�y � ���x�y	� � ���y	��

 q �� ���x	��y � ���x	� � ���x�y	� � ��x�y�

 gcd�p� q��

��x� �y�


 lcm�����x����y� ���x	� � ���x � �����

��x�y � ���xy � ��	�y�

Maple knows how to factor polynomials over various domains� including the
integers� �nite �elds and algebraic number �elds


 factor�x	
����

x
 � 	�


 factor�x	
��� sqrt�����


x� � 	����
x� � 	�����

The degree and ldegree functions are used to determine the highest degree and
lowest degree of the polynomial a in the intermediate
s� x� which is most commonly
a single name but may be any intermediate or list or set of such�

The polynomial a may have negative integer exponents in x� Thus degree and
ldegree functions may return a negative or positive integer� If a is not a polynomial
in x in this sense� then FAIL is returned�

The polynomial a must be in collected form in order for degree�ldegree to re�
turn an accurate result� Applying the function collect or expand to the polynomial
before calling degree avoids this problem�

If x is a set of intermediates� the total degree�ldegree is computed� If x is a list
of intermediates� then the vector degree�ldegree is computed� Examples�


 degree���x	������x�x	��� �� �

 ldegree���x	������x�x	��� �� ��

 degree�x�sin�x�� x�� �� FAIL

 degree�x�sin�x�� sin�x��� �� �

 degree�x�y	��x	�� �x�y��� �� �


 degree�x�y	��x	�� fx�yg�� �� 
�
Of course� Maple can also do arithmetic� However� unlike your calculator� ratio�

nal arithmetic is exact

 ��� � ��� � ����

��

�	
�

and calculations are performed using as many digits as necessary� Constants in
Maple may be approximated by �oating�point numbers with the user control over
the number of digits carried via the global variable Digits 
its default value is
���� The evalf function causes evaluation to �oating�point number� Floating�point
arithmetic takes place automatically when �oating�point numbers are present


 ����� � ����� ������
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��������
���

Trigonometric functions use radians

 h �� tan���Pi����

 evalf�h��

�����	�
	��


 Digits �� 
��

 evalf�h��

�����	�
	
�����	���	���
�������	
������
�


 Digits �� ���
We will not consider examples from calculus since we will use only polynomial

computer algebra�
Maple is a programming language as well as a mathematical system� As such it

supports a variety of data structures such as arrays and tables� as well as mathemati�
cal objects like polynomials and series� Sets and lists are two other basic structures�
They are constructed from sequences� i�e� expressions separated by commas� Se�
quences can also be generated using the seq command


 seq�i	�� i��������

�� �� �� �
� 	�� �
� ��� 
�� ��� ����

Sets are represented using braces and set operators are union� intersect�
minus 
for set di�erence� and member 
for set membership�� Note that the order
of elements in a set is arbitrary and the Maple system chooses a speci�c ordering
based on the internal addresses of the expressions�

Lists� unlike sets� retain the user�speci�ed order and multiplicity� They are
represented using square brackets� Selection of elements from sets and lists 
and
more generally� selection of operands from any expression� is accomplished using
the op function� op�i�expr� yields i�th operand� Also� nops�expr� yields the
number of operand in expr�

Maple has the standard array data structure found in most programming lan�
guages� Arrays are created using the array command which de�nes the dimensions
of the array� The syntax for selecting an element is similar to other programming
languages�

Maple has a solve function which can solve many kinds of equations� including
single equations involving elementary transcendental functions and systems of linear
or polynomial equations� Maple attempts to �nd all solutions for a polynomial
equation


 poly �� ��x	� � ��x	
 � ���x	� � ���x	� � ����x � 
���

 solve�poly � ��x��

��	� 
�����
���� �������

Maple includes algorithms for solving systems of polynomial equations

 eqns �� fx	� � y	� � �� x	� � x �y	�g�
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 solve�eqns� fx� yg��

fy � �� x � ��g� fy � �� x � ��g�

fx � ��	� y � ��	 ����g� fy � ���	 ����� x � ��	g�
An important component is the Maple programming language which may be used

to write procedures� The following procedure computes the Fibonacci numbers� The
purpose of option remember is to tell the system to store computed values as it
proceeds


 F �� proc�n� option remember� F�n� �� F�n��� � F�n��� end�

 F��� �� ��

 F��� �� ��

 F������

����������������������


 seq�F�i�� i��������

�� �� 	� �� �� �� ��� 	�� ��� ���

One can access the Maple library by using the command interface with
verboseproc� ��

The linear algebra package linalg allows standard matrix manipulations as well
as many other functions� To use a function in the linalg package one could write
linalg�functionname�� To avoid using the long names for linalg functions we
�rst tell Maple we want to use the linear algebra package


 with�linalg��

Warning� new definition for norm
Warning� new definition for trace�

The with function sets up de�nitions of the functions in a package such as
linalg� After the with we can use det instead of linalg�det�� Had we ended
the with command with -�� instead of -�� we would have seen a complete list of all
the functions in the linalg package� which is too long to be included realize here�
Naming con�icts are always reported to ensure the user is informed�

Matrices are represented as two dimensional arrays� The elements of a matrix
can be speci�ed row�by�row in the matrix function and they are displayed in a
two�dimensional format� Note the use of the doubly nested lists


 a �� matrix���x�y�z���y�x�y���z�y�x����

 det�a��

x� � 	xy� � 	zy� � z�x


 factor�
��


x� z�
x� � zx� 	y���
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��� Basic problems in computer algebra of polynomials

����� APPLIED PROBLEMS AND POLYNOMIAL ALGEBRA

In many parts of mathematics and its applications to the natural sciences� there
arise problems connected with the study of systems of polynomial equations and
inequalities� This is for example the case in algebra� algebraic geometry� qualitative
theory of di�erential equations� optimization theory� approximation theory� pertur�
bation theory� analysis and synthesis of multidimensional electric chains� digital
�ltration� and kinetics of complex reactions�

Let a dynamic system be described by the equation

�x � f
x�p�� 
�����

where f
x�p� are polynomials in the coordinates x and the parameters p� In order
to make a qualitative analysis of this system� we must �rst of all analyze the steady
states 
s�s��� i�e� the solutions to the system

f
x�p� � � 
���	�

of algebraic equations�
The following problems then have to be handled�
�� Estimation of the total number of s�s� in whole� or the number of s�s�in a

certain domain 
for example� in a real polyhedron��
	� calculation of the s�s��
�� classi�cation of di�erent types of coordinate dependencies in terms of the

parameters� and calculation of bifurcation boundaries in the parameter space�
�� analysis of the asymptotics of s�s� 
if the system 
���	� has small parameters��
Then we should carry out an analysis of the stability of the s�s� 
in the Lyapunov

seance�� Among the problems involved here we mention the following�
�� Calculation of stability conditions for s�s�� and localization of domains with

di�erent types of s�s� 
nodes� saddles� foci etc�� in the parameter space�

� investigation of cycle bifurcations 
Hopf bifurcation��
�� classi�cation of bifurcation diagrams�
Let us look at the algebraic meaning of these problems� The estimation of the

number of s�s� is reduced to estimating the number of solution of system 
���	�� If
f are polynomials in x then it is always possible to eliminate unknowns from this
system and to arrive at one 
or more� equation in one unknown P 
x�� � �� A natural
requirement is that the elimination method should preserve the multiplicity of the
solutions� It is exactly such methods that are presented in this book� Other methods
with these properties have been considered in  �
� ���� ��
� ���� ���!� In the
typical case the degree of the polynomial P 
x�� is equal to the number of solutions of

���	� 
see� e�g�  ��!�� Yet another method for solving this problem makes use of the
resultant from  ��!� The number of solutions of a system of polynomial equations

P�
x�� � � � � xn� � �� � � � � Pn
x�� � � � � xn� � �

without zero coordinates xi is equal to the Minkowski mixed volume of the convex
hulls of the supports of the polynomials Pi multiplied by n� We remark that the �rst
of these methods gives an algorithm for determining all solutions simultaneously
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with estimates of their number� The second method� based on the geometry of
Newton polyhedra� is an e�ective method for obtaining the bifurcation conditions
of the s�s�  ���!�

The determination of the number of s�s� in a given domain of real space can�
after elimination of unknowns� in principle be reduced to the problem of determining
the number of solutions of the single equation P 
x�� � � in a domain de�ned by
conditions of the type +
x�� � � � � xn� � �� �
x� � � or 
 �� Several elimination
procedures� such as the method of Gr�obner bases which we shall consider below�
typically allows one to solve for x�� � � � � xn in the equations +
x�� � � � � xn� � ��
Therefore our problem can be reduced to counting the roots of the polynomial
P 
x�� in a domain de�ned by polynomial inequalities of the form �
x�� � � or 
 ��
An algorithm for solving this problem was obtained in  �	!� In its simplest form
this is the classical problem of determining the number of roots of a polynomial
on a segment of the real axis� which can be settled by the Sturm method or its
modi�cations 
for example� by means of inners  	�!��

In general case there arises the problem of investigating the solvability of a system
of polynomial equations and inequalities� The solution to this problem for real �elds
is given by the Tarski theorem  ���!�

A subset in Rn is called semialgebraic if it is a �nite union of �nite intersections
of sets� given by algebraic equations or inequalities�

Theorem �
�� 
Tarski� Seidenberg  ��	� ���!�� If a set A is semialgebraic set
in Rn�m � Rn �Rm� then its projection A� to Rm is also semialgebraic�

A proof of this theorem� including a simple constructive solution procedure� is
given in  

! 
see also  ��!�� It is based on the following elementary lemma�

Let p�� � � � � ps be polynomials in one variable of degree not greater than m�
Suppose the degree of the polynomial ps is exactly equal to m 
 � and that none of
the polynomials vanishing identically� If g�� � � � � gs are the remainders obtained after
division of ps by p�� � � � � ps�� and p�s� then the set SGN
p�� � � � � ps��� p

�
s� g�� � � � � gs�

determines the set SGN
p�� � � � � ps�� 
SGN
p�� � � � � ps� is a certain set which encodes
the information on the zeros and sign changes of the polynomials p�� � � � � ps� see  

!��

The solvability theory has already found practical applications e�g� in the theory
of multidimensional systems occurring in 
radio� electronics�  �
!� Here we content
ourselves with an example�

Consider the polynomials

f�
x� � x� � ��x � ��� f�
x� � x� � ��x � ���

We want to �nd the domains in the f��� ��� ��� ��g space� corresponding to di�erent
con�gurations of the real roots of the system f�
x� � �� f�
x� � �� By repeatedly
applying the lemma we obtain conditions for ��� ��� ��� �� corresponding to � cases

� is a root of f�
x� � � and � is a root of f�
x� � ���

�� �� 
 ��
���� �� 
 ��

����

	� u u �� 
 ��
���� �� � ��

����
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�� u u e e �� � ��
���� �� 
 �� �

p
D��

D� � ��
� � ����

�� � 
�� � ���
�� �
p
D���	 � �� � ��

����

�� u e u e �� � ��
���� �� 
 ���

�� � 
�� � ���
�� �
p
D���	 � �� � ���

�
�� � ���
�� �
p
D���	�

�� u e e u �� � ��
���� �� 
 ���

�� � �� � 
�� � ���
�� �
p
D���	

or
�� � ���
�� � �� � 
�� � ���
�� �

p
D���	�


� e u e u �� � ��
����

�� �
p
D� � �� � ��

�� � 
�� � ���
�� �
p
D���	 � �� � ���

�
�� � ���
��� �
p
D���	

or
�� � �� �

p
D��

�� � 
�� � ���
�� �
p
D���	 � �� � ���

�
�� � ���
��� �
p
D���	�

�� e e u u �� � ��
���� �� � �� �

p
D��

�� � 
�� � ���

p
D� � ����	 � �� � �

�
���

�� e e �� � ��
���� �� 
 ��

����

�� e u u e �� � ��
���� �� � �� � �� �

p
D��

�� � 
�� � ���
�� �
p
D���	 � �� � ��

���
or
�� �

p
D� � �� � ���

�� � 
�� � ���
��� �
p
D���	 � �� � ��

����

It is essential that the boundaries of the domains ����� are found without actually
computing the roots of f�
x�� f�
x�� The simplicity of this particular example allows
here us to explicitly �nd the inequalities for the parameters ��� ��� ��� ��� In general
case the result of the reduction procedure is formulated in terms of zeros of certain
polynomials� for which the explicit boundaries can still be indicated�

The scheme of �nding the conditions ����� is the following�
�� �descent�� i�e� successively applying the lemma we decrease the degree in x of

the polynomials down to ��
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	� �ascent�� i�e� for the obtained expressions in the parameters of f�� f� we gen�
erate all possible cases 

 �� � �� � �� and lift up� We recover the location of the
roots of f�� f� for these cases�

�� �nally we gather the data corresponding to each case and analyze the obtained
inequalities�

In the process of the computation the discriminants and resultants of the poly�
nomials are automatically determined 
in fact by the Euclid algorithm�� In spite of
the fact that every step of the algorithm is elementary� it requires inspection of a lot
of cases� Here it would be useful to have general criteria like the well�known criteria
based on �the number of sign changes� 
of Sturm� Descartes� etc��� We present one
result in this direction known for us  �
!�

Theorem �
�� 
Dubovitskii�� Let f
t�� g
t� be polynomials �it is assumed that
f has no multiple zeros and that g is relatively prime to f� and let s be a number such
that deg f �s�� � deg
gf��� If for the pair of polynomials 
f �s��� f �g� we construct
the Sturm series X� � f �s��� X� � f �g� X�� � � � � Xn� then the number of sign
changes at the point t � a� minus the number of signs changes at the point t � b is
equal to nab
f jg 
 �� � nab
f jg � ��� where nab
f jg � �� is the number of roots of
f
t� � � into the domain g
t� � �� a � t � b�

Then nab
f jg 
 �� � 
nab
f� � nab
f jg���	 where nab
f jg� � nab
f jg 
 �� �
nab
f jg � ���

The problem of calculating the s�s� for algebraic systems� can after elimination
of unknowns be reduced to �nding the zeros of a single one�variable polynomial�
This is a classical problem of computational mathematics and various algorithms
for solving it are to be found in any package of scienti�c programs 
see e�g�  �
	!�
where the solution of a system of two algebraic equations are calculated by means
of resultant�� We must remark� however� that situations similar to the well�known
example of Forsight may occur� where the calculation of the roots leads to �catas�
trophes�� Another di�culty is the high degrees of the obtained polynomials 
the
standard algorithms work if the degree is not more than ����
��

The classi�cation of di�erent types of coordinate dependencies with respect to
the parameter � in the models� and the calculation of bifurcation boundaries require
an analysis of bifurcations of high codimensions� The method for solving this prob�
lem in the case when the system is reduced to one equation F 
x� �� p� � � 
see e�g�
 ��� ��
!� requires a compatibility check of the conditions

F � �� ��i�j�F��xi�xj � �

in the given domain� If F is a polynomial then the methods of solvability theory
can be used here� The same can be said about the method of Newton polyhedra
 ���!� It is to analyze the compatibility of the obtained system of conditions�

The analysis of the asymptotics of s�s� 
which is of interest for applications�
requires in general the use of methods from the theory of multi�valued solutions to
non�linear equations  ��	!� which are based on Newton diagrams� A computer con�
struction of the Newton diagram was realized in  �
!� In the multidimensional case
a necessary step in the construction of asymptotics is the elimination of unknowns

 ��	! particularly describes the classical procedure of Kronecker elimination��
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The problems of stability ����� can also in principle be approached by algebraic
methods� As pointed out in  ��! the problem of Lyapunov stability is algebraically
solvable up to codimension 	 inclusively� and in some cases the algebraic investigation
of the local problem can be extended to situations of higher codimensions�

One more aspect of the analysis of dynamical systems where polynomial algebra
can be used is that of singular perturbed systems� In the method of integral varieties
 ��! the initial qualitative analysis problem is split into two parts� �� The study of
the form and singularities of the integral variety� 	� the study of a non�rigid system
of lower dimension on the integral variety� In the case of polynomial systems the
problem �� is tackled with methods from elimination theory and solvability theory�
Here it is important that the analytic classi�cation of the dynamics of the system
can be carried su�ciently far 
see e�g�  ���!��

We can thus distinguish two major groups of algorithms which are necessary for
the qualitative analysis of systems of algebraic and di�erential equations� �� The
algorithms of elimination theory� 	� the algorithms of solvability theory�

���	� METHODS AND ALGORITHMS

The problems of solvability theory are the one of the most general and impor�
tant for applications� Among the subproblems that are encountered here we have
the elimination of unknowns� the analysis of polynomial remainder sequences� the
calculation of resultants and discriminants� the factorization of polynomials� the lo�
calization of real roots� and calculations with algebraic numbers� These problems
are undoubtedly of great independent signi�cance�

���	��� The Resultant of Two Polynomials
The resultant R of the polynomials

f
x� � fnx
n � � � �� f��

g
x� � gnx
n � � � � � g��


�����

is the determinant of the 
m � n�� 
m � n� matrix

R
f� g� �

�����������

fn fn�� � � � f� � � � � �
� � � � � � � � � � � � � � � � � � � � �
� � fn fn�� � � � f�
gm gm�� � � � g� � � � � �
� � � � � � � � � � � � � � � � � � � � �
� � gm gm�� � � � g�

�����������

	�� m lines	�� n lines


�����


see Ch� ��� R
f� g� � � if and only if f
x� and g
x� have a common zero or if
fn � � and gm � �  ���!� If the coe�cients fi� gi are polynomials in the unknown
variable y� then the calculation of the resultant permits one to eliminate x from
the system f
x� � �� g
x� � � and to reduce it to a single equation with respect
to y� In the general case the calculation of the resultant is one of the steps in the
classical Kronecker elimination procedure  ���!� The resultants� with the discrim�
inants 
R
f� f ��� as a special case� are of great signi�cance for the localization of
polynomial roots in various given domains  	�!�

The simplest method for obtaining the resultant consists in computing the de�
terminant 
����� with symbolic coe�cients� This is rather e�cient 
as the examples
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in Sec� �� show� for small dimensions m and n� The e�ciency here is determined
on the one hand by the method of calculation 
which must allow for zero entries in
the determinant�� and on the other hand by the complexity of the expressions for
the coe�cients fi� gi� But in order to obtain the resultant it is not necessary to
actually calculate the determinant 
������

One of the �rst method�proposed by Collins  ��!�for calculating resultants� is
based on sequences of polynomials remainders 
see also  �
!� and makes use of the
following properties of a resultant�

R
f� g� � 
���mnR
g� f�� 
�����

R
f� g� � fm�n��
n R
f� g��f� 
���
�


for m � n g��f is a remainder after division of g by f��

R
f� g� � gn�m��
m 
���mnR
f��g� g� m � n� 
�����

R
f� g� � fmn � deg f
x� � ��

For calculations with polynomials in several variables methods such as module
arithmetic� Chinese remainder theorem and interpolation are used in  ��!� The
computational complexity of the algorithm is � 
n � m�� log
n � m��

A modi�cation of this polynomial approach leads to an algorithm with the com�
plexity � 
n�m� log�
n�m�  ��
!� Other approaches are based on methods from
linear algebra� In  ��! an algorithm for �nding the resultant is suggested� which
requires the calculation of a determinant of order min
m�n��

R
f� g� � 
���mn detC�

where for m � n the entries in the matrix

C
m�m� �

�� cn�m���n�m�� � � � cn�m���n��

� � � � � � � � �
cn�n�m�� � � � cn�n��

�A
are given by the relations

cij � ci���j�� � gi�n�m��cn�j��� i � �� � � � � n� j � 	� � � � � n � ��

ci�� � fi 
for i � �� � � � � n�� ci���j�� � �� i� � � ��

gi�n�m�� � �

for i � n�m � ��

���	�	� Algorithms for Elimination of Unknowns
��� The classical elimination scheme was considered in Ch� �� This method is

not suitable for computer realizations due to the fast growth of the dimension of the
Sylvester matrix� whose determinant is calculated in the process of elimination� and
also because of the risk of obtaining super�uous solutions 
these correspond to the
vanishing of fn and gm 
see Sec� ���	�����

��� One of the �rst realizations of the elimination algorithm  ��
! looks very
much like the Gauss method for system of linear equations� The algorithm for
eliminating the unknowns xi from the polynomial equations

Pi
x�� � � � � xn� � �� i � �� � � � � n�
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has the form
for i �� � step � until n� � do
for j �� i � � step � until n do��

P i � divisor Pi and Pj in variable xi
Pj � eliminant Pi and Pj in variable xi

�
�

The divisor and the eliminant for a pair of polynomials

R �
rX

k��

Rr
xi��� � � � � xn�xki � �� Rr� Ss �� ��

S �
sX

k��

Sk
xi��� � � � � xn�xki � �� � � s � r�

are obtained by a method similar to the algorithm for division of polynomials�

�� Q � SsR� RrSx
r�s
i

q � degree Q by xi
q � s

no

r � q
�� R � Q

��
q 
 �

no

r � s
R � S
s � q

�� S � Q
divisor � S ��
eliminant � Q

Any common zero of the polynomials Pj and Pi is also a common zero of the
eliminant and of the divisor of Pj and Pi� This follows from the fact that the divisor
is proportional to the remainder after division of Pi by Pj� while the eliminant is
proportional to the resultant of Pi and Pj in the variable xi�

In the reduced system every polynomial Pi is independent of xj for j � i� Usually
such a reduced system has the following form� The equations

Pi � �� i � �� � � � � n� ��

are linear in xi and the equation Pn � � is a polynomial in xn� and its degree
re�ects the number of solutions of the system� The simple algorithm  ��
! has�
on the other hand� essential draw�backs� �� Among the zeros of the polynomial Pn
there may be super�uous solutions so therefore it is necessary to check the solutions
by substitution into the equations� 	� if Pi and Pj have common zeros then their
eliminant is identically equal to zero� �� there is a fast growth in intermediate results

in �oating point arithmetic this problem is not stable�� This is why the author of
the algorithm recommends it for small systems�

We now present a couple of examples�
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�� The system

x� � y� � ��
x� � x � 	y� � y � � � �


�����

is reduced to

x� �y� � y � � � ��
�y
 � 
y� � 
y� � 	y � � � ��


�����

	� The system

x�y � �yz � � � ��

��x�z � 	y� � � � �� 
������

	yz� � z� � � � �

reduces to the form

x�y � �yz � � � ��

	yz� � z� � � � �� 
������

�
z� � �
z� � �	z
 � ��z
 � 
z� � 	 � ��

��� In ��
� Buchberger suggested a method for simpli�cation of polynomial
ideals� which in honor of his scienti�c advisor be named the method of �Gr�obner
bases�  ��� ���� �!� This method provides a tool for obtaining algorithmic solu�
tions to problems such as �nding exact solutions of algebraic equations� �nding
polynomial solutions to systems of homogeneous linear equations� multidimensional
interpolation  ���!� and many other problems in the theory of polynomial ideals�

We brie�y describe the basic concepts and the structure of the algorithm�
A polynomial g is reduced to h modulo the ideal F � written�

g�
F

h

�
�

if there exists a polynomial f � F � and a monomial u such that h � g� buf � where

cf
g� u � lpp
f�� �� �� b � cf
g� u � lpp
f���lc
f��

Here cf
g� r� is the coe�cient of the monomial r in the polynomial g� lpp
f�� is the
leading monomial in f
x�� � � � � xn�� and lc
f� is its coe�cient� It is supposed that a
linear ordering �T of the monomials xi�� � � � x

in
n has been �xed� for example by total

degree


� �T x� �T x� �T x
�
� �T x�x� �T � � � �

or by pure lexicographic ordering


� �T x� �T x
�
� �T � � � �T x�x� �T � � � �

etc� The reduction can be considered as one of the steps in a generalized division
algorithm�

The polynomial h is the normal form of the polynomial g modulo F 
written
h � NF
F� g�� if there exists a sequence of reductions

g � k��
F

k��
F

� � ��
F

kn � h
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and if there is no polynomial h� such that h�
F

h��

The algorithm for determining the normal form looks like

h �� g�

while f�f � F� b� u � h�
F

g do�

� choose f � F� b� u with leading product u lpp
f� with respect to the ordering 
T

such that
h�
F

� h �� h� buf 
 �

A set F is called Gr�obner basis if for arbitrary polynomials g� h�� h� with h� �
NF
F� g� and h� � NF
F� g�� one always has h� � h��

The S�polynomial corresponding to f� and f� is de�ned to be the polynomial

SP
f�� f�� � u�f� �
�
c�
c�

�
u�f��

where ci � lc
fi�� and the product of the powers of ui is such that the degree of Siui
is equal to the least common multiple of the degrees of S� and S�� where Si � lpp
fi��

The simplest algorithm for �nding a Gr�obner basis has the form�

G �� F �

The set of pairs of polynomials B � f
f�� f��j f�� f� � G� f� �� f�g�
while B ��. do�
� 
f�� f�� is a pair from B�
B �� B n f
f�� f��g�
h ��SP
f�� f���
h� ��NF
G� h��
if h� �� � then �
B �� Bf
g� h��jg � Gg�
G �� Gfh�g 

�
A Gr�obner basis F is said to be reduced if each polynomial f � F is represented

in normal form modulo F nffg and lc
f� � �� Every Gr�obner basis can be put in re�
duced form by means of repeated reduction of all polynomials from the basis modulo
the other polynomials� combined with normalization of the leading coe�cients�

In  ��! an improved version of the algorithm was presented 
which is the one we
have implemented in the system REDUCE 
see Sec� ������� This modi�ed algorithm
for calculating a Gr�obner basis G for the ideal F has the form�

R �� F � P �� �� G �� �� B �� ��
�Reduce everything� 
R�P�G�B�
�New bases� 
P�G�B�
while B �� � do �

f�� f�� �� pair from B with minimal
least common multiple LCM
lpp
f���lpp
f��� with respect to 
T �
B �� B n ff�� f�g�
if 
not �Criterion �� 
f�� f�� G�B�

and not �Criterion 	� 
f�� f��� then �
h �� NF
G�SP
f�� f����
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if h �� � then �
G� �� fg � Gj lpp
h� is a divisor of lpp
g��
R �� G�� P �� fhg� G �� G nG��
B �� B n f
f�� f��j f� � G� or f� � G�g�
�Reduce everything� 
R�P�G�B��
�New bases� 
P�G�B�� 


algorithm �Reduce everything� 
R�P�G�B��
while R �� � do �
h �� element from R� R �� R n fhg�
h ��NF
G�P� h��
if h �� � then �
G� �� ff � Gj lpp
h� is a divisor of lpp
g�g�
P� �� fp � P j lpp
h� is a divisor of lpp
p�g�
G �� G nG��
P �� P n P��
R �� R �G� � P��
B �� B n f
f�� f�� � Bj f� � G� or f� � G�g�
P �� P � fhg 

�
algorithm �New basis� 
P�G�B��
G � G � P �
B �� B 
 f
g� p�j g � G� p � P� g �� pg�
H �� G� K �� ��
while H �� � do �
h �� element from H� H �� H n fhg�
k ��NF
G n fhg� h�� K �� Kfkg�
G �� K
algorithm �Criterion �� 
f�� f�� G�B��
checking� exist p � G with f� �� p� f� �� p�
such that lpp
p� is a divisor of LCM
lpp
f��� lpp
f����

f�� p� � B� 
p� f�� � B�
algorithm �Criterion 	� 
f�� f���
checking� LCM
lpp
f�� lpp
f��� � lpp
f�� � lpp
f���
The modi�cation of the algorithm consists of the following steps� �� The pair

with minimal LCM of the leading products is chosen from the set B� Experiments
have shown that this essentially accelerates the calculations� since it decreases the
degrees of the polynomials with which the algorithm works� 	� the algorithm �Reduce
everything� and the corresponding part of basic algorithm uses the following fact�
When a new polynomial is added to the basis all other polynomials can be reduced
using this polynomial� The algorithm �New basis� takes into account the set of pairs
B� and performs the iterated reduction of the basis polynomials with respect to the
others� which is required for the construction of a reduced Gr�obner basis� �� the
criteria � and 	 in many cases 
but not always� prevent super�uous calculations of
normal forms that are already known to vanish�

The determination of a Gr�obner basis makes it easy to settle questions of solv�
ability and to �nd exact solutions of systems of algebraic equations� The solvability
criterion for a system of equations is simply given by the condition� � �� G� The
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system of equations

F
x� � �

has a �nite number of solutions if and only if for all i �  �� n! a power of the form
xjii occurs as leading monomial of some polynomial from G� Finding a basis with
respect to the pure lexicographical ordering reduces the system to �triangular� form
in the sense that G contains a polynomial in a single �lowest� variable and the other
xi can be found successively from the corresponding basis polynomials 
usually of
low degrees� in xi� For the above examples 
����� and 
����� from  ��
!� the Gr�obner
basis calculated by the program described in Sec� ���� has the form

GB
�� � ��y� � y � x � ��
GB
	� � �

�

�y
 � 
y� � 
y� � 	y � ��


����	�


with ordering y 
T x��

GB
�� �
�

	

��z
 � ��z	 � 	�z
 � �z� � 	y � 	��

GB
	� �
�




��z� � ��z
 � �z	 � ��z
 � 	z� � ��z� � ��z � 
x��� 
������

GB
�� �
�

��

��z� � ��z� � 	�z
 � �z
 � �z� � ��


with ordering y 
T x 
T z��
In the �rst example the algorithms from  ��
! and  ��! both transform system


����� to the same reduced form� but in the second example the reduced forms are
substantially di�erent from each other� In case 
������ x� and y are expressed as
rational functions in z� whereas in case 
������ polynomial dependencies are obtained
for them� The solution to system 
������ can be found by calculating the roots of
the equation GB
�� � � 
see 
�������� The coordinates x and y are then found from
GB
�� � � and GB
	� � �� In Sec� �� we shall use Gr�obner bases in an algorithm
for computing the coe�cients in kinetic polynomial�

Algorithms for Gr�obner bases have been implemented in various computer alge�
bra systems� The author of the Gr�obner method realized it himself in the system
SAC  ��!� Pankratyev implemented it on REFAL  ���!� and Alekseev worked out a
realization for solving problems from the qualitative theory of di�erential equations
on FORTRAN  ��!� Finally there is also a realization in the system SRM  ���!�

The complexity questions related to the method of Gr�obner bases constitute a
subject of active investigations� As pointed out in the book  ��! of Davenport et al�
one has in practice encountered both problems which have been very easily solved
with the use of this algorithm� but also problems which one has not succeeded to
solve even with the use of several megabytes of memory� The known estimates
for needed memory capacity are not consoling� they depends exponentially on the
number of variables  
�!� During our work on the Russian edition of this book our
computing means were restricted to the system REDUCE ��	� for IBM PC� which
does not include the algorithms of Gr�obner bases� Our interest in polynomial com�
puter algebra was so great that we ventured to implement this algorithm ourselves
and to use it for our problems� Moreover� our limited personal computer resources
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forced us 
after many brine and bums� to develop an e�ective and economized real�
ization 
in the sense of memory��

The results of these experiments are re�ected in this book 
e�g� in the work with
�dummy� polynomials described below�� At a later stage we had the opportunity
to work with the system REDUCE ��� which includes the package GROEBNER�
Solving the examples from this book by means of this GROEBNER package we
found that our program works somewhat slower� On the other hand� GROEBNER
was unable 
due to insu�cient memory� to handle certain examples which were
solved by our program� Therefore we cannot say that our activity was completely
useless� Moreover� the package GROEBNER would not allow us to solve the problem
of computing the coe�cients in kinetic polynomials� since this� apart from �nding
the basis� also requires a calculation of a linear basis representation in terms of the
polynomials of the initial systems� This is the reason why we have decided to keep
this program in REDUCE code in Sec� ���

During the work at the English text of this book we have also used the package
Grobner in Maple  

!� which of course is more e�cient than our program�

��� Other algorithms for elimination of unknowns� and also for the more general
problem of decomposing the algebraic varieties of all roots of polynomial systems into
irreducible components� have been formulated in articles of Lazard  ���� ��
� ����
���! and by the Grigoryev group  
�� 
�!� The connection between the algorithms
from  ���� ��
� ���! and the method of Gr�obner bases is analyzed in  ���!�

Elimination algorithms based on multidimensional complex analysis have been
considered in this book 
Ch� 	����

���	��� The Algorithms of Solvability Theory
Let there be given a formula of the �rst order

�X��� � � ��X��s��X��� � � ��X��s��Xa�� � � ��Xa�sa

�X�
� 
������

for real closed �elds� where
P

is a formula without quanti�es containing k atom�
ic subformulas of the form 
fi � ��� � � i � k� with fi being polynomials in
X���� � � � � Xa�sa� The �rst order solvability theory for real closed �elds tells us that
there exists an algorithm which checks the truth for every formula of the form

������� see  
�!� In terms of this theory one can formulate many important and di��
cult mathematical problems� such as the solvability of systems of algebraic equations
and inequalities� and problems in nonlinear optimization� The decision procedure
was discovered by Tarski  ���!� His procedure for eliminating quanti�es associates
to any given formula F a quanti�er�free formula F � and the transfer F � F � is
carried out via a sequence of axioms in the theory�

The algorithms in  ��	� ���! are characterized by exponential dependence on the
number of polynomials including in formula� and on the maximal degree of these
polynomials for a �xed number of variables� Collins  ��! suggested an algorithm

with a working time of order L�O�n�
� where L is the size of initial formula� and n

is the number of variables it involves� In  �	! an elimination procedure with the
same working time for a wide class of real closed �elds is described� The main
ingredience in the method of  ��! is an algorithm for �nding a �cylindrical algebraic
decomposition� of r�dimensional real space into a �nite number of distinct connected
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sets 
called cells�� associated to a given �nite set of polynomial of r variables� In
these cells none of the polynomials changes its sign� Hence the sign of a polynomial
in a cell can be found calculating its sign at any point inside the cell�

In  ��! algorithms are used for constructing decompositions 
not containing
squares� adapted to the real roots� An improvement of the algorithm from  ��!
is described in  �
!�

In  �
! it is shown that the elimination of quanti�es can be used for obtaining
a new version of the algorithms of cylindrical algebraic decomposition� The idea of
 �
! consists of formulating existence conditions for polynomials of given degree and
with given root multiplicities�

In  
�! an algorithm is constructed for solvability in �rst order theory for a wide
class of real closed �elds� Its working time is L�O�n���a�� where a � n is a number
quanti�er alterations in formula 
������� For small numbers a the working time
of the algorithm in  
�! is less than for previously known ones� The algorithm in
 
�! is a generalization of an algorithm in  ���! for solving systems of polynomial
inequalities� The latter �nds the solutions 
if any� to a system of inequalities

f� 
 �� � � � � fk� 
 �� fk��� � �� � � � � fk � �� 
������

where f�� � � � � fk are polynomials in X�� � � � � Xn with coe�cients from ordered
rings� The set V of all points satisfying 
������ is represented as the union of a
�nite number of connected components Vi� each of which is a semialgebraic set� A
�nite set T is called a system of representatives for the set V if Vi 
 T �� � for
all i� The algorithm in  ���! associates to the system 
������ a certain system of

representatives T � with a number of elements bounded by P
�
kdn

�
�


here P 
�� is

a polynomial� and d 
 degX�


Xn

fi�� in the time � P

�
Llog� L

�
� For each point


��� � � � � �n� � T the algorithm constructs an irreducible polynomial +� and also
certain expressions

�i � �i
�� �
X
j

�
�i�
j �j�

where

+
�� � �� � � i � n� � � j � deg
+� � 
kd�n�

Furthermore�

� �
X
��i�n

�i�i
��

for suitable positive integers

� � �i � deg
+��

The output of the algorithm is a family of polynomials of the form + together
with the expressions �i
��� Moreover� every constructed + has a root ��� such that
the point 
��
���� � � � � �n
���� satis�es the system 
�������

The scheme of the algorithm is the following� �� Some estimate R of the solutions
to the inequalities 
������ is established� 	� By using system 
������ a polynomial g
is constructed

g �



R � ��� �X�

� �X�
� � � � ��X�

n��

��
� g���
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where

g� �
Y

��i�k��


fi � ��� �k��� fk�� � Xn��f� � � � fk� � ��

and an algorithm� which �nds a system of representatives for the variety of zeros of
the given polynomial� is applied to it� One considers an in�nitesimal �perturbation�
of the initial polynomial� whose zero variety is a smooth hypersurface� The algorithm
looks for points on this surface with some �xed directions of the gradient� solving
a suitable system of algebraic equations by the methods of  
�� 
�!� Among the
points of obtained system of representatives the algorithm then isolates the points
that satisfy 
������� Finally� by a method from  �	! the compatibility of the system

+�
�� � �� &f�
�� � �� � � � � &fk��
�� � �

is checked� where &fi
�� are obtained by substituting the expressions for �i� into

�������

�
� Realization of the elimination method

����� CALCULATION OF THE RESULTANT OF TWO POLYNOMIALS

A simple Maple�procedure which computes the resultant of two polynomials P�
and P	 is given in Application F�� 
Here and below we use the version of Maple for
personal computers IBM PC with operative system MS DOS�� With the help of the
function degree 
see Sec� �
�	� the degrees N and M of the polynomials P� and P	
are de�ned� In a working �le called FOROUT the operator RES��matrix �����

is generated� in which the Sylvester matrix 
����� for �dummy� of the polynomials
P� and P	 is written 
in place of the proper coe�cients of P� and P	 inde�nite
coe�cients A
J� and B
J� are written� and the commands for���do���od insert
zeros in the place of zero coe�cients of P� and P	�� This operator is entered
into the program by the command read� and then the determinant det�RES� is
calculated� The last two commands for���do���od �nally plug in the true values
of the coe�cients of P� and P	�

As an example we consider the determination of the kinetic polynomial for a
three�stage parallel adsorption reaction mechanism

�� A� � 	Z � 	AZ�
	� B � Z � BZ�
�� AZ � BZ � AB � 	Z�


�����

where Z� AZ� BZ are intermediate� A�� B� are reagents and AB is the reaction
product 
the same symbols are used for the concentrations�� The equations describ�
ing the stationary reaction rate

b�Z
� � b��AZ

� � W�
b�Z � b��BZ � 	W�

b�AZ �BZ � b��Z
� � 	W�

Z � AZ � BZ � �


���	�
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are reduced to the system  ���� ���!

d��Z
� � d��Z � d�� � ��

d��Z
� � d��Z � d�� � ��


�����

where dij are polynomials in the kinetic parameters b�i 
the so�called reaction
weights� and the stationary reaction rate W � for which the expressions are given
in Application F�� The kinetic polynomial is obtained as the resultant of the poly�
nomials 
����� in the variable Z� and it has the form

KP 
W � � K� � K�W � K�W
� � K�W

� � K
W

� 
�����

The expressions for the coe�cients Ki are given in Application F�� 
They were
divided by the common factor b
����

To illustrate how our next program works� we consider an example of elimination
of unknowns from the equations describing the quasi�stationary reaction mode with
a two�route mechanism obtained from 
����� by adding the stage

�� B � AZ � Z � AB� 
�����

Its system of equations is given by

	W� �W� �W
 � ��
W� �W� � ��


���
�

where
W� � b�z

� � b��x
�� W� � b�z � b��y�

W� � b�xy � b��z� W
 � b
x� b�
z�

z � �� x� y�

with x� y� z denoting the concentrations of AZ� BZ� Z� Application F� performs
the calculation of the resultant of the polynomial 
���
� in the variable y� by means
of a standard routine called resultant������ As a result of the elimination the
equations 
���
� are reduced to a polynomial of degree � in x�

For obtaining the kinetic polynomial corresponding to the model 
���
� we must
transform it to the form


b��
b�� � b
�
� � b�
b�
 � b
 � b��
b� � b�� � b�
��x

��

�
�
b� � b�� � b�
�
b�b
 � b��b�
 � b��b
� � b�
W � b�
 � b���
�
b� � b�� � b�
�� 	b��
b�� � W �
b�� � b
��x�

�
b� � b�� � b�

W 
b� � b��� � b��b�
� � b��
b�� � W �� � �� 
�����


	b�
b�� � b
�
� � 	b��
b� � b�� � b�
�

��x��

�
��b�
b�� � W �
b�� � b
��x � 	b�
b�� � W ���
�W 
b� � b�� � b�
�

� � ��

where
W � 	W� � W� � W


is the formation rate of the reaction product 
������
������ The resultant of the
polynomials 
����� in the variable x is the kinetic polynomial for this reaction� It
has the form 
������ and the expression for K�� � � � � K
 are given in Application F�
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where BN�� b���� � � � � BN�� b�
� respectively�� One reason for the awkwardness
is the presence of the factor


b� � b�� � b�
�



in the resultant of the polynomials 
������
In Sec� �� we proved that the constant term of the kinetic polynomial for a

single�route reaction mechanism must contain the factor�
nY
i��

b�ii �
nY
i��

b�i�i

�
�

As an example� for the mechanism 
����� this factor is equal to


b�b
�
�b

�
� � b��b

�
��b

�
����

In the case of a multi�route mechanism the situation is more complicated� For
instance� for the double�route mechanism 
������
����� the expression for K
��
becomes

K
�� � �b���
b��
b�b
�
�b

�
� � b��b

�
��b

�
��� � 	b��b�
b�� � b� � b
��

�
b
b��b�� � b�
b�b�� � 	b��
b� � b�� � b�
�
b
b�b�b� � 
�����

�b�
b��b��b��� � 
b�b
�

 � b��b

�
�
�
b��
b� � b�� � b�
�

��
�b�
b�� � b� � b
�

���

Notice that along with the terms


b�b

�
�b

�
� � b��b

�
��b

�
��� and 
b�b

�

 � b��b

�
�
�

�
corresponding to the two basic routes� the expression 
����� contains two more sum�
mands� corresponding to linear combinations of the routes 
one of them corresponds
to the brutto�equation of the reaction �� ��� But taking into account the thermo�
dynamic restrictions on the kinetic parameters 
see  �
�!� which in this case have
the form

k

k�


�
k�k�
k��k��

�

we get b
b��b�� � b�
b�b� for arbitrary concentrations A�� B� AB� Hence the
constant term will have the form

K
�� � K
���


k�k

�
�k

�
� A�! B!� � k��k

�
��k

�
�� AB!�

�
�

just as for the single�route reaction mechanism�

���	� CONDITIONS FOR NON�UNIQUENESS OF STEADY�STATES

For applications� particularly to chemical kinetics� it is important to �nd criteria
for non�uniqueness of solutions to systems of algebraic equations in a given domain�
and also to calculate the bifurcation boundaries�

In the situation where the elimination of unknowns has been done and a poly�
nomial in one variable has been obtained� the problem of �nding the bifurcation
boundaries is reduced to calculating conditions for multiple zeros of the polynomial�

For example� the conditions for a double zero are� P 
x� � � and P �
x� � ��
for a triple zero� P 
x� � �� P �
x� � � and P ��
x� � � etc� The condition for



��� CHAPTER ��

multiple zeros corresponds to the vanishing of the discriminant of the polynomial
 	�� ���!� The late is proportional to the resultant of P 
x� and P �
x�� so for �nding
the bifurcation boundaries it is su�cient to calculate the resultant of the polynomial
and its derivative and to solve the obtained equation with respect to the appropriate
parameters� Let us consider this procedure on the example of the kinetic model for
the oxidation reaction� CO in CO�� We assume that its mechanism is 
������
������
where k�� � k�
 � � and the substances A�� B and AB correspond to O�� CO� and
CO� respectively� The result of the elimination of unknowns in this case is given in
Application F�� The bifurcation boundaries for this model were calculated in  
�!
with respect to the coordinates fpO�

� pCOg 
pi are the partial pressures�� whereby
the equations for the boundaries were obtained in parametric form� We determine
these boundaries by computing the resultant of the polynomial from Application F�

and its derivatives in x� The values bi� b�i are given by the expressions

b� � k�pO�
� b�� � k��� b� � k�pCO� k�� � b��� b� � k��

b
 � k
pCO� with the values of k�i from  
�!�

k� � 	�	 � ��
� k�� � �
 � ���� exp
�������
RT ��� k� � �� � ��
�

k�� � ���� exp
�������
RT ��� k� � � � ��
 exp
�������
RT ���

k
 � �� � ��
� temperature T � ��� K� R � �� ����

The obtained expressions have the form

D
pCO� pO�
� � a��p

��
CO � � � � � a�pCO � a�� 
�����

where a�� � � � � a�� are polynomials in pCO 
see Application F
�� In the calculations
we factored out the leading coe�cient� To avoid loss of exactness we used the routine
ON BIG FLOAT�

The roots of the equation D
pCO� pO�
� � � were calculated with the help of the

system Eureka� using its function �poly�� It �nds all zeros of a given polynomial for
IBM PC� and makes it possible to �nd the roots of nonlinear equations and systems�
and to solve problems in nonlinear programming etc� Among the �	 zeros of the
polynomial 
����� only two 
� and ��� correspond to the boundary of plurality do�
main for zeros � � x � � with physical sense� The other zeros determine bifurcation
points outside the physical domain� In Table � we give� for some values of pO�

� the
calculated bifurcation values p�

CO
� p�

CO
having physical sense� and the zeros of the

polynomial from Application F� corresponding to these points 
the columns  ZO!��
 ZO!��� As can be seen we obtained a fairly good approximation to the boundary
of double zeros 
two of the zeros agree up to ��
 signi�cant digits�� We could not
calculate the discriminant for this example in symbolic form on the personal com�
puter because of limited memory� It was instead calculated on a EC ���� computer
with the help of the system SRM  ���!�

Let us compute� in symbolic form� the conditions of plurality of s�s� in the case
of the mechanism 
����� with k�� � k�� � �� The s�s� belonging to the domain
� � AZ � � are in this case determined by the equation

f� � a�x
� � a�x

� � a�x � a� � �� 
������

where
a� � 	� a� � ��c� b� 	� a� � 	��c� � �
b
b � c�� �c��
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Table �� The boundaries of a domain of plurality of s�s� on
the plane of 
pO�

� pCO�

pO�
� ��� p�

CO
� ���  ZO!� p�

CO
� ���  ZO!�

� ���������� ���������� ���	�	�
� ��	��
����
���������� ��	��
����
��
������� ��������
�
����	��	� ���������

�� ��
������� ������	��� ��������� ��		����	�
������	��� ��		����	�
��
������� ������		��
��	�


�� �����	���

�� ��	������ �����	���� ��������
 ��	
������
�����	���� ��	
������
���
������ ���������	
��	����	� ������	�


��� ���
		��� �����	�
�� ��������� ��	���	���
�����	�
�� ��	���	���
��������
� ��������	�
����
���� ���������

��� ��������� �����	���� ��
������ ��	����	
�
�����	���� ��	����	
�
���	���	�� ����������
��������	 �����
���

a� � �	��c�� x � AZ� � � b��b�� b � b��b�� c � b���b��

In  ��	! the conditions for plurality were obtained in terms ai� Let us �nd the
Sturm system for the polynomial 
������ in the segment  ���!� By  	�! this amounts
to �nding the sequence of central determinants 
or inners� of the matrix

R �

�BBBB�
a� a� a� a� �
� a� a� a� a�
� � �a� 	a� a�
� �a� 	a� a� �

�a� 	a� a� � �

�CCCCA � 
������

The last term of Sturm system is f� � detR� The preceding terms are given by
the inners of the matrix R in which the last column is replaced by the sum of the
columns situated to the right of it� and this column multiplied by xi 
see 
��������
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Then

f�
�� � det

�� a� a� a�
� �a� a�

�a� 	a� �

�A �

f�
�� � det

�� a� a� a� � a�
� �a� 	a� � a�

�a� 	a� a�

�A � 
����	�

f�
�� � a�� f�
�� � �a� � 	a� � a��

The values f�� f�
��� f�
�� were obtained with the use of a system from  ���!� The
analysis of the obtained Sturm system gives the following necessary and su�cient
conditions for plurality of solutions of 
������ in  ���!�

� � ���� 
�����a�

b � b� � 	
	� �����
� � ������� 
�����b�

�b
��� b� ����
��� � 	��
�b � �	� � �
b� � 	b � 	���

�	
	� b��� � c� � b
	� b
���
��� � 	�
�b � ���

�
	� b�
�� b��� 
�����c�

��	��c�
�

� ���c�
c�
�
b� �bc� � 	�c� � �b��

���
c�
�
b
b � 	�� c�

�

b� � 	b � 	�� � �c�b
�� b�� 	b���

�c�
b� 	��
b
� � c��� � �c�� 
 �� 
�����d�

where

� �
b��
b�

� c� �
b��
b�

�

The boundary of non�uniqueness is de�ned by the vanishing of the left hand side
in 
�����d�� For b � b� and c� � c�� � 
� � 	�����
� � 	����� a triple zero x � ����

occurs� In limiting cases the conditions 
������ are simpli�ed�
If b� �	 then � � � and 
������ yields the inequalities

b� 
 b���
b�
	
� b� � 
b� � b���

�

�b��
� 
������

that were obtained in  ���!� From 
�����d� one can get more precise expressions for
bifurcation boundaries 
�������

b��b� � 	� �
p
b��b�� � �

p
b���b� 
������


these correspond to the boundary b� � b��	��

b�
b�
� �

�

�
� �

b�
b��

��

�

b� � b���

�

� 
b� � b��� b�

����
�


these correspond to the boundary b� � 
b� � b���
��
�b����� Observe that the

boundary 
������ is more sensitive for small values of the parameter b���b� than the
boundary 
����
��
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For b�� � � we deduce from 
������ the condition

b� � 	b�
�

� �
p

�b��b�
�
�

which was obtained in  ��	!�
If c� � � then 
������ implies the inequalities

� � ���� ��c
� � b � ��c

�� 
������

���� � 
	�� � �� ��� � 
�� ��������
����

The conditions 
������ are applied in the domain b��� b� � b�� Hence the
plurality of s�s� can take place for arbitrary small values of b�� For example� for
b� � �	��� b� � �� b�� � ���
� b� � ��	� � ���� there exist three s�s�

AZ� � ������� BZ� � �������

AZ� � ��	���� BZ� � �������

AZ� � ���	� � ����� BZ� � �������

We have thus seen the use of analytic manipulations on the computer allows
us to reduce the stationary kinetic model to one equation� and to investigate the
number of solutions� The obtained symbolic expressions make it possible to analyze
also the limiting cases�

Moreover� we obtain explicit expressions for the stationary solutions and the
bifurcation boundaries� In the general situation we need to apply methods from
solvability theory 
see Sec� ����

����� REALIZATION OF THE METHOD OF GR �OBNER BASES

The REDUCE program which realize the modi�ed method of Gr�obner basis
described in ���	 is contained in Application F	�

For given polynomial the procedure LM �nds the leading monomial with respect
to the used ordering 
in our case the lexicographical one�� The names of the variables

their number is NVBL� and the chosen ordering are de�ned by an array

AN
AN
�� 
T AN
	� 
T � � � 
T AN
NVBL���

The output of the procedure is� The leading coe�cient 
LCLP
O��� the leading
product of powers 
LCLP
���� its exponents 
array DEG��� and the leading mono�
mial LM�LCLP
��LCP
��� The calculations are carried out by iterated application
of the functions REDUCE DEG and LCOF�

The procedure ORM picks out the leading one or two monomials 
in the sense
of given lexicographical ordering�� whose exponents are given in the arrays D�� D	�

The procedure NF realizes the algorithm described in Sec� ���	 for �nding the
normal form of a polynomial GNF modulo polynomials given as values of the opera�
tor FNF
i�� 
i � �� � � � � N�� If N � � then GNF is returned� Otherwise the leading
monomial of the polynomial GNF is found� and it is checked if it is smaller than the
smallest of the leading monomials of the polynomials FNF
i�� If the reply is �yes�
then program stops� otherwise an attempt is made to �nd a polynomial FNF
L�
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whose leading monomial is a factor of LM
GNF�� If such a polynomial has been
found then the reduction

GNF �
FNF �L�

is realized� otherwise we go to the next monomial 
in order� of the polynomial GNF�
Before addressing the procedure NF it is necessary to give the following global
variables� The array D� containing the exponents of the minimal among the leading
monomials of the polynomials FNF
i�� the operator DEG�
JR� K� whose value
is the degree of the variable AN
K� in the leading monomial of the polynomial
FNF
JR�� the operator LMF
L� whose values are the leading monomials of the
polynomials FNF� The calculation of these variables has been broken out of the
procedure NF in order to avoid super�uous calculations during the basic algorithm�
If the value of the global variable NORM is equal to � then the output will be in
normalized form with the leading coe�cient �� After execution of NF one has found
the leading monomial� the leading coe�cient and the leading product of powers
of AN
j� among the global variables� and the values of the operator DEG NF
K�
are the exponents of powers AN
K� in LPPNF for the calculated normal form
HNF�NF
N � GNF��

The procedure SP calculates the S�polynomial for a given pair of polynomials

F�� F	� with the leading products LPP�� LPP	 and the leading coe�cients LC��
LC	 and

LCM
LPP�� LPP	��LCM�

The procedure REDALL realizes algorithm �Reduce everything� 
see Sec� ���	��
To the sets R� P� G of the algorithm there correspond the operators RB� PB� GB�
Here the structure of data is the following� RB
j� �� is j�th polynomial of the set
R while

RB
j� 	�� RB
j� ��� RB
j� ��

are its leading monomial� leading coe�cient and leading product of powers respec�
tively� RB
j� � � K� is the exponents of the variables AN
K� in the leading
monomial 
k � �� � � � � NVBL�� The operator BB corresponds to the set B of the
algorithm� the values BB
L� ��� BB
L� 	� are the numbers of polynomials of the
L�th pair 
f�� f�� in the set B� the values BB
L� K � 	�� K � �� � � � � NVBL� are
the exponents of the variables AN
K� in

LCM
LPP
f��� LPP
f����

First an element of the set R is chosen 
in our program we choose the last element��
and then the set G�P and the sets G�� P� are formed� The values of the operators
G�� P� are the numbers of such polynomials from the set G� P which can be reduced
modulo the polynomial H �NF
R�G�P �� which is being added to the basis� Then
the operation

R �� R �G� � P�

is realized� From the set B all pairs 
f�� f�� in which f� or f� belongs to G�
are removed� and from the set G the elements of the set G� are removed� Using
the values accumulated in the operator PER� the values BB
J� ��� BB
J� 	� are
replaced by new ones� which are obtained by a renumbering of the elements of the
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set G� Further the set P� is removed from the set P � and after this procedure the
operation P �� P �H is executed�

The procedure NEWBAS realizes the algorithm �New basis�� First the operation
G �� G�P is performed� and then this set is enlarged with all pairs 
g� p� such that

g � G� p � P� g �� p


 �rst the polynomials g from �old� set G are taken and the pairs 
g� p� are formed�
then the pairs 
pi� pj�� j 
 i� are formed�� Further� all polynomials h � G are
reduced modulo G n h with the aim of obtaining a reduced basis�

The procedures CRIT� and CRIT	 realize the algorithms �Criterion �� and �Cri�
terion 	�� which serve to avoid super�uous calculations of normal form�

The procedure PRITT
II� provides a detailed printout of the results of the work
of the algorithm� The elements of the sets R 
if II���� P� G are printed�

First initial input data are entered into basic algorithm� They must either be
written in the �le KP�INP� or contain the sentence IN with a reference to the �le
with the initial data�

The initial data contain�

the number of variables in polynomials
of the initial system

�� NVBL��

the names of these variables 
the other
names are interpreted by the program
as symbolic parameters�

�� AN
����
� � � � �
AN
NVBL���

the indicator of normalization 
is exe�
cuted if set equal to ��

�� NORM��

the indication of printing 
if equal to �
a detailed printout of intermediate re�
sults is executed�

�� IPRI��

the polynomials of the initial system �� RB
������
� � � � �
RB
NR�����

After this the global variables are initialized� and the procedures REDALL�
NEWBAS are addressed� If the set B is not empty then a pair from B is found� and
Criterion � and 	 are checked� If CRIT��� and CRIT	�� then the S�polynomial
of this pair is calculated� This S�polynomial is then in normal form� and if it is
not equal to � then the set G� is formed� From set K the polynomials occurring
in G� are deleted� The calculated normal form is included in the set B� and from
set B all pairs containing elements from G� are deleted� Finally�the pairs in B are
renumbered� and the procedures REDALL� NEWBAS are addressed over again�

We now consider some examples� 
They are all taken from  ��!� We obtained the
same results as in  ��!� except for some misprints in  ��!�� The model corresponding
to the nonlinear shock reaction mechanism

�� A� � 	Z�	AZ�
	� B � AZ�Z � AB�


������
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has the form

f� � b�Z
� � b��AZ

� �WR � ��

f� � b�AZ � b��Z � 	WR � �� 
������

f� � Z � AZ � � � ��

where WR is the stationary reaction rate� Let us now produce its kinetic polynomial�
We �x the ordering

AZ 
T Z 
T WR

and use the described program� The work of the program starts with the algorithm
REDALL� It chooses the polynomial f� and calculates its normal form� Since the
sets G and P are empty so far� the result of the reduction is f� itself� The algorithm
inserts f� in the set P � P 
�� � f� and in the set R �� R
�� � f�� R
	� � f�� The
following step is a calculation of the normal form of the polynomial f� modulo f��
This result is�

f
 �
Z b�� � 
Z � ��b� � 	WR

b�� � b�
�

which is inserted in the set P � P 
	� � f
� Then the polynomial R
�� � f� is reduced
modulo f� and f
� The result here is�

f	 �
WR�
�b�� � �b�� � WR
�b��b�� � b��� � 	b��b� � �b�b� � b��� � b��b

�
�� � b�b

�
�

�b�� � �b�
�

This too is inserted in the set P � P 
�� � f	� Since the set R has now been ex�
hausted the algorithm REDALL stops� Instead the procedure NEWBAS starts
working� First it forms the set G� G
i� � P 
i�� i � �� 	� �� and the set of pairs B�

�� 	�� 
�� ��� 
	� ��� Then the normal forms of polynomials G
i� modulo the other
polynomials are calculated� The calculation of the normal form G
�� � f� modulo
G
	�� G
�� gives the polynomial

f
 �

b�� � b��AZ � b�� � 	WR

b�� � b�
�

which becomes the value of G
��� The polynomialsG
	� and G
�� remain unchanged
by the algorithm NF�

At this step the calculations of the procedure NEWBAS are �nished� and the
main algorithm begins to work� For the sequence

G
i� 
	� ��� 
�� ��� 
�� 	�

of pairs of indices of the polynomials Gi the algorithm checks Criterion � and 	� In
our case all basis polynomials satisfy that the LCM of the leading products is equal
to their product� and hence Criterion 	 comes into play and prevents super�uous
calculations of normal forms of S�polynomials� which would here be equal to zero�
Therefore the algorithm �nishes its work and the desired reduced Gr�obner basis
consists of the polynomials

G
�� � f
� G
	� � f
� G
�� � f	�

The polynomial G
�� is the kinetic polynomial obtained in  �
�! for the mechanism

������� Its solutions are the possible values of the stationary reaction rate 
one of



COMPUTER REALIZATIONS �	�

them lacking physical sense�� Knowing them it is a simple task to �nd AZ and Z
from equations GB
�� � � and GB
	� � �� which are linear in Z and AZ

In the case of system 
������ the main algorithm never comes to work� and the
basis is calculated already in the procedures REDALL and NEWBAS� The same
happens for many other �simple� systems�

Application F
 contains the initial data and the results of Gr�obner basis cal�
culation are contained for the model corresponding to the reaction mechanism of
hydrogen para�ortho conversion�

�� H
�p�
� � 	Z � 	ZH�

	� 	ZH � 	Z � H���
� �


���	��

where Z and ZH are intermediates� H
�p�
� and H

���
� are para and ortho forms of

hydrogen� The basis GB
��� GB
	�� GB
�� was calculated for the ordering

ZH 
T Z 
T WR�

The polynomial GB
�� is the kinetic polynomial for the reaction 
���	���
The initial data and the results of a calculation for the model 
���	� with b�� �

b�� � b�� � � are contained in Application F�� 
This corresponds to an irreversible
adsorption mechanism in the reaction 
������� The kinetic polynomial for this case
is given by

GB
�� �
�WR� b� �WRb��

� b�
� 
���	��

On the other hand� substituting the values b�� � b�� � b�� � � for the coe��
cients of the polynomial 
����� 
see Application F�� we get the expression

b��


WR



b�� � � b�WR

���
� �� 
���		�

which indicates that the roots of 
���		� WR� � � and WR� � b���
�b�� are double�
The meaning of this fact is easy to understand by considering the other polynomials
of the basis� The equation GB
�� � � is quadratic in BZ� and therefore to each
of the root WR�� WR� there correspond two roots of the equation GB
�� � �� If
we keep in mind that the equations GB
�� � � and GB
	� � � are linear in Z and
AZ� then we �nd that to each value WRi there corresponds a family of solutions
BZi������ AZi������ Zi������ The existence of double roots of 
���		� re�ects this fact�
From the example it is seen that di�erent methods of elimination of unknowns can
lead to di�erent reductions of the initial system and to di�erent representations of
its solutions�

Of course� the method of Gr�obner bases works also for the systems of linear equa�
tions� Application F� contains the initial data and results for a model corresponding
to the linear single�route reaction mechanism

�� A � Z�� Z	�

	� Z	� Z�� 
���	��

�� Z�� Z� � B�

From the obtained basis G
��� � � � � G
�� one �nds the solutions in all variables
immediately from the independent linear equations G
�� � �� � � � � G
�� � �� In
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the linear case the method of Gr�obner bases works in fact like the Gauss method
 ��!� which variables being eliminated in every step�

Consider now the more complicated model of a catalytic reactor of an ideal mix�
ture 
RIM� in which the reaction proceeds according to mechanism 
������
������
It has the form

N�
A�
�NA� � � 
W� � NA� �R� � ��

N�
B �NB � � 
W	 � W� � NB �R� � �� 
���	��

	W��W��W� � ��

W	�W� � ��

W� � NA�z
� � r��x

�� W	 � r�NBz � r��y�

W� � r�xy� W� � r
NBx� z � �� x� y� R � W��W��W	�

where NA�� NB are the molar parts of the gaseous substances A�� B� x� y are the
surface concentrations of adsorbates� and

�� r��� r��� r�� r
� N
�
A�
� N�

B

are parameters of the model�
Application F� contains the results of a Gr�obner basis calculation for the model


���	�� with parameter values

N�
A�

� ���� N�
B � ��	�� � � r�� � r�� � r� � r
 � ��

Notice that for the chosen ordering the Gr�obner basis contains a linear expression�
relating the concentrations A� and B in the gas� In general case it has the form
 ��
!�

NA� �
NB � p� 	

p
� p �

	�N�
B

��N�
A�

� 
���	��

The degree of the polynomial GB
�� with respect to NA� is equal to �� and the
variables x� y are expressed through NA� in the form of polynomials of degree ��
Of the �� roots of equation GB
�� � � only one 
NA� ������������ has physical
meaning� The corresponding values are NB � ����		����� x � �����
��
�� y �
��������	��� We wish to point out that we could not to solve this example on PC
AT with the package GROEBNER including in the system REDUCE ����

The program allows for models of fairly high dimension� In Application F�� we
give the initial data and computation results for a system of 
 algebraic equation�
which arises when quasichemical approximation is used to describe the elementary
processes on the surface of a catalyst  ���!� The initial system is reduced to a
polynomial G
�� of degree � with respect to unknown PAO� The other unknowns
are expressed through PAO in the form of polynomials of degree �� With the pa�
rameter values indicated in the sentence LET� the equation G

� � � has the fol�
lowing real solutions� PAO�����������	� PAO��������	
	
�	� PAO	����	��	����
PAO
���	�	����� PAO��	��
	���	� PAO����	������� There is a unique PAO so�
lution with a physical sense� and the corresponding values of the other variables
are POO���	���
���� PAA���������
���� PAB����
�
������ PBO������������
PBB�������	���
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We have also considered some examples from  ��!� which uses results from multi�
dimensional complex analysis� Unfortunately we found some mistakes and misprints
in the general examples�

Our experience in applying the method of Gr�obner bases has showed that there
can arise numerical di�culties while working with polynomials with symbolic coef�
�cients� In the process of calculations there occur very unwieldy expressions� which
often contain nontrivial symbolic common factors� Moreover� the algorithm does not
always discern the situations in which a normal form of a S�polynomial vanishes� In
this case hard calculations� needing large computer resources� are carried out� only
to �nally end up with a vanishing S�polynomial� Finally� the initial version of the
algorithm is not well adapted for real arithmetic� Transformation of �oating point
data to exact rational form 
especially in situations with sharply distinct parameter�
leads to unwieldy integer coe�cients which can occupy several lines of display� As
a result the calculations are slowed down and an emergency stop can occur due to
exhaustion of available memory�

A modi�cation of the algorithm allows one to circumvent these di�culties� The
idea is the following� Each time a new polynomial is formed in the process of the
algorithm 
e�g� when S�polynomials and normal forms are being computed� it is
replaced by its own �dummy�� The �dummy� is a polynomial with inde�nite coe��
cients in which all monomials from the basis polynomials are present� For example�
the �dummy� of the polynomial

b�x�y � 
a� b�x�yz � cd

f

is given by

A
��x�y � A
	�x�yz � A
���

The expressions for these inde�nite coe�cients are then accumulated as the
algorithm goes along� In the procedure NF there is a check that next monomial
to be reduced really is contained in the polynomial� To this end the value for the
coe�cient of this monomial is computed for some values of the parameters� In case
these values do not belong to an exceptional set 
the union of a �nite number of
hypersurfaces in the parameter space of the initial system� then the coe�cient being
non�zero for these parameter values means that it also does not vanish in the generic
situation�

The key moment of the modi�cation consist in the following� For the checking we
take not any real values for the coe�cients 
symbolic or numerical� but only integer
or rational values� The best way to obtain these is to use a generator of random
numbers� Having calculated the normal form 
or the S�polynomial� we then check
that its leading coe�cient is not trivial by means of the same substitution� If it
is equal to zero then next coe�cient is considered etc� In this way the algorithms
NF and SP produce either polynomial with nontrivial leading coe�cient or the zero
polynomial� The substitution can be done so that repeated calculations with the
same �dummy� coe�cient are avoided�

The modi�ed algorithm gives as output a basis of polynomials with inde�nite co�
e�cients and recursion formulas for them� By checking the consecutive calculations
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against these formulas we can get the expressions for the true basis polynomials

with symbolic or numerical coe�cients��

Thus� checking 
once� the calculations with 
preferably small� integer or rational
numbers we get expressions with symbolic coe�cients or� using real arithmetic�
expressions with real coe�cients� In order to make sure that the test point� in
which all checks are conducted� does not belong to the exceptional set� we can
perform the calculations with other values of parameters�

Let us consider some examples� The basis for the model 
������ calculated with
the modi�ed algorithm has the form 
for ordering AZ 
T Z 
T WR�

G
�� � 
AZ � AM
�� �� � WR � AM
�� 	� � AM
�� ����AM
�� ���

G
	� � 
Z � AM
�� �� � WR � AM
�� 	� � AM
�� ����AM
�� ���

G
�� � 
WR� �AM
	� �� � WR � AM
	� 	� � AM
	� ����AM
�� ���

The expressions for the coe�cients AM
i� j� are accumulated in the operator
MAK�

MAK
�� �� � b��

MAK
�� 	� � �	�

MAK
�� �� � �b� � b���

MAK
	� �� � 
�b�� � AM
�� ��� � 	b�� � AM
�� �� � AM
�� ���
�
b� � b��� � AM
�� �����AM
�� ����

MAK
	� 	� � 
�AM
�� ��� � 	 � b�� � AM
�� 	� � AM
�� ���
�
	b� � 	b��� �AM
�� �� �AM
�� 	���AM
�� ����

MAK
	� �� � 

b� � b��� �AM
�� 	����AM
�� ����

MAK
�� �� � 
�AM
�� ��� AM
�� ����AM
�� ���

MAK
�� 	� � �AM
�� 	��AM
�� ���

MAK
�� �� � ��

The substitution of the expressions MAK into the operator AM is produced by
the single command

for all i� j let AM
i� j� � MAK
i� j� 
���	
�

When this has been executed one obtains expressions which coincide with those
written above for the same example�

Consider now the case of the kinetic model 
���	� for the three�route adsorption
reaction mechanism 
������ The results of the calculations for this example are
given in Application F��� Using these data and writing the operators b� �� �� b� ��
����� b� �� ����� b�� �� ����� b�� �� ������ b�� �� ����� on �oat� as well as the
operator 
���	
�� we obtain the Gr�obner basis for these values of parameters bi�

�����
��
�� �WR� � ���	���	���
 �WR� � 	�����	���� �WR�

�Z � ��	�	������� � ���� � � 
���	��

���� � AZ � ����	���	� �WR� � ����	����
� �WR��
�����	�

��	 �WR � �����	�	
��� � ���� � ��

�
�

������� �BZ � ���
��	���	 �WR� � 	���
	���� �WR��
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���������
�	 �WR
 � 
��
������� � ��

	���������� �WR
 � 
��	����	�� �WR� � �����	��
 �WR��

���
������
�
 � ���� �WR� ��	�����	�� � ���	 � ��

The solutions of the equations 
���	�� have the form fWR�Z�AZ�BZg�
�� ������
	��	��� ����	��
���� ����	���� � ��
� �����	���
	� ������
���� ����		����� ���	����� � ���	� ��
��
�	��
�� ����������� ���
	�
	��� ������
���� ��	������ � ���	

�� �����
����
�� ���	��	����� ��	������ ������	��� � ���	

The solutions ����� have a physical sense and correspond to three s�s� of the
model�

The considered examples show that the modi�ed algorithm works well both with
symbolic and with real data�

In the case of symbolic data it is necessary in process of substitution to watch
out for any common symbolic factors and to delete them 
for this we can use the
command ON GCP and the function FACTORIZE�� In the case of unwieldy expres�
sions the calculations of the coe�cients AM
i� j� can be carried out step by step in
separate session of the system REDUCE�

On the other hand� our experience from working with the method of Gr�obner
bases has shown that in spite of its generality it is probably not the best elimination
method for systems of algebraic equations with symbolic parameters� The best way
is to make use of the speci�c character of system� which is exactly what we shall do
in the case considered below�

�	� The construction of the resultant

����� SYSTEMS OF TYPE 
��	��

In Sec� � 
Corollary ���� we considered the following system of equations

fj
z� � z
kj
j � Qj
z� � �� j � �� � � � � n� 
�����

where z � 
z�� � � � � zn� � Cn and Qj
z� are polynomials whose degrees are strictly
less than kj� j � �� � � � � n�

If R
z� is an arbitrary polynomial of degree K� then the formula 
���� for �nding
the power sum SR of the polynomial R is valid�

SR �
LP
l��

R
z�l�� �

�M

�
R' z�			zn

z
k�
� 			zknn

KP
jj�jj��


���jj�jj
�
Q�

z
k�
�

���
� � �

�
Qn

zknn

��n�
� 
���	�

where � � 
��� � � � � �n� multi�index of length jj�jj � ���� � ���n� ' is the Jacobian
of system 
������ M is the linear functional assigning to a Laurent polynomial its
constant term� and z�l� are the roots of system 
������ l � �� 	� � � � � L � k� � � �kn�

Consecutively choosing for R
z� in 
���	� the polynomials z�� z
�
� � � � � � z

L
� � we

obtain the power sums of the �rst coordinates of the roots z�l�� Then� by the Newton
formulas we can construct a one�variable polynomial in z�� whose roots are the �rst
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coordinates of the roots z�l� 
see Sec� ��� This polynomial is the resultant of system

����� in the �rst coordinate�

Consider now the more complicated system of equations 
see Theorem ��	�

fj
z� � z
kj
j �

j��X
k��

zk�jk
z� � Qj
z� � �� j � �� � � � � n� 
�����

where �jk are homogeneous polynomials of degree kj � � and Qj are the same as in
system 
������

The formula 
���	� for the calculation of power sums remains the same but of

Qj have to be replaced by the polynomials Rj � fj � z
kj
j � and the set of indeces


over which summation in 
���	� is performed� is substantially extended� Indeed� if
the degree of polynomial R in zj is equal to mj and the total degree of R is K� then
the summation in 
���	� is performed over all indeces � from the parallelepiped

� � f� � 
��� � � � � �n� � � � �� � K� � � �� � k�
jjmjj� ���m� �
	� � � � � � � �j � k� � � �kj��
jjmjj� ��� k� � � �kj��
m� � ���

k� � � �kj��
m� � ��� � � � � kj��
mj�� � ��� 
mj�� � ��� j � �� � � � � ng�
jjmjj � m� � � � �� mn


see Theorem ��	��
The calculations of power sums will be substantially simpli�ed by considering


����� and 
����� as systems with parameters� For example� in system 
����� we
isolate the last equation and view the remaining equations as equations of 
n � ��
variables� with zn as parameter� As the polynomial R we take the polynomial fn
in the last equation in 
����� with respect to the variables z�� � � � � zn��� Applying
formula 
���	� for the polynomials

R� R�� � � � � Rk�			kn��

we get the expressions for S�
zn�� � � � � Sk�			kn��
zn�� Using the Newton formulas 
	���
we then evaluate the resultant� More precisely� these expressions are considered as
power sums of the roots of a polynomial in w� with zn as parameter �

,
w� � wk�			kn�� � G�w
k�			kn���� � � � � � Gk�			kn�� �

For �nding the coe�cients Gj � Gj
zn� we can use the Newton formulas

jGj � �Sj � Sj��G� � � � �� S�Gj��� j � �� � � � � k� � � �kn��� 
�����

Then desired resultant will then be equal to Gk�			kn���
Now we describe the contents of a MAPLE procedure which calculates the resultant

of system 
����� using formula 
���	� 
see Appl� F�� and  ��� ��� ��� �
� ���!��
At the beginning of the procedure the dimension n of the system is introduced from
the input �le inp� � The program then creates four arrays z� k� f and q for storage
of the variables z �!� z 	!� � � � � z n!� the degrees of the system k �!� k 	!� � � � � k n!� the
equations of the system 
�����

f  �! � �� f  	! � �� � � � � f  n! � ��

and the polynomials q �!� q 	!� � � � � q n! respectively�
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The values of the elements in array k are introduced from the input �le inp��
Then we can write the equations of system 
����� in the general form

f  j! � z j!k�j��

�

k�j���X
k���

k�j����k�X
k���

� � �

k�j����k��			�kn��X
kn��

c
j� k�� k�� � � � � kn�z �!k�z 	!k� � � � z n!kn �

j � �� � � � � n�

Since the number of variables z j! and also the number of indeces of the co�
e�cients c
j� k�� � � � � kn�� depends on n� the operator giving f  j!� j � �� � � � � n� is
generated in a work �le forout� beforehand� Note that in the course of the entire
program the elements of the array z as well as the variables c
j� k�� � � � � kn� will be
free� i�e�their values will be their names�

The elements of the array q are calculated by the formula

q j! � f  j!� z j!k�j�� j � �� � � � � n�

With the help of the standard MAPLE procedures det and jacobian we compute the
Jacobian jkob of the system�

After evaluating the degree

m � k �!� k 	!� � � � � k n!

of the desired resultant we produce an array p of dimension m for storage of the
degrees of a certain polynomial for which the power sums are calculated by formula

���	�� The polynomial p �! is introduced from the input �le inp� and its degree kp
is evaluated by the standard MAPLE procedure degree�

Since the power sum sp k! of the roots of a system with respect to a general
polynomial

p k! �

kp
kX
k���

kp
k�k�X
k���

� � �

kp
k�k��			�knX
kn��

al
k� k�� k�� � � � � kn���z �!k�z 	!k� � � � z n!kn �

k � �� � � � � m�

is given by

sp k! �

kp
kX
k���

kp
k�k�X
k���

� � �

kp
k�k��			�knX
kn��

al
k� k�� k�� � � � � kn���s
k�� k�� � � � � kn��

k � �� � � � � m�

where s
k�� k�� � � � � kn� is the power sum of the monomial

z �!k�z 	!k� � � � z n!kn �

it follows that in order to calculate sp k! it is su�cient to evaluate the power
sums of the corresponding monomials and the coe�cients of these monomials in
the polynomial p k!� It is clear that k�� k�� � � � � kn cannot take values outside the
interval  �� m � kp!� In order to avoid repeated calculations of the power sums
s
k�� k�� � � � � kn��� which can occur during the work with di�erent elements of the
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array p� we propose the following procedure� All power sums s
k�� k�� � � � � kn�� with
� � ki � m � kp� i � �� � � � � n� are assigned the value no� After the calculation of
the �rst s
k�� k�� � � � � kn�� for some k�� k�� � � � � kn� its value becomes di�erent from
no� Thus� if it is later on required to evaluate s
k�� k�� � � � � kn�� then to avoid any
repeated calculations it is su�cient to compare the value s
k�� k�� � � � � kn� with no�
The calculation of the power sum is executed if and only if its value is equal to no�

The calculation of s
k�� k�� � � � � kn� will be performed by the following algorithm�
We �nd the power sums of the monomials

z �!k�z 	!k� � � � z n!kn �

with � � ki � k i! � �� i � �� � � � � n� by formula 
���	�� For computing power sums
with some ki � k i!� we �rst reduce the degree of the monomials by writing the
system 
����� in the form

�z j!k�j� �
k�j���P
k���

k�j����k�P
k���

� � �
k�j����k��			�kn��P

kn��

c
j� k�� k�� � � � � kn�z �!k�z 	!k� � � � z n!kn � 
�����

j � �� � � � � n�

Now� if k� � k �! in the monomial

z �!k�z 	!k� � � � z n!kn �

then we write
z �!k� � z �!k���z �!k��k���

and replace z �!k��� by the right hand side of formula 
������ Then given monomial is
represented as linear combination of monomials with smaller degrees� For obtained
monomials we repeat the same procedure by all variables using again formula 
������
In this way the power sums of any monomials is represented as a linear combination
of s
k�� k�� � � � � kn�� for which � � ki � k i!� �� i � �� � � � � n�

To realize the above we create a procedure pc with an arbitrary number of
parameters args i! whose valuer will be the coe�cient in the polynomial args �! of
the monomial

z �!args���z 	!args��� � � � z n!args�n����

For the calculation of the coe�cients in a polynomial we use the MAPLE procedure
coeff� It should be noted that for the procedure coeff to work properly the terms
in the polynomial must be ordered beforehand by the MAPLE procedure collect�

The operator that assigns the initial value no to the power sums s
k�� k�� � � � � kn�
with

� � k� � m� kp� � � k� � m� kp� � � � � � � kn � m� kp�

is generated beforehand in the work �le forout�� In that work �le the operators
evaluating s
k�� k�� � � � � kn� for � � ki � k i!� �� i � �� � � � � n� are also generated�

The speci�c character of the MAPLE operators seq and sum requires that the
parameters and elements of a sequence and a sum free variables� To this end it is
necessary to set free the needed variables by using the MAPLE procedure evaln�

For the computation of s
k�� k�� � � � � kn� in the case of arbitrary ki� i � �� � � � � n�
we generate in the work �le forout� a recursive function ss
k�� k�� � � � � kn�� whose
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value is equal to s
k�� k�� � � � � kn� if ki � k i! for all i � �� � � � � n or s
k�� k�� � � � � kn� ��
no or�

�
k�j���X
a���

k�j����a�X
a���

� � �

k�j����a��			�an��X
an��

c
j� a�� a�� � � � � an��

�ss
a� � k�� � � � � aj�� � kj��� aj � kj � k j!� aj�� � kj��� � � � � an � kn��

if some kj � k j!� j � �� � � � � n�
For storage of the power sums with respect to the polynomials p i!� i � �� � � � � m�

and also of the coe�cients of the resultant� two arrays sp and g of dimension m are
created�

The operators that evaluate the elements of the array sp is generated in the work
�le forout
� The calculation of the coe�cients g i!� 
i � �� � � � � m� of the resultant
is produced by Newton formulas 
������ The auxiliary arrays timesp and timeg are
destined for storage of the time of calculation of corresponding values� To this end
it is used the MAPLE procedure time� The results of the calculations are dropped in
the �le forg�

The MAPLE program for determining the resultant of the more complicated system

����� 
see Appl�F��� di�ers from the previous one in three principal positions�

In the �rst place� in the work �le forout� the operator giving the equations of
system 
����� is generated by the following formula

f  j! � z j!k�j� �

k�j���X
k���

k�j����k�X
k���

� � �

k�j����k��			�kn��X
kn��

c
j� k�� � � � � kn�z �!k� � � � z n!kn�

j��X
l��

z l!

k�j���X
k���

k�j����k�X
k���

� � �

k�j����k��			�kn��X
kn����

a
l� j� k�� � � � � kn��� k j!���k��� � ��kn����

�z �!k� � � � z n� �!kn��z n!k�j����k��			�kn��� j � �� � � � � n�

Secondly� the operator generated in work �le forout� and intended for calcula�
tion of s
k�� k�� � � � � kn� for � � ki � k i! � �� i � �� � � � � n� produces a summation
by every index ki from � up to some value gr i!� which is given by the formula

gr �! � k� � k� � � � �� kn�

gr i � �! � 
gr i! � ��k i!� 
ki � ��� �� i � �� � � � � n� ��

and is stored in the array gr of dimension n�
Thirdly� the function ss
k�� k� � � � � kn� generated in work �le forout� is calcu�

lated by the formula

ss
k�� k� � � � � kn� � �
k�j���X
a���

k�j����a�X
a���

� � �

k�j����a��			�an��X
an��

c
j� a�� a�� � � � � an��

�ss
a� � k�� � � � � aj�� � kj��� aj � kj � k j!� aj�� � kj��� � � � � an � kn��
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�
j��X
i��

k�j���X
a���

k�j����a�X
a���

� � �

k�j����a��			�an��X
an����

a
j� i� a�� � � � � an��� k j!���a��� � ��an����

�ss
a� � k�� � � � � ai�� � ki��� ai � ki � �� ai�� � ki��� � � � � aj�� � kj��� aj � kj � k j!�

aj�� � kj��� � � � � an�� � kn��� k j!� �� a� � � � � � an�� � kn��

if some kj � k j!� j � �� � � � � n� � or

ss
k�� k� � � � � kn� � �
k�n���X
a���

k�n����a�X
a���

� � �

k�n����a��			�an��X
an��

c
n� a�� a�� � � � � an��

�ss
a� � k�� � � � � an�� � kn��� an � kn � k n!��

�
n��X
i��

k�n���X
a���

k�n����a�X
a���

� � �

k�n����a��			�an��X
an����

a
n� i� a�� � � � � an��� k n!���a��� � ��an����

ss
a��k�� � � � � ai���ki��� ai�ki��� ai���ki��� � � � � an���kn��� kn���a��� � ��an����
if kn � k n!�

As we saw before the calculations of power sums� and hence of the resultant
of system 
������ can be substantially simpli�ed by considering the system as a
system with parameter� Let us describe the di�erences in the MAPLE program for
this method 
see Appl� F�
� compared with the �rst program� The method consists
in considering the �rst n�� equations of the system as equations with respect to the
variables z �!� � � � � � z n��!� while the variable z n! is considered as a parameter� The
last equation of the system� which also depends on z �!� � � � � z n��! and contains the
parameter z n!� is selected as the polynomial with respect to which we calculate the
power sums� Therefore� after input of the value n from the �le inp� and creation of
the arrays z� k� f and q� the value n is decreased by �� The operator generated in the
work �le forout� sets 
n��� equations with respect to the variables z �!� � � � � z n!
by formula 
������ In contrast to program F��� where a polynomial is introduced
from the input �le inp�� here it is calculated by the formula

p �! � f  n � �!� z n � �!k�n����

The evaluations of power sums and also of the coe�cients of the resultant of the
intermediate system are carried out as the correspondent calculations of the program
F��� It is known the resultant of system 
����� will be the constant term of the
resultant of the intermediate system� and in the �nal step it is necessary to replace
the coe�cients of the auxiliary system and the polynomial p �! by the coe�cients
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of the basic system� To this end a work �le change is generated containing the
operators

c
i� k�� k�� � � � � kn� �

k�i����k��			�knX
j��

c
i� k�� � � � � kn� j�z n � �!j

for all i � �� � � � � n � �� k� � �� � � � � k i! � �� k� � �� � � � � k i! � � � k�� � � � � kn �
�� � � � � k i! � � � k� � � � � � kn��� In case i � n � � and k� � k� � � � �� kn � � the
obtained value of c
i� k�� � � � � kn� should be increased by

z n � �!k�n����

By an analogous method we can substantially simplify the calculation of the
resultant of system 
������ considering it as a system with parameter 
see Appl�
F�	�� The di�erences described above between the programs for solving the same
system by the two di�erent methods take place also in this case� The replacement
of the coe�cients of the auxiliary system and the polynomial p �! by the coe�cients
of the basic system is now provided by the following formulas

c
i� k�� k�� � � � � kn� �

k�i����k��			�knX
j��

c
i� k�� � � � � kn� j�z n � �!j�

�
X

��j�i��

kj��

k�i��k��			�kn��

a
i� j� k�� � � � � kn� k i!� k� � � � � � kn�z n � �!k�i��k��			�kn �

i � �� � � � � n � �� k� � �� � � � � k i!� �� k� � �� � � � � k i!� �� k�� � � � �

kn � �� � � � � k i!� �� k� � � � � � kn���

a
i� j� k�� � � � � kn��� k i!� �� k� � � � � � kn��� �

� a
i� j� k�� � � � � kn��� k i!� �� k� � � � � � kn��� ���

n 
 �� i � 	� � � � � n � �� j � �� � � � � i� �� k� � �� � � � � k i!� ��

k� � �� � � � � k i!� �� k�� � � � � kn � �� � � � � k i!� �� k� � � � � � kn���

a
	� �� k i!� �� � a
	� �� k i!� �� ��� n � ��

In the case i � n�� and k� �k� � � � ��kn � � the obtained value c
i� k�� � � � � kn�
should again be increased by

z n � �!k�n����

An analysis of concrete examples shows that in general form the obtaining resul�
tant is unwieldy expression� but its coe�cients at small degrees 
e�g� the constant
term� is usually completely manageable� For example� we considered the system

����� of degrees ����	 and the resultant in this case has a size of more than � Mbt�

To conclude this section we present some examples�
Consider the system

f� � z�� � A�z
�
� � B�z�z� � C�z

�
� � D�z� � E�z� � F� � ��

f� � z�� � A�z
�
� � B�z�z� � C�z

�
� � D�z� � E�z� � F� � ��
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Setting R � z� we �nd that the resultant in the variable z� has the form

RES � G�z
�
� � G�z

�
� � ��� � G�z� � G��

The coe�cients G�� G� and G� of the resultant are equal to

G� � ���

G� � �A��

G� � C�
�C�F

�
� � 	C�C

�
�F�F� � C�C�E�E�F� � C�C�E

�
�F� �

C�E�F
�
� � C�

�F
�
� � C�

�E
�
�F� � C�

�E�E�F� �
	C�E�F

�
� � �C�E�F�F� � E�E

�
�F� � E�

�F� � F �
� �

This entire example can be found in Appl� F�
�
Consider now the system

f� � z�� � A�z� � B�z� � C� � ��

f� � z�� � A�z� � B�z� � C� � ��

f� � Az�z� � Bz� � Cz� � D � ��

whose coe�cients are polynomials in z� of arbitrary degree�
We take f� as a polynomial R� If

,
w� � w
 � G�w
� � G�w

� � G�w � G


than

G� � ��A�B�A� B�A�A � 	B�C � 	A�B � �D�

G� � �A�
�B

�
�A

� � A�B�A�B�A
� � A�B�B�AC � A�A

�
�A

� � 	A�A
�
�AC �

A�A�B�AB � �A�A�C�A
� � A�A�C

� � �A�B�AD � �A�B�BC �
�A�C�AC � B�

�B�A
� �B�

�A�AC � 	B�
�B�AB � B�

�C�A
� �

B�
�C

� � �B�C�B�A
� � B�A

�
�AB � �B�A�AD � �B�A�BC �

B�B�B
� � 	B�C�AB � 
B�CD � C�A

�
�A

� � 	C�A�AC �
�C�B�AB � 	C�C�A

� � 	C�C
� � A�

�B
� � 
A�BD � 	C�B

� � 
D��

The coe�cients G� and G
 are also easily written but they are more complicated�
Now replacing the coe�cients A�B�C�D in G
 by the polynomials in z�� we get

the desired resultant in the variable z��
More general examples are considered in Appl� F�� and F���
Finally� in Application F�
 we consider the following example

x
 � axy� � bz� � � � ��

y
 � dyz� � cx� � � � ��

z
 � ex� � fxz� � � � ��

The resultant of this system in the variable x is about ��� Kbt� and therefore
we provide it in arj�form�
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���	� KINETIC POLYNOMIALS� RESULTANTS AND GR �OBNER BASES

In Sec� �� we considered the construction of the kinetic polynomial for single
route catalytic reaction mechanism� It is given by the resultant of the nonlinear
algebraic system

b�z
�� � b��z

�� � ��w�
� � �

bnz
�n � b�nz

�n � �nw�
z� � � � � � zn � �


���
�

in the variable w 
stationary reaction rate�� Here

�j �


�j�� � � � � �

j
n

�
� �j �



�j�� � � � � �

j
n

�
are multi�indeces� j � �� � � � � n� the integers �ij� �

j
i are stoichiometric coe�cients of

the i�th intermediate in the j�th reaction of the single�route mechanism
nX
i��

�jiZi �

nX
i��

�jiZi� j � �� � � � � n� 
�����

z�
j

� z
�j�
� � � � z�

j
n

n � z�� � � � � zn

are concentrations of intermediates� and 	 � 
��� � � � � �n� is the vector of stoichio�
metric numbers having the propertyX

�i
�
j � �j� � ��

The condition of conservation of active centers implies the relation

jj�jjj � �j� � � � �� �jn � jj�jjj � rj�

The assumption of single�route mechanism implies that the rank of the matrix

� �



�jk � �jk

��n
k�j��

is equal to n��� Then we have �j � 'j�t� where 'j are the cofactor of the element
�jn � �jn of the matrix �� and t is the greatest common divisor� The theory� its
physical and chemical sense and applications are explained in  ���!� We mention
only that it gives a thermodynamically correct description of a complex reaction�
This follows from the fact that its constant term B� always contains the factor

CYC � b��� � � � b�nn � b���� � � � b
�n
�n

which in  �
�! is called the cycle characteristic�
In this section� on the basis of the results of Sec� ��� we describe a procedure for

calculating the coe�cients of the kinetic polynomial� which is carried out by means
of computer algebra� As in Sec� �� we assume that the system 
���
� has no roots
for w � � 
for almost all values b�i�� if �� �� �� � � � � �n �� �� that the system 
���
�
contains no boundary values 
so that zi �� � for all i��

The kinetic polynomial has the form

B� � B�w � � � � � BNw
N � 
�����
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All its roots correspond to solutions of the system 
���
�� The coe�cients Bi

can be calculated by the recursion formulas 
see Lemma ���� and also  ��� ���!�

Bk �
�

k�

nX
j��

Bk�jdj

j � ���

� � � k � N� 
�����

The values dk are logarithmic derivatives of the resultant of system 
���
� in variable
w�

dk �
dk lnR
w�

dwk

����
w��

�

where

R
w� �
M�Y
j��

�
b�z

��

�j�
w�� b��z
��

�j�
w�� ��w
�
�

and z�j�
w� are the roots of the subsystem obtained from 
���
� for �xed w by delet�
ing the �rst equation� M� is the number of solutions of this system counted with
multiplicities 
see Sec� ���� In  ��� ���� ���! formulas expressing dk through solu�
tions of subsystems for w � � 
balanced subsystems� were obtained� But for com�
puter realizations it is more convenient to use the expressions which were obtained
with the transformation formula for the Grothendieck residue� i�e� the expressions
of the form  ��� 	
! 
see Theorem ���
�

ds �
nX
l��

X
jj�jj�s�

���


��l�����

�l��


���n�l��
s�

��
	�

X
j��


 �js����

Cj�


js��M Q
z�!� 
������

where

Q
z� �

z� � � � � � zn�rl�l�


�rn�n�� detAaj�l � � � ajs��nJl

zL��
j�

� � � zL��
js��

zL� � � � z
L
n

�

� � 
��� � � � � �l� � � � � �n�� �� � ��� � � � �n�� 	� � ���� � � � ��nn �

Cj�


js�� � ��� � � � �n�

if the sequence j�� � � � � js�� contains �� ones� �� twos etc�
In the formula 
������ Jl is the Jacobian of the l�th subsystem obtained from


���
� by deletion of the l�th equation� The key moment in the application of formula

������ is the calculation of the matrix

A � 
ajk
z��nj�k���

where the homogeneous coordinates ajk
z�� j� k � �� � � � � n� satisfy the linear rela�
tions

zL��
j �

nX
k��

ajk
z�wk
z�� j � �� � � � � n� 
������

with the degree L being chosen not to exceed of the value r� � � � �� rn � n� and

wk
z� � bkz
�k � b�kz

�k �
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Such a sequence of polynomials ajk exists by Hilbert Nullstellensatz  ���!� The
operator M in formula 
������ assigns to the Laurent polynomial Q
z� its constant
term� i�e� it �nds in the numerator of Q
z� the coe�cients at the monomial standing
in denominator of Q
z��

The algorithm for calculating the kinetic polynomial consists of the following
steps� �� The calculation of the matrix A� 	� the calculation of ds by the formulas

������� �� the calculation Bk from 
������

The general method of determination of the matrix A is the method of inde�nite
coe�cients� which reduces to some system 
as a rule� sub�de�nite� of linear equations
in the coe�cients of the polynomials ajk
z�� It was used in the examples in Sec� ��

see also  ��� ���!�� where explicit expressions of ajk
z� for systems of special form
are contained�

But a more rapid and convenient method for generating the ajk
z� is the method
of a Gr�obner basis� In  ��! it is shown that a linear representation of the polynomials
of a Gr�obner basis can be found through the polynomials fj of the initial basis F

and conversely��

Suppose such a representation

gi �
lX

j��

fjXji� i � �� � � � � m� 
����	�

has been found� Now we can solve the following problem 
see  ��!�� Find h�� � � � � hm
such that

f � h�g� � � � � � hmgm� 
������

by the given Gr�obner basis G � fg�� � � � � gmg and some polynomial f � Ideal
F ��
In view of 
����	� we then get

f � h�

�
lX

j��

fjXj�

�
� � � � � hm

�
lX

j��

fjXjm

�
�

lX
j��

�
mX
i��

hiXij

�
fj� 
������

Thus we obtained a solution to the problem of �nding the representation 
�������
For this we should take f � zL��

j in 
����	� and the initial basis

F � fw�
z�� � � � � wn
z�g� G � GB
F ��

Then the elements ajk
z� of the matrix A can be found as the coe�cients of fj in
the representation 
������� The algorithm for calculating the matrix A in 
������
has the form�

�� The calculation of a Gr�obner basis for the system

w�
z� � �� � � � � wn
z� � ��

In addition to the computation of the coe�cients Xji in the representation 
����	�
we must include an algorithm which write memorizes the factors of the polynomi�
als wk
z� which are used when reducing these polynomials to normal forms which
constitute the basis G in the reduction process  ��!�

	� The reduction of the monomials zL��
j � j � �� � � � � n� to zero modulo

G � GB
w�
z�� � � � � wn
z���
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In this reduction process we must sum the occurring factors of the polynomials gi�
The accumulated sums gives the values of the coe�cients hi in the representation

�������

�� The calculation of ajk
z� by the formula

ajk
z� �
mX
i��

h
�k�
i Xji� 
������

In this way the Gr�obner basis allows us to �nd the representation 
�������

����� A PROGRAM FOR CALCULATING THE KINETIC POLYNOMIAL

The program consists of two parts� �� The calculation of the representation

������� 	� the calculation of the coe�cients of the kinetic polynomial by formulas

������ 
�������

The �rst part is contained in Application F	� Let us comment on the addition
to the algorithm which is needed to calculate the representation 
������ 
see Ap�
plication F���� The sets R� P� G 
see Sec� ���	� ����� we associate along with the
operators RB� GB� PB the new operators RF� GF� PF� The values of the latter are
the coe�cients in the representation of the polynomials from the sets R� G� P in
terms of the polynomials of the initial basis F � for example

R
j� � RF
j� �� � F 
�� � � � �� RF
j�NFO� � F 
NFO��

j � �� � � � � NR� For every change of the sets R� G� P the sets RF� GF� PF are
changed accordingly� When entering the algorithm we have RF
i� j� � �ij 
�ij is
the Kronecker symbol�� Into the procedure NF� which realizes the normal form
algorithm� we introduce� in addition� the two operators NF and AFNF� The values
of HR
i� are the coe�cients in the representation of the reduced polynomial in terms
of polynomials of the initial basis� The values of AFNF
i� j� are the coe�cients of the
i�th polynomial modulo which the reduction is being performed� In the process of
calculating the normal form the values of the operator HR are changed in the text of
the program by means of the sentence HR
JNO���HR
JNO��BU�AFNF
L�JNO��
The operator HR is used for the same purpose in the procedure SP� After the
calculation of the Gr�obner basis there is a print�out of the polynomials entering
in this basis� and also of the values of the operator GF 
i�e� the coe�cients of the
Gr�obner basis through polynomials of the initial basis��

The reduction of zL��
j modulo the Gr�obner basis is carried out by the procedure

NF�� It di�ers from procedure NF by the presence of the operator HR�� whose values
are the coe�cients hi 
see 
�������� which get accumulated during the reduction
process � This is realized by the operator

HR�
L� �� HR�
L� � BU�

After execution of procedure NF� the values of the operator HR� are printed� If
the result of the reduction is equal to zero� then the elements of the matrix A
are calculated according to formula 
������� If this is not the case 
which may be
due to a mistake in the input data� or because the algorithm has been applied to
a system non satisfying the conditions under which formula 
������ was obtained�
then a diagnostic report gets printed out� The calculated matrix A is put into the
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�le �kp�out� in a form which allows it to be used as initial data for the second part
of the algorithm�

We now brie�y describe the second part of the program� which is contained in
Application F��� The procedure GENAL generates the indices � in formula 
������
for given integer values S� L� N 
here S � � is the index of the coe�cients of the
kinetic polynomial to be computed� L � �� � � � � n is the index l in 
������� and N
is the dimension of the problem�� The indices � have the properties�

nX
i��

�i � S� ��� � � � � �l�� � �� �l 
 ��

They are the values of the operator

ALF
j� i� 
j � �� � � � � NAL� i � �� � � � � N��

Having calculated the values ALF
j� i� 
they are built up in the form of a tree� the
program goes on to compute the values of the operator KAL
j� i� 
i�e� the values of
the column indices l� � � � � n of the quantities

aj�l� � � � � ajs��n

in formula 
�������� From the deduction of 
������� contained in  	
!� it follows that
these indices are uniquely correspond to collections of indices � according to the
following rule�


��� � � � � �n� �� 
l� � � � � l !z "�
�l�� times


l � ��� � � � � 
l � �� !z "�
�l�� times

� � � � n� � � � � n !z "
�n times

��

The procedure GENJ�S 
N� S� generates the collections of indices j�� � � � � js��

the operator JI� and the corresponding coe�cients

Cj�


js��

in 
������ 
the operators CJ�JS��
The procedure CPM
nmul� is an implementation of the operator

M Q
z�!

in formula 
������ i�e� it calculates the coe�cients of the monomial

zL��
j�

� � � zL��
js��

zL� � � � z
L
n

in the numerator of the expression Q
z�� We have considered two algorithms for
calculating M Q
z�!� The �rst one resembles a chain process� It starts with an
initiation� In the �rst factor of the numerator of Q
z� those monomials which divide
the denominator of Q
z� get memorized� Then the second factor of the numerator
of Q
z� is considered� Here it is those monomials� whose products with previously
memorized monomials divide the denominator� that get singled out� This is iterated
up to the 
nmul����th factor� In this way �competing� chains are constructed� At
the last step it is checked� for all chains and for all monomials of the last 
nmul�th�
factor of the numerator of Q
z�� that the product of powers of zj from the chain with
the monomial gives the denominator of Q
z�� As a result one obtains a family of
chains� for which the corresponding sum of products of coe�cients is computed by
means of the procedure CPM� However� this method is close to the calculation �by



��	 CHAPTER ��

hand� of 
������� which turned out not to be e�ective for realization in the system
REDUCE� This is due to large dimensions of cofactors and of required memory
volume for storage of intermediate results�

Therefore a simpler and more e�ective algorithm has been suggested� which
essentially is based on the possibilities of the command LET� It consists in the
following� Step by step one picks out those terms in which the degree of zj is equal
to the degree of Zj in the denominator of Q
z� 
these degrees are written in the
operator �degmon��� At each step it is essential to generate the sentences

LET zj � � degmon
j� � � � �

which guarantees the elimination of all terms in which the degree of zj is greater
than degmon
j�� This signi�cantly shortens the expressions� To generate the com�
mands LET and the corresponding sentences CLEAR the external �les �cpm�out�
and �cpm��out� are used�

The main program begins with the input of initial data� written in �le �kp�inp��
and collecting the matrix A from �le �kp�inp�� Further� the determinant of A 
DE�
TA� and the Jacobians of the subsystems 
JAL
L�� are computed� and by formula

������ the values d are formed� 
The number of coe�cients SMAX to be calculated
is given in the input data�� When performing the calculations we notice that in
the output of the algorithm CPM there will usually be a power of the power of
expressions

CYC � b��� � � � b�nn � b���� � � � b
�n
�n

occurring as a common factor of the numerator and the denominator� Instead of
using the expensive command ON GCD� we apply the LET command generated in
within the program to make suitable substitutions which automatically delete the
factor CYC during the calculation� When the coe�cients of the kinetic polynomial
have been computed� an inverse substitution is performed and the resulting output
is given in terms of the parameters bi� b�i�

Let us consider the examples� The calculation of the matrix A for the model
corresponding to the parallel three�stage adsorption mechanism 
����� is carried out
by the program� in the case of ordering Z 
T AZ 
T BZ� as follows� The main
algorithm forms the set R� R
i� � fi� where

f� � �BR�/AZ� � Z� � B��

f� � Z � B	� BZ � BR	�

f� � BZ � B� � AZ� Z� � BR��

and addresses the procedure REDALL� which �rst inserts f� in the set P � P 
�� �
f�� After an unsuccessful attempt to reduce the polynomial f� modulo P 
�� the
algorithm discovers that the polynomial P 
�� can be reduced modulo f�� and the
polynomial P 
�� is inserted in the set P� 
see Sec� ���	� ������ Therefore the new
sets R� P have the form�

R
�� � f�� R
	� � f�� P 
�� � f��

Reduction of R
	� modulo P 
�� now leads to the polynomial

f
 �
BZ �B� � 
B	�� � AZ �BZ� �BR� � 
BR	��


B	��
�
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which is inserted in the set P � P 
	� � f
� The remaining polynomial R
�� � f�
is then reduced modulo P 
�� � f� and P 
	� � f
� and as a result we obtain the
polynomial

f	 �
�BR� � 
B	�� � AZ� � BZ� � 
BR	�� �B�


B	��
�

which is inserted in the set P � P 
�� � f	� The algorithm REDALL thereby
completed� The algorithm NEWBAS then starts working and forms the set G �

G
�� � f�� G
	� � f
� G
�� � f	�� as well as the set of pairs B � 
��	�� 
����� 
	����
The main algorithm chooses the pair 
	���� with the corresponding S�polynomial

f
 �
�BZ� �BR� � 
BR	�� �BR� � AZ � BZ� � 
BR	�� �B� �B�

BR� � 
B	��
�

The normal form of f
 modulo G is

f� �
BZ� � 
BR	�� �B�� � 
B	�� �B�� BZ� � 
BR��� � 
BR	�
 �BR�

BR� �B� � 
B	�

�

Since the set R is empty� the procedure REDALL does not come into play and the
procedure NEWBAS forms the set G 
G �� G � P �� including the polynomials

G
�� � f�� G
	� � f
� G
�� � f	� G
�� � f��

and the set of pairs B�


�� 	�� 
�� ��� 
�� ��� 
	� ��� 
�� ���

The main algorithm now chooses the pair 
	��� whose S�polynomial is given by

f� � �BZ

 �BR� � 
BR	��


B	��
�

But since the normal form of f� modulo G is equal to zero the basis remains the
same� The remaining pairs� chosen by the algorithm in the order 
����� 
����� 
��	��

���� do not �pass� by Criterion 	� At this place the calculation of the Gr�obner basis
therefore terminates� Next the monomials Z�� AZ�� BZ� are reduced to zero modulo
G� which allows us to compute the coe�cients HR
i� in the linear representation

������ of them in terms of the Gr�obner basis polynomials� and by formula 
������
the elements AA
i� j� of the matrix A are calculated 
see Application F���� It should
be noted that the entries in the matrix A are not uniquely de�ned� When using the
Gr�obner basis method the form of A depends on the chosen ordering� For example�
if we use the ordering

BZ 
T Z 
T AZ

we get the following elements in the matrix A�
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AA
���� � 
B		�B���Z��
B��B	��B���BR	��BR��BR		�BR����
AA
��	� � 
AZ��B	
�B���BR��AZ�B	��B��BR��BR	�BR��Z�

�B��B	
�B���Z��B��B	��B���BR	�BZ�Z�
�B��B	��B���BR	��BZ� �B	��BR��BR	��BR���Z��
�B	�BR��BR	��BR���BZ�Z �BR��BR	
�BR���BZ���
�
B��B	��B���BR	��BR��BR		�BR����

AA
���� � 
AZ�B	
�B��BR��B	��BR��BR	�BR��Z��
�
B��B	��B���BR	��BR��BR	
�BR���

AA
	��� � 
B	��B���Z��
B��B	��B���BR��BR	��BR����
AA
	�	� � 
AZ��B	�B���BR��AZ�B��BR��BR	�BR��Z��

�
B��B	��B���BR��BR	��BR����
AA
	��� � 
AZ�B	�B���BR��BR	�BR��BR	��BR��Z��

�
B��B	��B���BR��BR	��BR����
AA
���� � 
�AZ�B��B	��B���AZ�BR��BR	��BR���

B��B	�B��BR	�BR��Z��
B��B	��B���BR��BR���BR	��BR����
AA
��	� � 
AZ��B��B��BR��BR	�BR��AZ�B���B	�B���Z��

�
�BR���BR	��BR���B��B	��B���BR���
AA
���� � 
AZ�B��BR��BR	��BR��B���B	�B��BR	�Z��

�
B��B	��B���BR��BR���BR	��BR����

The second part of the program calculates the determinant of the matrix A� the
Jacobians of the subsystems� the quantities dI� and coe�cients of the kinetic polyno�
mial� For the given example only the �rst two coe�cients KINPOL
��� KINPOL
	�
of the kinetic polynomial are computed�

Application F�� contains the input data and the computation of the kinetic poly�
nomial for the nonlinear shock mechanism 
������� see Example ����� The resulting
expressions are identical to the formulas for the coe�cients of the polynomials f	�
which were obtained in ���� by means of Gr�obner bases to the full model 
������� In
this example it was given that SMAX � �� But f	 is a second degree polynomial�
Hence the program gives the output KINPOL
�����

An example of the reaction mechanism 
���	�� is contained in Application F���
A special feature of this example is the fact that the quantity

CYC � b�b� � b��b��

is contained in free form in the second degree� and it is a factor of the �rst coe�cient�
This is re�ected in the expressions KINPOL
��� KINPOL
	� and the identical

coe�cients of the polynomial GB
�� from Application F
� In the general case the
algorithm automatically detects the appearance of powers of CYC in the coe�cients
of the polynomial� The results obtained for three�stage linear mechanism 
���	��

Application F��� correspond to the formulas for the general case of a n�stage mech�
anism 
see Example ���	�� For instance� the inverse matrix

A�� �

�� b� �b�� �
� b� �b��

�b�� � b�

�A



COMPUTER REALIZATIONS ���

corresponds to the matrix

A �
�

CYC

�� b�b� b��b� b��b��
b��b�� b�b� b��b�
b��b� b��b�� b�b�

�A
obtained by algorithm�

In the situation of a nonlinear mechanism without stages of interaction between
di�erent substances the algorithm gets the expressions for the elements of A on
another way� suggested in  ��!� As an example of this Application F�
 contains the
mechanism

�� 	Z�� 	Z	� 	� Z	� Z��
�� 	Z�� 	Z�� �� Z�� Z��


����
�

In the formulas given in  ��! it is assumed that the number L � � in 
������ is
equal to the product of the powers of the polynomials 
���
�� which is equal to � in
the case 
����
�� But the algorithm chooses the value L � 	 � � � 	 � �� � � 	� so
that L � � � �� and hence expressions for aij di�erent from ones in  ��! obtained�

Consider now the case of a mechanism without interactive stages and for which
one stage is linear while the other stages all are the same order � 
see Application
F�	��

�� 	Z�� 	Z	�
	� 	Z	� 	Z��
�� Z�� Z��

Here the algorithm gives the degree L � � � 	 � 	 � �� � � � � � which is greater
than in the general consideration from  ��!� where L � � � � � 	� The result 
i�e�
the kinetic polynomial� is of course still the same� So� with respect to the �rst
coe�cient� we have

K
��

K
��
�

�n��


��
b� � � � bn��b

���
n � b�� � � � b

���
�n � � b� � � � bn��
bn � b�n��

�
b� � � � bn��b�n � b�� � � � b��n���b��n

�

The expression for KINPOL
�� with � � 	� n � � 
see F�	�� is of the form

KINPOL
�� �
	
�
b�b�b� � b��b��b��� � � � �� b�b

�
� � b�b

�
�� � 	b�b�b��

b�b�b�� � b��b��b���
�

Notice also that the constant terms of the polynomials from Applications F�
 and
F�	 contain the square of the cycle characteristic CYC� This follows from a general
property 
see Sec� ���� The power of CYC is equal to the GCD of the cofactors of
the matrix

� � 

�jk � �jk��
n
k�j��

which indeed is equal 	 in this case�
We have thus completed the computer realization of our algorithm for calculat�

ing the coe�cients of the kinetic polynomial for a nonlinear single�route reaction
mechanism� A distinctive feature is the �hybrid� character of the program� In the
�rst step of the algorithm it is the method of Gr�obner bases that is being used�
whereas in the second step the calculations are conducted by formulas obtained
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from multidimensional complex analysis 
see Ch� ����� This permitted us to realize
a rather e�ective program in the system REDUCE�

The speci�c character of the kinetic equations 
���
� plays an essential role here�
But we have still not made full use of it� This is re�ected in the way our intermediate
calculations 
such as the logarithmic derivatives of the resultant D
i�� are often
much more unwieldy than our �nal results� The next problem to tackle should
therefore to obtain explicit expressions for the coe�cients of the kinetic polynomial
by means of formulas of the types 
����� and 
������� Graph theory would seem to
be the adequate language for structuring these expressions and making them more
visible� The expressions for the coe�cients should be connected with the type of
reaction graph� The theory of linear reaction mechanisms  �
�!� for which computer
realization have be created  ��� �
�!� gives a hint as to how this problem could be
solved�

In this chapter we have showed how computer algebra may be used to real�
ize algorithms for elimination of unknowns� We described various algorithms and
programs for investigating systems of nonlinear equations of general and special

chemical kinetics� forms� In their present state these programs provide solutions
to the following problems� Determination of solutions to systems of algebraic equa�
tions� calculations of bifurcation conditions for these solutions and the bifurcation
boundaries� It is essential that these programs allow one to work both with symbolic
and numerical data�

The developed methods and programs proved to be quite e�ective 
even in the
case of limited computer capacity� for rather complicated problems of chemical kinet�
ics� An interesting feature of our algorithm is the synthesis of traditional computer
algebra methods 
Gr�obner bases� and new results from several complex variables�
Problems that were hard to solve by traditional methods turned out to be e�ectively
solvable by our �hybrid� algorithms�

The approach developed on the above examples of kinetic equations can quite
easily be adapted to other systems� since the key moments have already been carried
out 
the calculations of linear representations� and the calculations by formulas of
type 
��������

Naturally� the subject still contains a lot of interesting and more di�cult prob�
lems 
for example� the problems of solvability theory described in this chapter�� but
we are convinced that there will be rapid progress� The general character of the
problems� their high complexity and the appealing solution processes that are used�
ought to guarantee a continued interest in this �eld�
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LIST OF APPLICATIONS

Application F�� Simple Maple procedure for calculating the resultant of two
polynomials with an example of determination of the kinetic polynomial for a three�
stage parallel adsorption mechanism�

Application F�� Standard Maple procedure for calculating the resultant of
two polynomials with an example of determination of the kinetic polynomial for a
three�stage parallel adsorption mechanism�

Application F�� Maple procedure for calculating the resultant of two polyno�
mials with an example of determination of the kinetic polynomial for a three�stage
parallel adsorption mechanism by rate of reaction�

Application F
� Steady�state multiplicity and bifurcation boundary for a mod�
el corresponding the two�route mechanism of CO oxidation at T����K on the plane
PO	�PCO� discriminant coe�cients and roots�

Application F	� Kinetic polynomial computation� Gr�obner basis� Part ��
Application F
� Elimination of variables for a model corresponding the mech�

anism of a catalytic Hydrogen para�ortho conversion reaction�
Application F�� Elimination of variables for a model corresponding the irre�

versible three�stage adsorption mechanism of a catalytic reaction�
Application F�� Elimination of variables for a model corresponding the linear

mechanism of a catalytic reaction�
Application F�� Elimination of variables for a catalytic reactor of ideal mixture�
Application F��� Elimination of variables for a model corresponding the quasi�

chemical approximation for description of elementary catalytic processes�
Application F��� Example of application of the modi�ed Gr�obner basis algo�

rithm for a three�stage adsorption mechanism�
Application F��� Maple procedure for determining the coe�cients of the resul�

tant for system 
������
Application F��� Maple procedure for determining the coe�cients of the resul�

tant for system 
������
Application F�
� Maple procedure for determining the coe�cients of the resul�

tant for system 
����� with parameter�
Application F�	� Maple procedure for determining the coe�cients of the resul�

tant for system 
����� with parameter�
Application F�
� Example of system 
����� and determination of its resultant�
Application F��� Example of system 
����� with parameter and determination

of its resultant�
Application F��� Example of system 
����� with parameter and determination

of its resultant�
Application F��� Kinetic polynomial computation� calculation of coe�cients�

Part 	�
Application F��� Calculation of the kinetic polynomial coe�cients for the

three�stage adsorption mechanism of a catalytic reaction�
Application F��� Kinetic polynomial computation� nonlinear shock two�stage

mechanism�



��� LIST OF APPLICATIONS

Application F��� Kinetic polynomial computation� mechanism of Hydrogen
para�ortho conversion�

Application F��� Kinetic polynomial computation� linear three�stage mecha�
nism�

Application F�
� Kinetic polynomial computation� ��stage mechanism without
interaction between di�erent intermediates�

Application F�	� Kinetic polynomial computation� mechanism with a single
linear stage and equal orders of the other stages�

Application F�
� Example of system 
����� of three equations with parameter
and determination of its resultant 
arj��le��
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